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The Group which Contain less than Fifteen Operon | 
of Order Two. 


. Br G. A. MILLER. 


The groups which contain exactly thirteen operators of order two have 
recently been considered.* These are of somewhat special interest since they 
do not include any group ‘whose order is a power of 2. For every smaller 
possible number (n) of operators of order 2 there is at least one group whose 
order is of the form 2". It is well known that every group (@) which contains 
at least one operator of order 2 contains an odd number of such operators. 
Hence we may aasume that n $ Fopresents successively all the odd numbers from 
ito 11. 

When the operators of order two in G do not generate the entire group, 
. they generate a characteristic subgroup H. The.object of the present paper 
is a complete determination of H for every value of n within the given limits, 
and a determination of some properties of G which result directly from H. The 
determination of all the possible G’s for any value of n is a much more difficult 


problem, which involves the determination of all groups of odd order. It is . 


believed that a knowledge of all the possible Hs for small values. of n will be 
. useful in the study of many other problems. 

When n = 1, H is the-cyclic group of order 2. When n n = 3, two of these 
operators generate a dihedral rotation group which includes the third. Hence, 
H is either the symmetric group of order 6 or the four- “group, as the operators 
of order two are non-commutative or commutative. Hach of these.two groups’ 


. has the symmetric group of order 6 for its group of isomorphisms: “They are. 


so well known that it seems unnecessary to specify other properties. 
Since 5=1 (mod 4) there are exactly two groups whose order is of the form 
2” and ‘which contain only 5 operators of order 2; it viz., the octic group and the 





* Bulletin of the American Mathematical Boctety, Vol. XII, 1906, p. 289. 
t Transactions of the American Mathematical Society, Vol. 6, 1905, p. 62. ` 
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group of order 16 which involves operators of order 8 that are transformed into 
their third powers. The former of these is generated by its operators of order 2, 
while these operators generate the octic subgroup of the latter. Hence there is 
only one group of order 2” which contains only five operators of order 2 and is 
generated by these operators, viz:, the octic group, or the group of the square. 
It remains to determine the possible H whose order is not of the form 2”. 

Two of the 5 operators of order 2 generate a dihedral rotation group whose 
order cannot exceed 10. Ifit is 10 any pair of operators of order 2 generate it. 
If it were 6 the two remaining operators of order 2 could not transform this sub- 
group into itself since a group of order 12 cannot involve exactly 5 operators of 
order 2. Nor could one of these operators transform this subgroup into a different 
subgroup sincé the latter would have at least two operators of order 2 which 
would not be in the former subgroup.’ The product of each pair of operators of 
order 2 could not be of order 2 since 5=1 mod 2°. Hence, the octic group and 
the dihedral rotation group of order 10 are the only two groups whieh contain a 
5 operators of order two and are generated by these operators. 


81. General Theorems on Dihedral Rotation Groups. 


The following general theorems are of interest in themselves and will greatly 
simplify the consideration of the remaining cases. 


l THEOREM I. Jf an operator (i) of order two transforms into itself a dihedral 
rotation group (D) whose order (d) is not divisible by 4, the group [D, #] generated 
by D and t is the direct product of two dihedral rotation groups.* 

To prove this theorem we shall first consider the special case when d= 2p", 
where p is an odd prime number. Let O represent the cyclic subgroup of order 
p contained in D. Since the group of isomorphisms of C is cyclic it follows that 
t transforms C according to an operator in the group of cogredient isomorphisms 
of D. That is, ¢ transforms either each operator of O into its inverse or it is 
commutative with each of these operators. In the latter case it is also commu- 
tative with the operators of order 2 in D since it could not transform one of these 
into itself multiplied by an operator of odd order with which it is commutative. 
In the former case it is commutative with an operator of order 2 in D since it 
cannot have d conjugates under D. Hence ¢ is always commutative with at least 








*One of these dihedral rotation groups may be of order 2. In this case [D, ¢} is the direct product of D 
and a group of order 2. 
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one operator of order 2inD. As the product of these two operators is again of . 
order 2 and could be used for ¢, it follows that LD, ¢] is the direct product of D 
and a group of order 2 whenever d =2 p°. This direct product is the dihedral - 
rotation group of order 4p*. . : 

When ¢ is commutative with any operator, besides the identity, in a Sylow 
subgroup of C it is commutative with all the operators of this Sylow subgroup. 
If ¢ is non-commutative with any such operator it transforms all the operators 
of this Sylow subgroup into their inverses. In the latter case, ¢ is commutative 
with an operator of order 2 in a dihedral rotation group containing this Sylow 
subgroup and being contained in D, since the number of such dihedral rotation 
groups is odd. In the former case, ¢ is commutative with all the operators of 
such a dihedral rotation group for the same reason. Hence we have as before 
that ¢ is commutative with at least one operator of order 2 contained in D. 

The Sylow subgroups of C may be divided into two sets; the first being. 
composed of those whose operators are commutative with t while the second 
includes those whose generators are transformed into their inverses by ¢. The 
direct product of the two groups generated by these two sets is C, and D may be 
constructed by dimidiating the two dihedral rotation groups which involve 
- respectively these two factor groups of C. The number of operators of order 2 
in D with which ¢ is commutative is therefore equal to the order of the former 
of the two given factor groups of C, and the number of operators of order 2 in 
[D, {| which are not also in D is equal to the sum of the orders of these two factor 
groups. Moreover, it is clear that ¿ may be replaced by some operator of order 2 
in the second of the two groups whose dimidiation gives rise to D. In other 
words, [D, ¢] is the direct product of these two groups. This proves the theorem 
in question. 

For our- present purpose the sehen number of operators of order 2 in LD, ¢] 
is most important. From what precedes it follows that this number is d/2 plus 
the sum of any two relatively prime numbers whose product is d/2. In par- 
ticular, if one of these two numbers is d/2 the other is unity. This special case 
leads to the maximum number of operators of order 2 in [D, ¢] and is the only 
possible case when d/2 is a power of a' prime, as was observed above. The main 
result may be expressed as follows: the number of operators of order 2 in [D, t] 
is d|2 + fit Jz, where fi, Ja are relatively prime and fı f,=d/2. The operator ¢ 
may be so chosen that fı, Ja have any values satisfying the given conditions. 
If f= d/2 it must be assumed that f} = 1. | 
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: THEOREM II. Jf the order (d) of a dihedral rotation group (D) is divisible by 4, 
there is an operator (t) of order 2 such that t Dt =D and [D, i] contains exactly 
d/2 + 3 operators of order 2. 

To obtain this group ¢ must be chosen so as to be commutative with -each 
operator of the cyclic subgroup of order d/2 contained ind and to transform 
the remaining operators into themselves multiplied by the operator of order 2 in 
this cyclic subgroup. The operators of [D, ¢] which are not in D nor in the 
direct product of the cyclic subgroup of order d/2 contained in D and t are all 
of order 4 and have a common square. This is the only possible case in which 
a dihedral rotation group, extended by means of an operator of order 2, gives 
rise to a group which contains only two more operators of order 2 than the 
original group. l 


Taxorem III. The group of isomorphisms of the dihedral rotation group of 
order d is the holomorph of the cyclic group of order d/2, except when d = 4.* 

When d is not divisible by 4 this theorem requires no proof since the group 
of cogredient isomorphisms of the holomorph of the cyclic group of order d/2 is 
the group of isomorphisms of the subgroup which is the dihedral rotation group 
(D) of order d. In general, the non-invariant operators of order 2 in D may be 
transformed according to the operators of the cyclic group of order d/2, without. 
affecting the operators of the cyclic subgroup of this order. Hence the group of 
isomorphisms of D contains an invariant cyclic subgroup of order d/2. It can 
be represented as a substitution group on d/2 letters and includes operators 
which transform this cyclic subgroup in every possible manner. This completes 
the proof since D is invariant in the holomorph of thé cyclic group of order d/2. 


THEOREM IV. Jf an operator t of order 2 transforms a dihedral rotation group 
(D) into itself, and is commutative with all the operators: of a Sylow subgroup of 
order 2” contained in D, then [D, t] is the direct product at two dihedral rotation 
groups. - 

Since ¢ is commutative with a non- dani operator ¢, of order 2 con- 
tained in D, it transforms into itself some dihedral rotation group involving any 
Sylow subgroup of the cyclic group of order d/2 contained in D. The product 
of these Sylow subgroups whose generators, are transformed into their inverses 


— 





-* The group of Theorem I. Sappavonis to the invariant operator of order 2 in this hoismiörph, Jordan, 
Traité des substitutions, 1870, p. 60. 
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by ¢ together with ¢ generates a dihedral rotation group which is invariant under 
[D, 4. | 
The product of the remainder of these Sylow subgroups .and th, generate a a 
second dihedral rotation group. As all the operators of one of these groups 
are commutative with each operator of the other it is clear that [D, ¢] is their 
direct product. It may be observed that Theorem I can be directly derived from 
this theorem. On account of its importance it seemed desirable to prove it 
separately. 

Suppose that the order of D is 2”. If ¢ transforms into itself each operator 
. of the cyclic group (C) of order 2"~1 contained in D then [D, t] is either the 
direct product of D and ¢, or it is the group of Theorem II. In the former case 
it contains 2" + 3 operators of order 2, while there are 2"~1-+ 3 such operators 
in the latter case. If ¢ transforms each operator of C into its inverse, [D, ¢] is 
either the given direct product or the dihedral rotation group of order 2*+!, 
The latter contains 2"-+ 1 operators of order 2. The only other case which 
requires consideration is when ¢ transforms every operator of C into its 2"~*+ 1 
power, m>3. There are two conjugate operators of order 2 in the group ofiso- | 
morphisms of D which have this property. If-¢ represents one of these, [D, ¢] 
contains 2"~! + 2"—* + 3 operators of order 2, Hence the following: 


Turorem V. There are exactly four groups of order 2” +! which result by ex- 
tending the dihedral rotation group of order 2”, m > 3 by means of operators of order 2. 
These contain respectively 2” wes, 2™-249"™-8 43, 2™+1, and 2"+ 3. 
operators of order 2. 

The second of these four groups does not exist as a distinct group when 
m< 4, when m= 2 the only possible groups are the octic and the abelian of 
type (1,1, 1). If D represents any dihedral rotation group at least one of its 
Sylow subgroups is transformed into itself by ¢, whenever ¢~'Di=Dand?=1. 
Hence the number of operators of order 2 in [D, ¢] which are not also in D can- 
not be less than the difference between 2"~1-+4-1 and one of the four numbers 
given in Theorem V. 

‘Suppose that G contains two dihedral raaton groups of order 2 p, p being 
a prime, and that these are conjugate under an operator (¢) of order 2 contained 
in G. We proceed to prove that G contains at least 2 p + 3 operators of order - 
2. As this has been proved above for the case when sp = 2 we shall assume that 
p exceeds 2 in what follows. To prove the theorem in question it is only neces- 
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sary to prove that @ cannot contain exactly 2p +1 SEN of order 2. We 
proceed to prove this fact. 

Let s,, 8, represent two operators of order 2 hich generate one of the two 
conjugate dihedral rotation-groups of @ and let D, represent this group. Since 
@ contains only p + 1 operators of order 2 besides those of D, it follows that 
` & 8, transforms at least one of these (s) into itself. Hence s,transforms into itself 
‘the cyclic subgroup of order p contained in D,. It cannot transform D; into it- 
self as @ contains an operator of order 2.which transforms D, into another group 
(D,). Hence we may suppose that s,—'D,s,=D, and that D, and D, have p . 
common operators, and therefore involve 2p distinct operators of order 2. As 
8,18, 8, = 8, is different from s,.and is also commutative with the operators of 
order p contained in D,, it has been proved that G cannot contain exactly 2p+ 1 
operators of order 2. Hence there results . 


Turorem VI. If a group contains two dihedral rotation groups whose order is 
twice a prime number (p) and if these two groups are conjugate under one of tts 
operators of order two, then the group contains at least 2p + 3 operators of order 2. 


§2. Groups which Contain exactly seven Operators of Order Two. 


. ‘When n=7 the dihedral rotation group generated by two of these operators 
(8, 8) has one of the following numbers for its order: 4, 6, 8, 10,12, 14. In the 
last two cases the group generated by s, 8, includes the other five operators of © 
order 2. Hence it remains to consider the cases when the order of s, s, does not 
exceed 5. From Theorems I and VI it follows. directly that the order of a 8s 

cannot be 5. - 

l ‘If 8, 8, is of order 4 the octic group is generated by 8, 8, One of the 
remaining two operators of order 2 transforms this into itself as two octic groups 
have to contain at least 7 distinct operators of order 2. Hence the seven opera- 

‘tors of order 2 generate the group of order 16 which involves exactly three octic 

--groups. If 8, 8 were of order 3 an operator of order 2 which is not in [&, 8] . 
would transform this group into itself according to Theorem VI. Hence the seven 
operators of order 2 would generate the dihedral rotation group of order 12 
mentioned above. Finally, if the product ofevery two of these seven operators 
is of order 2, they generate the abelian group of order 8 and of type (1, 1, 1). 
Combining these results we have the following theorem: Ifa group contains exactly 

. seven. operators of order 2 and is generated by these operators its order is 8, 12, 14 
or16. In-each case there is only one group. The first is abelian, the second and 
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third are dihedral rotation groups, while the fourth is the only non-abelian group 
of order 16 which contains just three pairs of conjugates of order two. Every 
‘group which contains exactly 7 operators of order 2 must therefore contain one 
of these four groups as a characteristic subgroup. 


83. Groups which Contain exactly nine Operators of Order Two. 


Since 9=1 mod 4 the dihedral rotation group of order 16 is the only group’ 
of order 2" which contains exactly 9 operators of order 2 and is generated by 
these operators, and there is only one other group whose order is of the form 2” 
and which contains exactly 9 operators of order 2. Before proceeding to the‘ 
consideration of the groups whose orders are not of the form 2” it seems desirable 
to prove a theorem which will be frequently employed in what follows. 


THEOREM. If a Sylow subgroup of any group (G) contains more than one 
subgroup of prime order (p) but does not contain all the subgroups of this order 
_ contained in G, then there are at least p° subgroups of order p in G besides those 
‘ina given Sylow subgroup. 

Before giving a proof of this theorem we shall give one illustration. The 
symmetric group of order 24 contains a Sylow subgroup of order 8 which con- 
tains five operators of order 2, but does not include all of the operators of this 
order in the symmetric group. ` The given theorem says that the number of 
additional operators of this order is at least 4. This gives the exact number of - 
operators of order 2 in the symmetric group of order 24, viz. 9. 

To prove the theorem we let S,, Se represent two Sylow subgroups of G 
such that.they have the largest possible number of common operators of order p 
without having all the operators of this order in common. ‘These common 
operators generate a common subgroup which is transformed into itself by some 
other operator of order pin S,. This operator transforms S, into p conjugates 
such that each has at least p subgroups of order p which are ' not in any of the 
others not contained in ©. This proves the theorem: 

From this theorem it- follows directly that a Sylow subgroup of the groups 
in question contains at most five operators'of order 2. Let &, & represent any. 
two operators of order 2 contained in the required group. There is clearly one 
and only one group in which the order of s, s is either 8 or 9.. The former of 
_ these was considered above. The order of 8; s, ‘cannot be 5 or 7 according to 
theorems I and VI. If this order is 6 each of the remaining operators of order 2 
transforms the dihedral rotation group of order 12 ‘into itself and H is the group 
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of theorem II. Since the order of 8,6, cannot be 2 for every value of s,, 8% 
it remains only to.consider the cases when this order is either 8 or 4. - 

If s, 8, is of order 4 the octic group (O,) generated by sı, s, involves five of 
the-operators of order 2. Let s, represent one of the remaining four operators 
of this order. The transform (O) of O, with respect to s, is distinct from O, 
and has three operators of order 2 in common with O, We may suppose that 
© s, is common to O, and O, while s, does not have this property. The transform 
(O,) of O, with respect to 8, contains s, and the remaining operator of order 2. 
These three octic groups are generated by their common operators and s, 
83 83 83, 8 respectively. Hence they are transformed by @ according to the 
symmetric group of order 6. . 

Since only two operators of order 2 in G correspond to an operator of order 2 
in this symmetric group, the order of 8, s is either 3 or 6. The latter was con- 
sidered above so that we may assume this order to be 3. The four-group which 
is common to O,, O,, Os together with s,s, generate the alternating group of: 
order 12. As this is transformed into itself by s, the nine operators of order 2 
generate the symmetric group of order 24. This symmetric group could there- 
fore be defined as a group which contains exactly 9 operators of order 2 such 
that the order of the product of any two does not exceed 4 while there are at least 
two whose product is of this order. 

Tf 8; 6, is of order 3 the group (D,) generated by 8, & contains only three 
operators of order 2. Suppose that G contains another operator of order 2 ss 
which transforms D, into itself. As the dihedral rotation group [D,, s,] contains 
operators of order 6 which are generated by two operators of order 2, the 
resulting group was considered above. Hence it may be assumed that no 
operator of order 2 contained in @ transforms D, into itself. Let 931 D, s = D}. 

If D, D, have a common subgroup of order 3 they have no operator of 
order 2 in common and the 9 operators of order 2 are contained in three con- 
- jugate subgroups of order 6. As these are permuted by H according to the 
symmetric group of order 6, it follows that s; 8 is an operator of order 3, which 
is-commutative with the operators of order 3 in D, Hence H is the group of 
order 18 which is obtained by extending the non-cyclic group of order 9 by an 
operator transforming each of its operators into its inverse. 

- Suppose that @ contains two operators of order 2 which constitute a E 
set of conjugates. As these would generate an invariant four-group, G would 
involve. an octic group and hence it would contain two operators of order 2 
whose product would exceed’3, As these cases have been considered it follows 
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‘that: no two operators of order 2 form a complete set of conjugates under @ in-the 
cases which remain to be considered. Similarly, it is easy to see that three 
operators of order 2 could not form a complete set of conjugates in these cases 
since neither a four-group nor a symmetric group of order 6 can be invariant. | 
If there were a complete set of four conjugates, they would be composed of two 
pairs of commutative operators and hence they would generate the octic group. 

Five, six, or seven operators of order 2 could not form a complete set of 
conjugates without leading to groups already considered, since the remaining 
operators of order 2 could not all be invariant. If there were a complete set of 
eight conjugates of order 2, there would be an invariant operator of this order. 

Hence all the operators of order 2 would be contained in four conjugate four- 
groups. Each of these would transform one of the others into itself and hence. 
@ would contain the octic group. . Hence the nine operators of order 2 in the 
cases which remain to be considered-form one set of conjugates. 

- Hence H is isomorphic with a transitive substitution group (T) of degree 9 
which has exactly 9 operators of order 2 and these also form a complete set of 
‘conjugates. The subgroup (X) which corresponds to the identity in T is of odd 
order and each of its operators is commutative with all the operators of H. 
The transitive groups of degree 9 are well known and it is easy to verify that 
only two of them are generated by such a set of 9 operators of order 2, viz., the 
two groups of order 18 which are of class 8. In verifying this statement it may 
be convenient to observe that 7’ can contain no substitution of even order and 
of degree 9, and that the product of any two of its substitutions. of order 2 is of 
order 3 and of degree 9. 

The cases when # is simply isomorphic with: T have been considered. We 

-may therefore assume that Æ is not the identity. Suppose that s is an operator 
of order 2 which is not in [s,, s]. From 7 it follows that 6 8, 6 8 = 8 8; t, 
where ¢ is an operator of K. If s,s, and s, sg were commutative they would 
generate a group of order 9 and the 9 operators of order 2 would generate a. 
group of order 18. Hence 4, &, 8, 8, generate the non-commutative group of 
order 27 which involves 26 operators of order 3, since their commutator is an 
invariant operator of order 3. As 6, is döma datie with only three operators 
in this group of order 27, the nine operators of order 2 in question generate this 
group of order 54. a 

Hence, there are exactly six groups which contain only 9 operators of order 2 
and are generated by these operators. The orders of these groups are: 16, 18, 18, 
24, 24,54. The first two are dihedral rotation groups, while the fourth is a 
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symmetric group. The third is composed ofthe abelian non-cyclic: group of 
order 9 and.operators which transform each operator of this abelian group into ` 
its inverse. The fifth is the group of theorem II, §1. The last is simply iso- 
morphic with one of the transitive groups of degree 9. It contains 26 operators 
of order 3, 18 of order 6, and 9 of order 2 in addition to the identity. 


$4. Groups which Contain exactly eleven Operators of Order Two. © 


Let 4, 8, represent two such operators. The order ofs, s, cannot exceed 11. ° 
If it is either 10 or 11 the group is the dihedral rotation group of .order 20 or 
22. The order of s; 8, could not be 9 according to‘theorem I § 1. If s 4 is of 
order 8, His the group of theorem II § 1. This group is also completely defined 
by. the facts that its order is 32 and that it contains exactly eleven operators of 
order 2, such that the order of the product of two of them is 8*. The order of 
8; 3 cannot be 7 according to theorems I and VI. 

If s, 6 is of order 6, the’ dihedral rotation ‘group generated by s,, is in- 
variant under H since a group of order 6 cannot involve more than three opera- . 
tors of order 2 and hence H cannot involve two such dihedral rotation ‘groups ` 
which are conjugate under one ‘of its operators of order 2. Let sẹ be any opera- 
tor of order two contained in H but not in [s,, 6]. _ From the facts that [s1 sa] 
contains a characteristic operator of order 2 and that H contains only 11 operators 
of this order it follows that [s,, &, 83] is the group of theorem II § 1. Its order 
is 24 and it involves 9 operators of order 2, One of the remaining operators of 
order two («,) transforms this group: of order 24 into itself and is commutative 
with 13 of its operators. As these can include only one operator of order 2 
this isomorphism is again completely determined and [s,, 82, 83, 84] is of order 48. 
This group is completely defined by its order and the fact that it involves just 11 
operator: of order 2 which generate it. l 

' The case when's, s, is of order 5 need not be considered since it follows 
from theorem VI § 1 that H could not contain two dihedral rotation groups of 
order 10 which are conjugate under one of its operators of order 2. The dihe- 
dral rotation group of order 10 is therefore invariant and H is the direct product 
of this subgroup and a subgroup of order 2. In other words, H is the dihedral 
rotation group of order 20 since the direct product of the dihedral rotation group 
of order 2p and a group of order 2 is the dihedral rotation group of order 4p. 

It remains to consider the cases when the order of the product of any two 





* Quarterly Journal of Mathematics, Vol. 28, 1896,-p. 241, No. 21. 
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operators of order two in G cannot exceed 4. If ss, is of order 4 the octic 
group [8,, 3] may transform one of the remaining operators of order 2 into itself. . 
In this case H is the only group of order 16 which contains exactly 11 operators 
of order 2. Since six operators of @ are not in [s,,'8,] there is at least one pair - 
of conjugates under this group. Let s, be one of such a pair. The subgroup of 
order 4 in [3,, &] which transforms s, into itself is cyclic, otherwise H would 
involve the group of order 8 and of type (1, 1, 1) as an invariant subgroup and 
hence would be the group of order 16 which has been considered. 

If s does not transform [s;, s,] into itself it transforms it into an octie group 
which involves the same cyclic subgroup of order 4. An operator of order 2 (8) 
in this octic:- group but not in [s,, ] must transform [s,,8,] into itself since G 
contains only 11 operators of order 2. Hence [s,, s] is transformed into itself 
either by s, or bys,. In the latter case, G would contain an operator of order 2 
not in [s,, &] and commutative with the operators of order 4 in [s,, 8] since the 
order of the product of two operators of order 2 cannot exceed 4. We may 
therefore assume that s, transforms [sı, 83] into itself. Hence [s,, 82, 88] is the 
group of order 16 which contains just 7 operators of order 2 and is generated 
by them. l í 

Let s; represent any operator of order 2 in @ but not in [si, 8, 33]. If s5- 
did not transform [s}, 8, 85] into itself it would transform it into a group having 
an octic subgroup in common. An operator of order 2 in this group but not in 
the octic common subgroup would transform [s,, 8, 8] either into itself or into 
another group having this common octic subgroup. The latter case is impossible 
since the six operators of order 2 not in the common octie subgroup would 
constitute three pairs of conjugate operators which H would transform according 
to the symmetric group of order 6. As H would contain an invariant operator 
of order 2, viz., the characteristic operator of this order in the common octic sub- 
group, this would require that the product of two operators of order 2 in H 
would have an order larger than 4. Hence it may be assumed that s, transforms 
[#, 8, 8g] into itself. 

If s, is so chosen as to be commutative with each operator of the quaternion 
group contained in [&, 4, 8] while it tranforms each of the other operators into 
themselves multiplied by the operator of order 2 in this quaternion group the 
resulting group will: involve 4 operators of order 2 and 12 of order 4 besides | 
those of [#,,°8, 83]. Hence this group of order 32 is distinct from the one con- 
sidered above and is also generated by 11 operators of order 2. As there are 
‚only two groups of order 32 which contain exactly 11 operators of order 2 and 
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are generated by these operators it has been proved that H is this group of 
order 32 whenever s, s, is of order 4 and no two of its operators of order 2 give 
a product of larger order. 

It remains to consider the cases when the order of any two operators of 
order 2 in @ does not exceed 3. If, s, is of order 3 there must be at least two 
operators 8,, 8, of order 2 which are commutative with s, 4. If there are only 
two such operators they are conjugate under s, since G cannot contain the direct 
product of [s,, s] and a group of order 2. Hence sg s, is of order 3, commutative 
with s, s,, and transformed into its inverse by s, This is impossible since s 
would transform into their inverses all the operators of [s1 6, 8,6]. If 4 85 
were commutative with exactly five operators of order 2-one of these would also 
be commutative with's, and hence H would involve the direct product of [s,, 83] 
and a subgroup of order 2. 

As this is again impossible, it remains only to nr the case when 8, 8 


° is commutative with eight of the operators of order 2. Two of these 83, % 


would be conjugate under s, and hence s,s, would be transformed into its inverse 
by a. If 8 8, is of order 3 this is the case considered above. If it is of order 2 
it is commutative with s, and hence has also been considered, From this we 
conclude that if a group contains exactly 11 operators of order 2 it must contain at 
least two such operators whose product is of an order which exceeds 3, and that there 
are exactly six groups which involve’ ‚only 11 operators of onder 2 and are 
generated by them. 
SUMMARY. 

Corinne the results of the article ‘ The Groups which Contain thirteen 
Operators of Order Two” (Bulletin of the Am. Mathematical Society, Vol. XII, 
1906, .p. 289) with those of the present article, we arrive at the following table, 
where n represents the number of operators of order 2 in the groups which are 
generated by these n operators. 


n Orders 

1 2 

3 4 6 

5 8 10 

7 8 12 14 16 

9 16 18 18 24. 24 64. 


Ti 16 20 22 32 32 48 
13 24 26 40 48 72° 


. ‘Concerning the Improper Definite Integral* 


By N. J. Lennes. 


The following theorems suggested themselves in the course of writing out a 
detailed treatment of various topics in the elements of analysis. So far as known 
_ to the writer they are not, with one exception, to be found in the literature. 

The aim of this note aside from pointing out that the improper definite’ 
integral possesses many of the. important properties of the proper definite . 
integral, is to show the impossibility of obtaining, in certain specified ways, 
stronger necessary conditions for the existence of the improper definite integral 
than have already been stated. It is, of course, no longer necessary to empha- 
size the importance of theorems to the effect that certain kinds of extensions of 
other theorems dre impossible. - . 

Definition : A function is said to be bounded in the neighborhood of a point 
w = æ if there exists a pair of positive numbers ò and M such that for every 
z|ja—m|2d, If(@)|2 M. The function is unbounded in the neighborhood of a 
point if no such pair of numbers exist. wu are 

If (a) a function f (æ) considered in the interval a....6 is bounded in the 
neighborhood. of every point on this interval except «= aj, 


BR 
(b) T: f(a) dx exists for every value-of x on the segment a....bẸ, (the 
segment not including its end-points), 
' b . 
() 4 Sta) de exists and is finite, 
T=4 i 


. then the improper definite integral is said to exist in the interval a... .b, or the 
integral is said to exist improperly at z =a. ` 








* Presented before the American Mathematical Society Dec., 1904. 
+The definite Integral is said to exist only for functions which are bounded on the interval under consid- 
eration. Hence (a) is redundant in the presence of (b). ' i 
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Lemma: For every function f(x) which is unbounded in the neighborhood of 
x = a there is a function fax) which is infinitesimal as x appr coaches a* such that 
Aix). f(x) is unbounded in the neighborhood of this point. (It is to be understood 
that the functions f(x) and (x) are considered only for values of a in an 
interval a...., ù. e. on one side of the point a.) 

Proof: Deca the interval a....6 into an, infinite set of subintervals ; 
un of an ordered set of points as only at a.t Let this partition of 
a....b be such that for some given positive number M there are values of win 
the inter xı. -- -b for which | A(z)| > 2 M and in general there are values of x 
in 2... _, for ee |A(x)|> 2" M. We define f(x) as follows: f(x) =) 
for all values of x in the interval a... .b,, f(z) =4 for all values of Œ in 
@....%, excluding the point x, A(@)= 4 in w,...-2,_, excluding the point 


nı; Then there are values of æ in Tn- %n— for which A(x) |. Aa)> —M 
which shows f(x) . f(x) unbounded in the neighborhood of «=a. Evidently 
` f(x) may be so chosen that shall be monotonic increasing as x approaches a.f 


Taeoren I. For every function fla) which is unbounded in the neighborhood 
of ca there exists a non- oscillating § function Ale) such that Z [Ae \dx exists 
. and is ' finite while (x — a) f(x). f(x) is unbounded in the gnto of z =a. 

Proof: According to the lemma there exists a function Al (x) sich that 
| LZ f(x) =0 while Ja(x) - f(a) is unbounded. Consider a function (x) = Ale) ; 
a ene monotonic as x approaches a. Since (w—a) f(x). la) = le) . f(a), 
(a — a) fl) . f(x) is unbounded in the neighborhood of z=a. Let æ.. 








*f(z) is infinitesimal as x approaches a if / f(z)= 0. 
= ona 
tA set of points is said to be dense at a certain point a if there are points of the set, other than a, within 
every neighborhood of a. 








{In case f,(z)> 0 for all values of x In same nelghborhoodof z=a f, would 


1 Ff - 1 
= or 
“HF x) 2~ lo (z) 
satisfy the conditions imposed upon J,{z) by the lemma. : ? 108 fi 
gA function f(z) is said to be non-oscillating in an interval if as x increases in this interval the function 
either never decreases or never increases. This is different from a monotonic function which either constantly > 
increases or constantly decreases. ý 
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be an ordered series of points in a....6 dense only at a such that /,(x) . (x) is 
unbounded at this set. Then in the sequence 


(z — a) f(a), (2% — a) flo), - - Be (En — a) ln) ---- 


£ (,—4) A) = 0 since Z @—a) f(z) = 0. (1) 


Hence there’is a value of n, nı such that 

| (2 — a) Al) |2 2 | (Zn, — a) FAGAR, | 
and another value of n, n, such that : 

| (am, — a) Aa ,)|2 2] ng — @) SEn) 
In general nm ee is s0 chosen that . 


AP lan, en): 


` In this manner we select from the sequence (1) a set of terms Drama the con- 
vergent series: 


(0) filer) + (mj — 9) Na) + + ng — ila.) + ee) 


We then obtain a function A(x) as follows: 


For the set of values of x, ae 


F(x) = | Kenn): 
Then 
(a) (x) is non-oscillating since | Al, )|<| Fi (Zng I 
(b) (e—a) h(x). A(x) is unbounded at the set-«,, 


since for this set h(x). AEA). Ale), 
= 
() 2 S hede =¥ (er, ,,— m) Alan): 
S=a À m=0 $ 
But the terms of this series are numerically smaller than the corresponding 


terms of the convergent series (2). „Hence Z L f(x)dx exists and is finite. 


Gns Cng sss Un 


.=a 


In case JA{x) is non- oscillating and unbounded in the neighborhood of x = a 


a well-known necessary condition that k JS. f({x)dx shall exist and ‘be finite 
is that Z (x— a) f(z) =0. Theorem T ey be regarded as showing this a 


strong necessary condition since according to it no function A(z) of x can be 
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pre-assigned which shall approach infinity slowly enough as x approaches a 
so that - 
L (e—a) f(a). A(z) = oe 


sza 


E of J Tee and IN Jılz)de both exist, and if in the interval: 























a. za 
Sre)de 2 M a Aled |. 
Proof: From the definition of the definite integral and the obvious propo- 
sition that if ny, n,...-n, are numbers having the same sign and if 
[volzin], [alza +... ‚lem 
then i = 2 
Yu = » N; 
i=l i=1 . 














it follows that 


IN; 


[rede 0 Ae) ae. 
(x)|de and "| ff@)|de = 


í (e)ds| 24 


But 











S. fáo)da! 


therefore (x)dz |. 














Turor II. Jf (a) pon is bounded in some neighborhood of == a, 


(0) S Yıla)da and f h(æ)dæ both aiat Jor every x in the segment a... .b t 
(c) (x) does not change sign in some neighborhood of x= a, 


(a) £ f Ale)de is finite, $ 
“then it follows that £ | f(x)dx exists and is finite. 


' #This theorem was, in effect, stated and: proved by A. Pringshelm in Mathematische Annalen, vol. 37 
(1890), p. 591. The proof given bere is however much shorter and simpler than that given by Pringsheim. 
+ The expression segment a....b ls used to include all values of z, a < T < b. 
1 We notice that since under (0) of the hypothesis f (x) does not change sign Z Sron cannot fail to 
z=a 
exist, finite or infinite, for tt follows from this that nt [none is a non-oselllating function of s whence by a 


well-known theorem the limit exists. ` 
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Proof: Since by hypothesis 4 J Had exists and is finite it follows by 


an elementary theorem that for avery e there exist a ô, sach that for every, x 
and x, on the segment a....6 and also in a å, neighborhood of x = a, 


1 Shoda <e. 


Consider x, and a, in a neighborhood of «=a in which 








A(z) | - 
KOIR <= Mand Ale) 








does not change sign. 
Then by the lemma: 


She: a 








Since Me can be made small at will by making £ small (M being independent of 
e) it follows that Z f. f(z)dz exists and is finite. This may be called the rela- 
tive convergence theoreti. 

Definition: If Bot and con are both bounded in the neighborhood of x = 
J(e) and f(x) being unbounded in. that neighborhood, then we. refer to these Sa 
as having the same rank of infinity in the neighborhood of x= a. If Le za 
- = K, KF 0, then they are said to be of the same order of infinity. 


Taxorem III. Zf (a) A(z) and f(x) are of the same rank of N in the 
neighborhood. of x = a, 


(6) f A(a)de ai Sf Pade both exist for every a on the segment a... <b, 
(c) . there is a neighborhood of x = a in which f,(x) does not change sign, 


(a) 4 S Salé) is infinite, (eee note under Theorem IT) 
then £ fi Tie cannot exist ani be finite. 


Proof: This i is a direct consequence of theorem II since by that theorem if 


; > 
Z Sre@dr were finite then ` Z f Fılz)dx would exist and be finite. 
.=a ma Su 3 
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Taror IV. If for a function f(x) which does not change sign in the neigh- 
borhood of x =a there exists a monotonic function Ale) such that f(x) and fx) 
have the same rank of infinity i in the neighborhood of 3 =a ‚Ss A(a)dx and Sods 
both existing for any x on the segment a... .b, then a necessary condition that 
£ A i(a)da exists and is finite is that Z (2 — a) f(x) = 0.. 


Proof: By hypothesis Z f J(a)da exists and is finite. Hence by 


theorem II Z f f(x)dx exists and is finite. Therefore by an elementary 


theorem (referred to on page 17) £ (© — a) hls) = 0. 
fia) ; 


Since FC fa) 8 bounded as x en Be thai exists an M such that 


(Ale) < M] (x)|, we have |(a—a)| A(x) |< H |(e — a) Aa). 
- But L M | (& — a) f,(x) |= 0. 


Therefore | £ =a f(a) |= 0 is £ @- a) A) = = 0. - 


- Turorem V. For every function f(x) defined in the interval a@....b there 
exists a function fa(x) such that 

(a) Az) is continuous and does not change sign im a certain neighborhood 
of x=a, . i 


© Z J fla)dee exists and is finite, 


© For x on a certain set [x] JS AE) o, 


Aw) 
Proof: (We ‘describe the ee (x) in the language of geometry). 
Let aj, a, ..-- a .... be a set of points in the intervala ....-b dense 
only ata. Let Bi, B,.... B,.... bea set of numbers such that 


B,.n. Alan) 22 Bis (n +1). Az) (n=1 s œ). 


On the x axis lay off segments A, C, = B,* such that x, are the middle points of 
the segments An Oa- RRE A, C, must satisfy the further condition 














*There is no incongruity in ame) of segmónte equal to numbers if the statement is properly 
interpreted. A 
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that they shall be.small enough so- as not to overlap. (This condition can be 
satisfied by making the numbers B, small enough.) On the segments A, C, as 
bases construct isosceles triangles on the positive side of the z-axis whose alti- 
tudes aren. fi(a,). The measures of area of these triangles form a convergent 
series. Let /,(x) be a continuous function, monotonic and unbounded in the 


; 
neighborhood of x = a, such that Z f Jx(x)dx exists and is finite. (x) should 


also satisfy the condition that the curve which it represents has only one point 
` in common with a side of one of the triangles described above. We then define 
f,(z) as the function represented by the following curve: 1st, those parts of the 
boundaries of the isosceles triangles just described which lie above the curve 
defined by (x). 2d, those parts of the curve defined by (x) which lie outside | 
these triangles or on their boundary. 


Obviously the function so defined has the properties specified in the theorem. 
P x b 
From theorem V it follows that from the hypothesis only that Z J A(x) de 


exists and is finite, it is impossible to obtain any conclusion as to the bounded- 
ness of ‘any function whatever f}(Ji(<)) provided the values of f, depend only 
upon the values of f(x) at a set of points whose limit points form a discrete 
closed set, and provided also f} is capable of becoming infinite for any values 
however large of the independent variable f(x) at such points. 

This is precisely what one would expect a priori, since the definite integral 
is a function of two dimensions while any condition in terms of boundedness of a 
function would necessarily be in terms of only one of these. 

In case the definite integral exists improperly at a finite number of points 
and properly at all other points, the theorems just stated apply directly. In 
case the points at which the definite integral exists improperly are dense at a 
point a but discrete at all other points of a neighborhood including this point, 
we say the definite integral exists improperly at x = a if. Z S f(a)dz exists and 


is finite, .the limitand function being the improper definite integral in the . 
interval a...-b. Hereafter the sign S will include the improper as well as the 


proper definite integral, the term improper definite integral being used to 
-denote an integral existing Buprop ty at a set of points whose limit points form 
a discrete closed set. 
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The following theorems on the definite integral apply to the improper 
definite integral as well: 


` Turons VI. If ff (x)da exists then nee Flojda and J- 'f (jde boih exist 


and ff (ada = [fedt f Fe) 


The poon is obvious. 


Taror VIL If fy (a)de exists then f°) J (w)da is a continuous function 


of x for all values of x inthe interval a... .6. 
Proof? The extension of the theorem to in improper definite integral 
follows immediately from the definition of the latter. 


Tarore VI. If (a) Ala). Ada f. Ya) both extst, 


(b) f(x) does not chanye sign in @....b, 
(c) B ee B are the least upper aa the greatest lower bound respectively f i 


Az) im a. 
then B Ste) er Fe File) -flad B f(a) or 


B [fade 2 S Sie). ffade2B f| Hadden 
Proof: The theorems Bf f(z)de = f B/(z)dx and 


b DB 
Bf Ala)de = f, B flade 
B and B being constants, apply to the improper definite integral as well-as to the 
proper since E a F(x) =a / f(x) when a is a constant. 


=r. 


Moreover in case 7 (x) is always positive 
. B f(a) £ Ale) Ala) BAe). 
Hence by the definitions of the definite integral and elementary considerations: 
b b b.. ` 
[BA@ des f Fæ) fedes [OBA adn, 
and therefore 


B [falda = SA) fejda: B f, Aeda 
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If f(a) is entirely negative it follows in the same manner that ` 


| B J. Yıla)da 2 LA) . fp(a)da 2 B f la) 


COROLLARY. (The first mean value theorem). - 
If in theorem VIII f(x) is continuous there is a value of x, E in the interval 
a... .b such that ; . 


S HE). ede = f(9 - S Aade. 


Turorem IX. (The second mean value theorem). . > Sy 

If the improper definite integral of f,(x) exists in a....b and if f(x) ts non- 
oscillating in this interval, then there is a value of x, œ =Ẹ in the interval a..:.b 
such that | 


Sr). Hede = Hla) Jf Ade + 46) J Alea, 


Proof: If A(x) is non-oscillating it is integrable, consequently S. Ji(a) - Sala) dee 


exists since the product of two integrable functions, one being integrable in the 
proper sense, can readily be shown to be integrable at least in the improper 
sense. 

Suppose ti the integral of f(x) to exist PARN at every point of the interval 

.b except the pointe. Consider a function f,(z).defined as follows in the 

era ...b. Jax) = Ale) in the interval a....c—e (e being a small positive 
number) (æ) = 0 in the interval c—e....¢ e+e eng A(x) = Fılx) in the interval 
e+te....b.' 

Assuming theorem IX whens the integral exits in the proper sense we 
have that a & exists for every value of e however small such that 


Se) Alaa = f(a) £ fled + Ab) fAla)de. 


Ase approaches zero, & approaches one or. more points as limit points. Let E be 
such limit pom. Then we assert 


She): Ala)de = f(a) Pe Yla)da + A) „I. Fıla)da. (1) 
Suppose this equation does not hold and that 
| LA) fleas Aa) Store — £0 nf Alz)de| =e. (2) 


4 


gt 
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Since the definite integral is a continuous function of the limits of integration it 
follows that there exists a certain neighborhood of «= & such that for every 
value of x in this neighborhood 


Jao Sidet £0) [rede Ka) SF (ode — £06) ETA <5. 


Denote this neighborhood by ô. - ; : 
Likewise there is a certain neighborhood of æ =c which we denote by ô, 
such that l l 


ım 


TA 8 
B Ale) flee |< |<}: 

0% 

‘Therefore for all values of e < ô. the corresponding values of £ cannot lie 
in the ô, neighborhood of «= #' and consequently &' is not a value approached 
by. E as e approaches zero, which is a contradiction with the hypothesis resulting 
from the assumption of equation (2). Hence equation (1) holds. In. this 
-= manner we can prove the existence of a £ satisfying the. conditions of the 
theorems if the definite integral of f(x) exists properly everywhere in the 
interval except at a finite number of points. If the integral exists improperly at 
an infinite set of points whose limit points (first derived set) is a closed discrete 
set and if the improper definite integral as defined on page 19 -exists in the 
interval a....6 then the argument to show the existence of E' for such function 
is identical with the above. 5 

The restriction on the set of points at which the integral exists improperly 

is rather artificial. Obviously the theorems c can be extended to cover more 
general cases. 
"Nore: For a more detailed discussion of the elementary properties of the 
improper. definite integral see Infinitesimal Analysis (pp. 191-224), Veblen and 
Liennes.. Published by John Wiley & Sons, New York. This book also contains 
a treatment of the improper definite integral in the case where it exists ` im- 
properly ata more general set of points. - 
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On the Congruence of Axes in a Bundle of Linear 
Line Complexes. l 


By O. P. Axens. 


INTRODUCTION. 


` . The congruence of axes contained in a three term group of linear line com- | 
plexes has been quite exhaustively studied. Stahl* has treated in a synthetic 
manner, the (3, 2) congruence in considerable detail. Latert he discusses this 
congruence as a special case of a congruence of a higher order. We will take © 
occasion later to refer to other papers on this subject. The discussion here will 
be with regard to some of the ruled surfaces.contained in the congruence of axes. ` 
Some of the notations and methods of Study} will be used and some applications 
of these methods will be made to show the arrangement of the lines of the con- 
gruence on ruled surfaces contained in a linear complex. 

If we choose the complex $= 0 arbitrarily, ¢,=0 in involution with it, 
and finally @;==0 in involution with both, the coordinate complexes of the 
bundle may be written 7 l l 
i Pa & Pa = 9, Pa-%Pa=0, Pa %Ps=09, 

- and the bundle of complexes may be expressed by the equation . 

| (Pa — 61 Pa) + Oe (Pr —&Pa) + Os (Pi — es Pa) = 0. ~  ) 
This equation defines œ? complexes ‘by varying the 01, Og, 03. Moreover, œ! 
coaxial complexes, for given values of the o,, are defined by the equation 
0, ( Pa— e Pa) +02 ( Par—& Pas) + Ol pe— % Ps) + PO Pa + orps pm) 0, (2) 


by giving p different values. . 





* «Das Strahlensystem dritter Ordnung und zweiter Klasse”; Crelle, vol. 91, p. 1. 
+ “Das Btrahlensystem vierter Ordnung und zweiter Klasse”; Crelle, vol. 97, p. 147. 
t Geometrie der Dynamen; p. 461. 
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Since the axis is the same for every value of p, there is no restriction in 
` taking the finite special complex to define the axis. If we solve the equa- 
tion (2) for the coordinates of the axis, we obtain, Wan atata= 0 and 
Baas “at 2054603, the coordinates 


Pu = 0, Pa = 02, Pis = 93, 
Pa =(p—6)0, Pa=(P— a),  Pa=(p—%) 90. 

It will be assumed that e, >e,>e, This system of axes will be referred to as 
the (a) system. The reciprocal (7) system, defined by the system of three terms, 
every complex of which is in involution with every complex of the original 
bundle, has the coordinates 

Ta Sh, Tis = To, Tig — Tg; 

ra=— (pa), Ta = — (P— a) T, Ti = — ( p — %) Ts- 

The (o) system and the (r) system will enter into the discussion in exactly the 
same way. 

The o, may be regarded as point coordinates in the plane at infinity ; ; and 
in this way the configuration can be mapped on the plane. To every point o, in 
- the plane at infinity corresponds one finite line of the congruence and conversely; 
when a finite line is given, the values of o; are uniquely determined. The 
points of the plane at infinity and the lines of the congruence are in (1,1) 
correspondence. 

The congruence of axes in a bundle of linear line complexes contains fifteen 
singular planes and ten singular points. . The. dual case was first studied by - 
Kummer (‘Ueber die algebraischen Strahlensysteme, in’s besondere ueber die 
der ersten und zweiten Ordnung.’ Berliner Abhandlungen, 1866). Fivesingular 
planes, one of which-is the plane at infinity, are of the second order, the remain- 
ing ten are of the first order. Four singular points lie in each singular plane. 
The singular points on the absolute will be called cusps. The planes of the 
singular pencils which contain the tangents to the absolute at the cusps will be 
called cuspidal planes. The remaining six singular points will be called vertices, 
and the plane containing the pencil of lines passing through a vertex will be 
called a vertical plane. 

The configuration in this congruence of axes is- a particular case. of the 
general (8, 2) congruence, the dual of the (2, 3) congruence discussed by Kummer. 
In the former case, four of the singular conics touch the fifth (the absolute), but 
in the latter case this is not, in general, true. 
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‘The coordinates of the cusps may be obtained from the relation 
p(of +o} +08) = eo8-+ eote} When of + of+o8=0, and eo? + qo} 
+80%=0, pis indeterminate. The coordinates of the common points of the 
two conics are SO 





031 0g 10, = VQ — a: Ve — a: Ve, — 6, 


the signs of the radicals being permuted for the different points. Through these © 
four points pass œ! axes lying ina plane. If we write the equation of the plane’ 
determined by two lines of the congruence which pag through a cusp, we 
obtain the following, 








stumm = Va — NS — 6 Ve — Vb — eai Vy — VO, — &, 


which are the coordinates of the cuspidal planes in the (o) congruence. The . 
corresponding cuspidal planes in the (T) congruence have the coordinates 





sit:u:v=—vV/e—ée Vase Meo — e : Vb — es: Veg — e : AG e, 


If the coordinates of the cusp.C, are We,—@&:V7e—e@:V7%e—e and: 
those of O, are /@&— ce, : -/&—& : Ve, — e, then the equation of the line 
joining C, and C, is Mei — e 0; — e — e op = 0. To every point of the line 
C,C, corresponds one finite line of the congruence. All these form a plane 
pencil in some plane passing through C, C}. To find the plane and the vertex 
` of the pencil, find the lines corresponding to any two points on C,G. These 
two lines have a plane and a point in common. The equations of this plane -and 
point are found to be 





Ve — G0 + Ns — &2=0, cue a Ve au, 


in the (o) congruence or 





Ve — 0 + Ve — z= 0, Van x N gg — és u = 0, 


in the (r) congruence. There are two real vertices and vertical planes. The 
six vertical planes intersect by twos, on the principal rays, lines passing through 
the vertices ofthe common self ETA triangle with reference to the absolute 
and the curve eo? + eo? + eo = 0. These three lines are mutually perpen- 
dicular and pass through a common point. It is convenient to take this point 
for origin (0, 0, 0, 1). Hach principal ray contains two vertices. Hach cuspidal 
plane contains one cusp and three vertices, and each vertical plane contains two. 
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cusps and two vertices. The vertices and planes are the. same for both con- 
gruences, but differently paired. The arrangement of the singular points and 
the singular planes is readily seen from the tables. C, are the cusps; c; are the 
corresponding cuspidal planes. 4, ©; are the vertices lying on the principal 
ray č; 6, 6 are the vertical planes intersecting on i. Each singular. plane 
. contains the four singular points of the same column. 
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l $L Parameter Surfaces. 
The equations of any line may be written | 
Se | O 
Put + Pa? + pew = 0. ; 
When p is defined by ploi + of + 03) = 60i + 03 + aog, any line of the 
congruence may be expressed by 
Igy — 0,2 — (p— 4) meted (2) 
—6,;%-+6,2—(p—&) ow = 0. 
If the last equations be solved for 6, : 6, : 03, the result is 


0; = 0, = 65 ù l (3) 
zz + ayw yz—a, ew 2 + aag? 
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where a,=p—e. Substituting the value of p in equation (3), we have the 
equation of the parameter surface ' 


a + ay? + as? + a aau? = 0, (4) 
or in plane coordinates : l 
aya + agh E + aag v= 0. (5) 


One system of lines on this surface belongs to the (o) congruence and the other 
system belongs to the (r) congruence for every value of p.* To each value of 
p corresponds a parameter surface. The equation 


ploi + og + 05) = 60] + e03 + eog 


represents a pencil of conics in the plane w = 0, having the cusps for basis points. 
One point will fix a conic; the same point fixes a finite line of the congruence, 
hence every line of the congruence lies on just one parameter surface. For 
p=, of + oj + of = 0, hence the absolute is included as a degraded case of a 
: parameter surface. The plane w= 0, is therefore a singular plane of the second 
order ; through any point in it pass two tangents to the absolute and one finite 
line. Between the latter and the point exist a (1, 1) correspondence. For 
points on the absolute, the line is also tangent to the absolute, and at the cusps 
the correspondence breaks down, as every line of the cuspidal pencil corresponds 


_to the same point, namely, the cusp. If the coordinates of an arbitrary point 


` (x, y', 7, w) be substituted in equation (4),-we obtain a cubic equation in p, 
which shows that three parameter surfaces of the system can be drawn through 
each point of space. The tangent planes at (a, y’, g, w) each contain two 
generators, one generator belongs to the (o) system and the other belongs to the 
(7) system. Since a line of (o) uniquely fixes the parameter surface to which it 
belongs, through each point of space pass three lines of the congruence and the 
congruence is of the order three. The equation of the parameter surface (4) 
may be factored into two expressions and written . 


UM ayy + iv dg 2) = Va, a,a,0 + i a x | A 

A(V Gy azas W— iv GR) = —V AY + ivaz a 
or nes = — 

(UM ay — iv asz) = V 0000 + iv az | 5 

uV dy dy 4,0 — i a, 2) = — yy — iN ag. 





* Soe Waelsch, Ueber eine Strahlencongruenz beim Hyperboloid.”? Wiener Berichte, vol. 95, pp. 781-801, 
1887; also Stahl, Crelle, vol. 91. x s 
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If (a, ¥1, %, W) are the coordinates of a fixed point lying on the hyperboloid, 
we may eliminate A and u from these two groups of equations and get the 
relations 


Vunna (Vay + ivna) w + I Gy (Vay + ivm) 
. — (9 V ay Ag Wy + IV Ag Ay By) y — (iag V ay a w — See, 
and _ on n wem u 
A a, (~ dy Oy hg Wy — i a, 5) y — IA Oy (M Cy dg ag w — iV a, a) 2 
— V a Oa; (May Yı — tN a %) W or iv a; (~ as Y — iV gm) & = O. 


If we express the line coordinates from these last two equatiòns, we have 


01 2-05 : 0 = IË + Qg Qg UP : ey + ag we : X2 — ag wy = LY — we: 
y? + A E : yz — awg : f+ aau’, (6) 


which shows ia: relation among the o, for an arbitrary point (a, y, 2, w). If 
this point lies in the plane w= 0, but not on the absolute, then two roots of | 
equation (4) become infinite. If the point is on the absolute but not at a cusp, 
all three roots are infinite. If however, the point is at a cusp, p is indeterminate 
and (6) furnishes a pencil of lines through this point. When the coordinates of © 
the real vertices, 1:0: + Ve — e /e,—¢: 0, are substituted we get the lines 
of the vertical pencils. Similarly, equation (5) gives the relation 


i Oy 1 Oy 10, =— Ag UÊ — ag 0? : agtu + sv : qtv — su = a tu — sy: : 
— q f — a? : qww + st = agtu + eu: a uv — et > — ag Ê — a wP. (7) 


If the plane (s, £, u, v) touches the absolute, but not at a cusp, then equation (5) 
has one infinite root; but if the point of contact is a cusp and the plane is not a 
cuspidal plane, both roots are infinite. If the plane is a cuspidal plane of (c), - 
(7) furnishes œ! lines of (e) which envelope a conic, which touches the absolute, 
the tangent at the cusp being the common tangent. 


§2. Focal Surface. 


The locus of the œ° points of intersection of consecutive lines of the con- 
gruence is called the focal surface. Evidently the equation of this locus may be 
obtained by considering the condition that the equation of the parameter surface 
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(4), as a cubic in p, shall have two equal roots.* Hence writing the discriminant 
of that equation we have es 


(aa + ee + ee) w + 2 + y +24 aru eee? 
Pat ay rary a 8) 

Similarly equation ( 5) gives 

HAHN) (P + ee? + eeu + aat) — (qf + eu + ev") =.0, (9) 
which shows that the focal surface is of order six dnd class four, which agrees 
with the results obtained by Kummer’s formulas, ! 

The focal surface is the same for both congruences. It is the complete 
-envelope of the parameter surfaces, and it is also the locus of the limiting points 
and limiting planes. Each point of the surface is a focal point for one line, ¢. e., 
two consecutive lines of the congruence and a limiting point for another line-of 
the congruence. Each plane of the focal surface is a focal plane for one line, 
%. e., two consecutive lines of the congruence, and a limiting plane for another 
line of the congruence, namely, for the third line of the congruence: which passes 
through the focus. The intersection of the (p = 0) hyperboloid with its director 
sphere is a cuspidal curve on the focal surface.t Moreover, the plane w = 0 
intersects the focal surface in the absolute, which is also a cuspidal curve. These 
curves are the loci of points for which the tangent planes to the focal surface 
and the tangent planes to the parameter surface p= 0, coincide; i. e., from 
points on these curves passes only one line of the congruence counted three 
times. Since in the plane w = 0, the tangents to the absolute are lines of the 
congruence, the focal points and limiting points coincide on the absolute and we 
` have lines of six point contact. 

From the equation of the focal surface, in plane coordinates, it is seen that 
a cuspidal plane is tangent to the surface in a conic ©, which is the locus of the 
point of contact of this plane with the parameter surface. Moreover, the same 
cuspidal plane intersects the focal surface in another conic G. The two conics. 
have a common tangent, namely, the tangent to the absolute at a cusp. We 
have seen that the cuspidal plane contains a pencil of minimal lines which 
belongs to (0), and whose vertex is the cusp; and that it contains, also, ©! finite, 


— um 








* Hyde, ‘(On a surface of the sixth order which is touched by the axes of all screws reciprocal to hred 
given screws.” Ann. Math., series 2, vol. 3, p. 179. 

Gruenwald, “ Zur Veranschaulichung des Schraubenbuendels” (Schloemilch’s Zeitschrift, vol. 49, p. 211). 

Joly, ‘Geometry of a three system of screws.” Trans. Royal Acad., vol. 82, Bec. A, pp. 339-270. 

tStahl, Crelle; vol. 97, p. 146, sec. 8. 
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but imaginary lines of (7) which envelope the conic C,. The focal points of the 
minimal lines lie on the conic 0}. Their limiting points are on O. At the 
cusp, one focal point and a limiting point coincide. It is interesting to notice 
` tbat the (r). lines, in this plane, touch the focal surface in three points. How: 


{o)\enspidal plane 





Fie, 2. - 


ever these are not all three focal points, but at one of the points of tangency the 
limiting points have come into coincidence. Plainly, when the (r) line passe: 
through the cusp, the three points of tangency coincide and we have a line o 
six-point contact, mentioned above. The (c) congruence contains œ? bitangent: 
to the focal surface, Fig. 3. The points F, and F} are the focal points, L, and L 





Fra. 3. 


are the limiting points. F, and F, may coincide as in figure 4, and we have .: 
line of four point contact with the focal surface. The locus of the »! lines o: 
four-point contact is a surface of order eight.* The o! lines of triple contac 








*Study, 2. o, p. 485. 
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with the focal surface, which belong to iio (c) congruence, are ‘the (o) lines in 
the (t) cuspidal planes, Fig. 5. 
The vertical planes touch the focal she in one circle and cut it in another 








Fie. -4. 


circle.’ The infinite points on the one circle are the cusps lying in the plane. 
The tangents at the cusps are the lines of (o) cut from the cuspidal planes, hence 


F E L L 
7 2 
Fie. 5. 


the two circles are concentric. Any plane section of ‚the focal surface has the 
following Pluecker numbers: 


m=6, n=12, d=0, k=6, i= 24, = 27, p=, 
For a-tangent plane the numbers are 
m= 6, n=10, §6=1, k= 6, +218, r= 15, p=3.. 
From an arbitrary point, the tangent cone to the surface has the numbers 
m= 12, n=4, 5= 28, k= 24, r=0, i=0, p=3, 
and for a point in a singular (double) plane 
m=10, n=4, 6= 16 kei, r=1, sel p= 2. 


The remaining special cases can be easily determined. 


CHAPTER U. 
§3, Ss. Surfaces in a Special Linear Contec 


‘Since a (1, 1) correspondence, exists between the’ points o1, Gg, og, in the 
plane w = 0, and the finite lines of the congruence passing through them, any 
ruled surface contained in the congruence is completely defined by the relation 
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among the o,, the equation of the section of the surface by theplanew=0. In 
particular, if such a surface is contained in a linear complex 

| La Pim = 0, l 


and we substitute the coordinates of the lines of (o) for the, Pm, we obtain a 
cubic curve in terms of the.o,, of the form 


ad -+ 03+ 6,03 __ a0; + bog + cog (10) 
atoto tt © 





Hence the image of any ruled surface contained in a linear complex is a c, pass- 
ing through each of the four cusps, Conversely, since every such cubic curve 
_ contains five independent constants, it follows that the œ' linear complexes and 
the o5 cubic curves through the cusps are in (1, 1) correspondence. When 
Lay, Ui, = 0, the complex becomes special; the ruled surface now consists of the 
lines of the congruence which cut the line a,. The c, cuts the absolute in two 
points apart from the cusps. The necessary and sufficient condition that the 
tangents to the absolute at these points should intersect on the curve is 
Say Gin = 0. Hence the complex is special when and only when the tangents to 
. the absolute at the non-singular points in which it intersects the c,, intersect on 
the latter. : 

_ Given any curve of order n in the plane w=0. To determine the order of 
the ruled surface having this curve for section in the plane w= 0, it is sufficient 
to count the number of its generators which intersect an arbitrary line py. 
The latter is the axis of a special linear complex, and the image of the lines of 
the congruence belonging to it is a c. The points of-c, on c,, not at the cusps, . 
correspond to the lines common to both ruled surfaces, and thus determine the 
number of lines of the ruled surface which cut- the given line. If c, goes through 
the cusp O,, r, times, the order of the ruled surface is 3n — 7, —7, — Tg — %.* 

We shall first study the ruled surfaces in a special linear complex. Through 
each point of an arbitrary line pass three lines of the congruence, and each plane 
through the arbitrary line contains two lines of the congruence, therefore, a 
ruled surface of order five is generated. The order of the double curve on such 
a surface is 6 — p, where p is the genus of the surface. The triple line pierces 
the plane w= 0 in a point P, from which the tangents to the absolute. are 
generators on the 8. The remaining curve of section in this plane is a cubic, 





*Btudy, 2. c., p. 468. 
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which passes through P, the four cusps and the points of contact of the two 
tangents to the absolute from P. This surface will, in’general, not have a double 
generator, hence the double ciirve is of order five. The residual curve to the 
triple line is a conic.cutting the triple line once. This type of surface is B Tin 
Schwarz’s classification,* Snyder’s (23). The surface can be generated by the 
lines joining corresponding points of a (3, 2) correspondence between a straight 
line and a conic having a double self-corresponding element at their point of 
intersection. = 
Through the point P pass œ° finite lines, and in general, to each one of 
these lines corresponds an S;. The lines of the congruence can be arranged 
on œ! such Ss. We will consider a pencil of œt directrices in any finite plane. 
In order to get the ruled surfaces having such a pencil for directrices, first con- 
sider the directrix through (a, b, 1) in z= 0 and through (A, u, v) in w =0. Its 
coordinates are 
P= au— bà, ` py=ar, pu=—A, 
+ Pa = by, Pa= Mm. 


A general line of the congruence will cut this line when 


(bà — au) 9 —v ( p— 6) Ss + avo, —u (p— es) og —A 
. (p— a) 1 — bro = 0. (11) 
An equation of the form 
i pa+gb+r=0 (p, q, 7 constants) 


represents a line in the plane z = 0. If by means of this equation b be eliminated 
from the general cubic, a linear pencil of cubics 


& + aġ = 0 

results, which has nine basis points; P, the four cusps C,, the two points of con- 
tact of the tangents from P to the absolute, T,, and two others, through each of 
which passes a line of the congruence, common to all the ruled surfaces 
whose directrices are lines of the plane pencil. They are the lines of the con- 
gruence in the plane of the pencil. Hence to find the basis points of the pencil 
of cubics, find the two points in which the line of intersection of the plane w = 0 
and the plane of the pencil.of the directrices cuts any cubic of the pencil. 











$ 


* « Ueber die geradlinigen Flaschen fuenften Grades.” Orelle, vol. 67, pp. 23-67, (1867). 
+ Bulletin, vol. 8, pp. 298-296. i 
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The point of intersection of the two lines of (co) in the plane of the pencil 
. of directrices is a point on the double conic, therefore, the double conics of all 
the œ! ruled surfaces go through a common point. All the S, have five genera- 
tors in common, two in the plane of the pencil and three through the vertex of 
the pencil. . l Pa ; 

If the plane of the pencil P, pa + gb + r = 0, does not go through a cusp 
nor a vertex; each S, has just one line belonging to each cuspidal pencil and to 
each. vertical pencil, namely, the line joining the cusp or vertex to the point in 
which the directrix pierces its plane. Similarly, if the plane is not tangent to 
any of the conics in the (+) cuspidal planes, no lines in these planes will belong 
to more than one S; of the pencil. The only lines which belong to more than 
one S, are the finite lines of & through P, the two tangents to the absolute 
through P, and the two lines of (o) in the plane: of the pencil of directrices. 
Given P and the line of the pencil in the plane w= 0, any 4S, is uniquely deter- 
mined when one line of it is known. From the formula, the §; corresponding 
to the infinite line through P breaks up into a cubic surface and the plane w= 0, 
counted twice. Except for particular positions of the plane, the other S; will 
not be factorable. 


$4. Other Congruences having same Focal Surface. 

Through each point of an arbitrary line J, in the plane w= 0, passes one 
finite line of the (o) congruence. These lines of the congruence form a cylin- 
droid whose double directrix is a finite line passing through the pole of I: with 
respect to the absolute. .If the line Z passes through a cusp, the surface of the 
third order breaks down; the factors being a quadric and the cuspidal plane at 
the cusp. If Z passes through two -cusps, the surface consists of the two cor- 
responding cuspidal planes and the vertical plane passing through 2. To return 





-to the case in which the line 7 passes through one cusp, say, V e — ez: Vey — ey: 
W & -- € ; we may write the equation of this line in the form 7, 9 
‚Na (m — 20y) = 05 (Va — e — à Vea — a). (12) 
The lines of (o) which cut I form a paraboloid. One line of the paraboloid 
must liein the plane at infinity. It must be the tangent at %, the point in 
which Z cuts the absolute again. All the lines of the second generation must 
cut this tangent at Æ. By letting A take all the values, a new (3, 2) congruence ` 
(7%) is determined. ` Z is itself a line of the new congruence, therefore the plane 
at infinity is a singular plane of the first order for the new congruence.. In the 
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same way we get three other congruences (74), (71), (74) for each of the three 
remaining cusps. The cusps are the vertices of the four pencils.. Let P be any 
point in the plane at infinity. Through P can be drawn two tangents to the 
absolute t,t. Let ¢ touch the absolute at 7;. Let C, be one of the cusps.. 
T, C, determines a paraboloid. One system of lines on this paraboloid belongs 
to the (0) congruence. é belongs to (a), but every generator that cuts t belongs 
to (m). In particular, through P passes a generator g, of the paraboloid .A,. 
Similarly, through P passes a generator g, of the paraboloid A,, determined by 
the line 7, C,. The third line of (7%) is the line PC,. The plane determined 


. by gi, 9a, cannot contain a third line of the congruence, since it would be a 


tangent plane to a third (co) paraboloid and therefore contain a generator of the 
other system, but the other system belongs to (o), hence the plane would contain 
three lines of (o) which is impossible. If g, be chosen for a directrix of a ruled 
_ surface in (0), the parabeloid A, must be a factor of the 5. The residual surface 
_ must be a cubic & having g, as a double directrix, since through each point of g, 
pass three lines of (o), one of which belongs to 4. The trace of the paraboloid 

A, in the plane at infinity is 4 and 7, O,.. Two generators of the cubic surface 
pass through P, namely, 4 and the finite line of (o) through P.. Since the section 
of every ruled surface of (o), in the plane at infinity, which belongs to a special 
linear complex must pass through all four cusps, it follows that the section made 
on 8, by this plane consists of 4 and a conic passing through P, the three 
remaining cusps and 7. Similarly, if 9, be chosen for the directrix, another $, 
will result. ‘The two conics will each pass through P, Cz, Cz, Cy. The new & 
will contain ¢, instead of 4. This configuration exists for every point of the 
plane at infinity. Moreover a similar system of paraboloids and of S; exists for 
the same point P with regard to the congruences (7t), (7%), (r,). The associa- 
tion of the S; with the conics is given by the formula 3n — 7, — 7, — 73 — fj. 

Since g, is tangent to the focal surface in two points, it cuts the same surface 
in two other points. These points are pinch points.on the 5. The & are not : 
eylindroids. es 

From the manner in which the paraboloids are generated, it is seen that the 
lines of the congruence can be arranged on either system of &! such surfaces. 
Hence, the common focal surface of the two reciprocal or complementary con- 
gruences (o) and (r) is also the focal surface of the four other in, (7%), 
(tz), (7%), (7%), which are of order three and class two. 

The (9) and (r) cuspidal planes at C, are singular planes of the second order 


u, 
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A plane section of the focal surface is a curve of order six, and has six cusps, 
but no double. points. From Pluecker’s numbers, we saw, it has twenty-seven 
bitangents. In this plane are two lines of each of the six congruences; they are 
all bitangents. The other fifteen are lines of intersection with the fifteen double 
planes. Similarly, the twenty-eight double edges of a cone from any point are 
the 3 x 6 lines of the six congionces passing through the point and the six 
lines to the vertices, and fotır to thé cusps. 


'§5. . & With Triple Directrix and Double Generator. 


The directrix Z of an S, will cut the focal surface in six points. Since each 
of the six points is a focal point for a line of the congruence, it is a pinch point 
on the &. Through lcan be drawn four planes which are tangent to the focal 
surface. . Since each of these four planes is a focal plane for a line of the con- 
gruence, the focal point in this plane is also a pinch point on the S,, making in 
‘all, ten pinch points on the S,, which agrees with Lueroth’s formula. The four 
pinch points in the tangent planes through 7 are on the double conic. Two of 
the pinch points on J coincide when / becomes tangent to the focal surface, but 
when 2 is such a tangent, two of the tangent planes to the focal surface through J 
coincide. Therefore, two of the generators of the S, which pass through the 
coincident pinch points of 7 have also a common point on the double conic, or 
we have a double generator on the S,. Hence, among the œ? lines through an 
arbitrary point P, are œ! tangent lines to the focal surface, to each of which 
corresponds a ruled surface of order five having a double generator. In general, 
the cone of tangents to the focal surface from any point P is of order twelve, it 
has twenty-four cuspidal edges and twenty-eight double edges. When P is in a 
singular (double) plane, we saw that the cone was of order ten. For certain 
positions the cone may be of lower order. On those ruled surfaces S,, which 
have double generators the corresponding cubics in the plane w= 0 have nodes, 
The c corresponding to a bundle of lines form a net; their basis points are, when 
the point P is taken in the plane w = 0, P, Cn Q, Os, Ca. Ti, Ts. The locus of 
the node is the locus of the trace of the double generator in the plane w= 0, 
` We may obtain the equation of this locus by forming the Jacobian of the net of 
curves represented by the equation (11). un (11) may be written in the 
form | 

a (Voz — uo) E + b (Agog — 101) > + (ves ös + uS Fg + 2601) X. 

— (vos + uo, + 201) (605+ ‘€03 + & 03) = 0, (13) 
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where X =o? + o? + o$. Its Jacobian is 
20, (vo, — uos) v$ + 20, (v0, — U03) — u I + 205 (v03 — Uog) 
— vd + 20, (A0g— v0) 20 (A; — v0) AD + 20;(20— vo) 
( | )( )( | ) 
This locus consists of the absolute and'a quartic curve having a double point at 
P, passing through the cusps, and touching the absolute at 7%, 7%}. 
We may verify these results with some special cases. Let P be taken at 
c, =0, ,=0. Through this point pass œ? lines, all parallel to the principal 
ray 7=0, y=0. Any one of these lines x + aw=0, y + bw = 0, is the axis 
of a special complex. The condition that this line cuts the line’ 


Osy — 0,2 — (pP— a) w = 0 
— 03% +02 — (p— a) ow = 0 
is ao, + (P — &) o, — bo, = 0, or solving for p 


ba — a + 05 _ ee eo? + eo + & 03 . (14) 
05 gi + 03 +45 a 


This cubic is the trace in the plane w= 0, of the & having + aw=0, 
y + bw = 0, for the triple line. It passes through (0, 0, 1) and cuts the absolute 
at (i+ 1,0). The tangents to the absolute at these points pass through (0, 0, 1). 
In general this cubic is of genus‘one. On putting o, = mo, in the. equation and 
letting o = 1, we have 


(mb — a) (m? + 1) 3+ [(es—e1) m + (e — al a+ mb—a=0. (16) 
The discriminant of this equation is 


[4° — (es — a)] mt — 8abm® + [ad + 4a? — 2 (e3 — €) (ag — &)] m 
l — 8abm + 4° — (e—a) = 0. (16) 


For a given value of m, the two roots of (15) define the points in which the line 
o, = mo, cuts the cubic. When these two points coincide, the line is a tangent, 
hence the directions of the four. tangents to cs from P are the roots of equation 
(16). Ifequation (16) has a double root, c, has a node, i. e. c has a node when 
the m -discriminant of (16) vanishes. This is an expression of order twelve in 
a and b, which agrees with the result obtained above. The cubic now becomes 


ad, (oj + 03 + 03) — bo; (aj + 03 + o8) + 5 [(e1 — e) 01 + (@—)o3] =0. (17) 
6 
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The Jacobian is 


20,0, — £ —-20} 20,0, (€ — &) 
S+ 203 . — 2010, ` 2030; (&— 6) 
20; Og = 20; Og (a 7 63) o? + (ez ET, €) o3 


- or 


5 [o} (é — e) + 03 (ee Kr —05)] = 0. 


Thus the Jacobian breaks up into the absolute, the two lines through P and the 
cusps, and another conic touching the absolute at the points of contact of the 
tangents; namely o? + of—oi=0. The lines of (o), which cut-a line joining 
two cusps, are the lines of a pencil whose vertex is a. vertex. The lines of (øo) 
which cut the absolute, are its tangents, in the plane w = 0; hence, the locus of 
double rays, which are finite lines not belonging to a vertical pencil, must have 
‘the conic o? + of— 03=0 for its trace in the plane w=0. The ruled surface 
formed by double generators is of order six. It is rational since a simple conic 
lies on it. The two tangents from P to the absolute are each double generators. 
The residual double curve is of order eight. 

If we put the coefficients of the two highest powers of m in equation (16) 
equal to zero, the equation has a double root at infinity. The corresponding 
value of o in (15) is o,==0. From (14) the corresponding values of o, are 
0, (0, + 1} =0. - But o, = 0 is at the origin, hence the coordinates of the double 
points ar = + 1, 0, = 0, 0,=1, The equations of the double generator of 

‘the S hove the line x = 0, ay = (ea — &) w, for triple’ nee) are therefore 


yt (p— e) w= 0 ak 2==0; but 


Do, p= (e—a) E er 2y =  (e,— e) w. 
Between ; 








(e1 — es) 01 + 2¢ 05 _ a +adtad_ nyaeta 
205 of + oh + oF Siw 
795% + 012 + €:03W 9% — 0% + Eg Og W . 

~ Og w = Og w 


it is possible to eliminate the c, rationally. The result will be an S; having a 
triple directrix, a distinct double generator and a double conic. 


` If we put æ = 0, 2y + (e — es) w = 0, w= 1, in the equation of the fal. 
AOLE we have’ 


(— 38 + 42% + 27 (8 + 4) = 0. 
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This equation Tes 2 for a factor, therefore the directrix touches the focal sur- 
face. The double generator intersects the directrix at (o, (e — 6), 0, 2), i.e. at 
the point in which the directrix touches the focal surface. The plane containing 
the directrix and the nodal generator is given by the equation 2y + (4 — ¢) w = 0, 
but this is the tangent plane to the focal surface at the point (0, (¢,— &), 0, 2), 
as is easily verified. 

Among the œ? Sy, | with the lines passing through: an ar 
point P, the œ! §,, whose directrices are the tangents from P to the focal sur- 
face, have three lines in common. The lines of the congruence can all be 
arranged on such ruled surfaces, each having a double generator. 


86. Directrixz la Line of (0). 


When the directrix is a line of (c), through each of its points pass two lines 
of (o) besides 7 itself, There can be no double curve on the locus apart from 1, 
since from each point of such a curve, would pass two generators, each of which 
would cut. That would be impossible because only two lines of (ø) lie in a 
plane. Every generator of an & cuts three other generators, hence 7 must 
count for two. generators as well as.a double directrix. The surface has, there- 
fore a four-fold line in, It is unicursal. This type of ruled surface is a partic- 
ular form of Schwarz’s A I, but not mentioned, Snyder’s (31). The curve on 
any plane section of the ruled surface containing two generators is a nodal cubic 


having its mode at the point of intersection of the generators (i. e. where J ` 


. pierces the plane). ~ Such a surface can be generated by a nodal cubic and a 


straight line through the node in (1, 2) correspondence without self‘ correspond- . 


ing elements. The points at which one of the variable generators coincides with 
lare the foci; the points at which two generators, distinct from J, coincide are 


limiting points. These are the pinch points on the ruled surface. In the 
former case 7 touches the focal surface, in the- latter, it intersects the focal: 
surface. The foci are the points on 7 which correspond to the two values of the 


parameter of the cubic at the node. The limiting points are the branch points 
of the (1, 2) correspondence. The limiting points divide the line J, considered 
as a directrix of a surface, into real and imaginary segments. If the foci are in 
the real segment, the corresponding cubic in the plane w = 0 is crunodal. If the 
foci are in the imaginary segment the cubic is acnodal. If 2 touches the focal 
surface in a point of the curve of order sixteen, mentioned by Study (7. c. p. 485), 
the two foci coincide, and the cubic curve in the plane w = 0, has a cusp. l 
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The tangents to the absolute at the variable points of intersection of the cs 
With the absolute, are the generators of the Ss i in the plane w= 0. These. 
tangents intersect at the node of the cg 

If the point P déscribes any locus in the plane w = 0, the EE T Ss 
will comprise the entire (c) congruence, but each line will belong to several 
surfaces. If the-locus is of order n going r times through C;,, each line of. (9) 

will belong to 3n — 7, — ri — tr, — 7, different ruled surfaces. 


87. Degraded &. . 


Some interesting cases of degraded S, may be obtained by letting the direc- 
trix Z take special positions. When 7 lies in a singular plane or passes through 
a singular point, the corresponding 4; is reducible. In particular, the dis- 
criminant curve, Z? — 27J?=0, of equation (16), in the plane z = 0, will con- 
tain the traces of the vertical planes through (a, y) in the plane, as factors, each 
counted twice. Any line from a point of either of these lines to P=(0, 0, 1, 0), 
will be the directrix of a degraded S,, since the vertical plane will appear as -a 
factor. | 

The vertical planes cut the plane ı w= 0 in tho lines. joining two cusps. 
These lines are therefore factors of the respective associated cubic curves. The 
other factor is a conic passing through the remaining two cusps, and through the 
points of tangency of the tangents from P to the absolute. Let @ be a point on 
the trace of a vertical plane in z= 0. The line PQ determines a ruled surface 
and therefore determines a conic in the plane w=0. The conics and points Q 
are therefore projective and the corresponding pair of double points (intersection 
of the line and the conic) wre in involution. The ruled surface of the fourth. 
order determined by this conic, has PQ for a double line. It has also a double 
`- conic cutting it; itis always unicursal. This surface can be generated by the 
points of a conic and a line cutting it, in (2, 2) correspondence, the point of 
. intersection being a double self-corresponding element. It is Cayley’s VIL. 

For certain points on the discriminant curve, the corresponding cubic curve 
‘will have a cusp; these points are at the intersection of = 0, and J= 0. They 
‘are also cusps on the discriminant curve. For a finite number of points the dis- 
criminant will be a perfect square. This means that the cubic curve will have 
two double points, hence become reducible. 

The lines of the congruence can be arranged on the œt &,, whose directrices 
lie in a vertical plane and pass through an arbitrary point i in this plane. 
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If the directrix be an arbitrary line through a vertex, the vertical plane 
occurs as a factor, and we have remaining an &. This surface has a triple 
directrix, and no simple directrix. This is Cayley’s IX. In this case the lines 
of the congruence can be arranged again on œ! §, whose directrices are a plane 
pencil of lines through the vertex. Every line of the congruence belongs to just 
one such surface, except the focal axis passing through the vertex. It belongs - 
to every ruled surface of the system. Two lines of the vertical pencil whose 
vertex lies on J, belong to S, but a different pair for each line 7 of the pencil. 
No line of the pencil can belong to two ruled surfaces, because they are deter- 
mined from the points of intersection of the trace of the plane in the plane 
w=0 and the conic, the trace of the $, in the plane w= 0. All such conics, 
intersect in O, Ca» Z, T, hence they can have no other points in common. 

When the directrix Z lies in the plane w= 0, a conic C; through J, the pole 
of Z with respect to the absolute, and the four cusps, is uniquely determined. 
land O, make a degraded c, corresponding to a degraded ruled surface: of order 
five. Zis the simple directrix of a cylindroid, as has been pointed out, whose 
double line is the finite line of (r) passing through L. -Thus to any line J, in 
the plane w= 0, is a definite C,, but conversely if C; be given, there are œl 
lines 7 associated with it, any one of which, will, with C,, determine a degraded 
S;. The simple directrices of these cylindroids envelop a conic in the plane 
w = 0, which is the polar conic of O, with respect to the absolute. Cis also the 
trace of the «double directrices of the family of cylindroids. These lines form 
the (T) system of the parameter surface through L. In this way every line of 
the (o) congruence is counted twice: By interchanging the (c) and the (r), the 
other system of the parameter surface ‘would be: the double directrices ; the 
simple directrices would be the same as before. 

' Now let Z become tangent to the absolute; the polar of Z becomes the point 
‘of contact, i, e. the simple directrix and the double directrix coincide and we ~ 
have an S known as Cayley’s &. A plane through 7 contains one generator of 
each of the 5 ((c) and (r)).corresponding to 7. The locus of the point of inter- 
section of the generators is a plane cubic curve having a node at the point of 
- tangency of J and the absolute. The S; of the (o) congruence intersects the Ss 
- of the (r) congruence in a plane cubic'curve. ` 

Besides, there are a finite number of other ruled surfaces. If 7? passes 
through two vertices, the two vertical planes associated with these vertices are 
factors of the &. If lisa principal ray, it is a line of (r) as-well as (c), and the 
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lines of (o) which cut it from a cylindroid whose directrix in the plane w = 0 is 
the side of the self-polar triangle opposite the vertex which is pierced by the 
pincipal ray. If Zis a focal axis, the two cuspidal Planes which intersect on 
this focal axis, are factors of the $;. i 


§8. Other Loci. 


Besides the surfaces which comprise the arrangement of the lines of the 
congruence, some others present themselves, which are worthy of mention. . 
From §5, we see that associated with any point P in the plane at infinity is a 
ruled surface formed of the double generators. The trace of this surface, in the 
plane at infinity, is the Jacobian of the cubic and the two tangents from P to | 
the absolute. The Jacobian is of order four and passes once through each cusp. 
Therefore the surface is of order eight. It is of genus two. The total nodal 
curve is of order nineteen, or seventeen besides the double generators (tangents 
to the absolute from P). The finite line of (o) through P is a generator. l 
In every pencil of planes, having a finite axis, is just ‘one plane ‘such that 
the lines of (c) lying in this plane intersect on the axis. This is the point in 
which the axis is cut by the double conic belonging to the S; determined by the 
given axis as directrix. Corresponding to the ‘bundle of lines through a given 
point we would have œ? such points of intersection forming a surface. To find 
. the form of this locus, take any directrix line Z through P and let it cut the 
double conic in Q. Pass a plane x through 7 and a (o) line o, through P. x 
contains another line g, of (c). These two lines intersect at R on the double 
conic. Hence, the double conics for each directrix Z in the plane x must pass 
through R. Moreover, through R passes a third line g, of (o). The pencil Pin 
the plane (cp, gz) will define œ! §, whose double conics pass through R. Then 
to each point of o,. corresponds two sets, each containing an infinity of conics: 
Hence the three’ fied of (o) through P are double lines on the surface. The 
point P-is a triple point. Each line through P pierces the surface in one other 
point apart from P, hence the locus of the point is a surface of order four, hav- 
"ing three double lines through R, hence, a Steiner surface of class three. When 
` P lies in a singular (double) plane, for example, the plane at infinity, this plane 
must be a factor of the surface, since two (c) lines through any point in this © 
plane lie in the plane. In this case the surface is of order three, having-the 
"finite line of (0) through P for a double line, hence it is a ruled surface. The 
tangents to the absolute from P, are simple lines on the Sẹ and the simple 
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directrix lies in the plane at infinity. ii is the polar of P with regard to the 
absolute, herice the surface is a cylindroid. 

Every point of every double conic associated with P lies on the Steiner 
surface associated with P. When a plane cuts a conic from a Steiner surface, it- 
must be a tangent plane, hence the planes of the double conics’ mn the same 
- Steiner surface. 

Through each point of the double conic, belonging to the S, pass three lines 
of the congruence: Two of these lines belong to the S, The third line gener- 
“ates a new surface of order five, on which the conic is simple. It belongs to 
another linear complex, usually not special, and contains a double generator. 


_ CHAPTER IM. 
Surfaces in a Non-Special Linear Complex. 


- In the former chapter, the ruled surfaces which composed the arrangement 

of the lines of the congruence, belonged to a special linear complex. ‘Jn this 
` chapter we shall investigate the surfaces formed by the lines of the congruence, 
when the complex to which they belong is non-special. The cubic curve in the 
' plane at infinity will not pass through the point of intersection of the tangents. 
to the absolute at the variable points of intersection of this c with the absolute 
(Chapter II, §3). . The new surfaces cannot have a rectilinear directrix. 


89. cs.in Plane at Infinity. 


The line coordinates of a line joining the point (—a, — b, 1) in > plane 
z= Ó and the point (A, u, v), in the plane w= =0, are — 


P=— au +b, py= —ay, Pu=— A, 
Pa =— br, © : Pa= Pa = —v. 


' This. line is the axis of a special linear complex whose equation is 
A= Py T (au — bX)Pu —UPis + arpa + Dvpu + Apes = 0. . 
The pencil of coaxial complexes, having the same line for axis ig 


. A + k(vpy — upa + Pu) = = 0, 
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The corresponding pencil of cubic curves in the plane w= 0 is obtained by sub- 
stituting for pz, the coordinates of the axis: 
o(p — e)a — (àu — BA + ko) + we p— €2)0 + (av — ku)o, 
— (by + kA) o, + A(p—e)o,=0. 
and eliminating p. We have then 





eo? 
0m, + uos + va.) en 4 S — vey, + (ap — ER + Io) + uera. 
= gos ach ku)os + (dy + kajo. + ne o = = 0: (18) 


This is a linear system of œ ‘cs, obtained by varying a, b, k. All the curves of 
the system pass through ©,, the four cusps, and 7}, Tp, the points of contact of 
the tangents to the absolute from P=(A, u,v) in the plane w= 0. If we 
regard a, b as constant, we obtain œ! coaxial complexes: ve 


(A0, + ud, + vos) (61 0? + & 03 + €303) — (A610; + a0; + vea 55) (03 + 03 + o?) 
— (au — bA)o, (of + o$ + og) + ( (avo, m: bvo). (af + of + o$) 
= k(à0, + uo + vos) (of + o3 + 63). (19) 


When % is equal to zero, we have the same cubic curve that we studied in con- 
nection with the special. complex. The basis points of the system of cubic 
curves are the four cusps, the intersection of of + of + of = 0, and & o? + eo}. 
' +e502=0; the points of 7, 7, the intersection of ®+03+03=0 and 
Ao, + uo, + vo, = 0, each counted twice, since all the c,; touch each other at 
T, T; the point determined by the intersection of (Ae, + dv)o, + (ug — av)o, 
+ (veg + au —.bA)os = 0 and Ao, + wo, + vog = 0. When k= œ, the corre- 
` sponding & factors into the absolute and the polar line of P with rope to the 
absolute; this factorable cs has two nodes, The pencil cy + Tec} = 0 has ten 
other nodal cubics. 

$10.. . S in. Congruence. 

To each cubic curve in the plane at infinity corresponds an S. The .cubic 
„will. not, in general, havea node. Hence’ the genus of the ruled surface is one, 
and the nodal curve is a space curve of order five. This type is Schwarz’s BI, . 
Snyder’s (22). Every generator cuts the nodal curve three times.’ From an 
arbitrary point upon it, the twisted quintic will project into a quartic cone, and. 
` the two generators from the point of projection will be double edges upon it, ' 
hence the quintic curve is of genus one. An arbitrary line cuts an S, in five 
points. The axis of the complex cuts two generators in the plane w=0. The 
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lines of a non-special linear complex which cut the axis, must cut it at right 
angles, hence, the finite lines of the S, which cut the axis must pierce the plane . 
w= 0 on the line Ao, + wo, + vo; = 0, but there is only one such point on the 
cubic curve apart from 7, 7%. This is evidently true for every arbitrary line 
. In.space, hence, only one finite line-of the’ congruence cuts an arbitrary line (not 
belonging to (7)) at right angles. 

The tangent lines to the absolute from P, each count twice, as lines of the 
congruence intersecting the axis of the complex, hence the axis has four point 
contact with S, at (A,u,»,0). The lines which cut the axis are independent of %; 
they are common to all the complexes of the coaxial pencil. Each of the nodal 
curves of the surfaces corresponding to the œ! values of %, will pass through P. 
The lines of the congruence can be arranged on these surfaces, such that every 
line will belong to one complex. 

The nodal quintic curves through P will generate a surface, which. is a 
factor of the k-envelope of the family of 4,. 

The two generators of the §; in the plane at infinity, cut the cubic in three 
points. One of these points is 7;, the point of tangency to the absolute. . The 
nodal curves of the S, pass through 7,. The two ‘generators in the plane w= 0 
lie on the surface formed by the nodal quintics of the various 5 Ss. Similarly the 
finite line cutting the axis lies on this surface. 

Every ruled surface contained in a linear complex has an algebraic asymp- 
totic line whose order is equal to the class of an arbitrary plane section of the 
surface.* In our case the plane section is a quintic having five double points, 
its class is therefore ten. The number of pinch points on the surface is ten. 

. They are included among the Biterseeuione of the nodal curve and the focal 
surface, 


$11. S; Having Double‘ Canarian: 


When the cubic curve in the plane at infinity has a node, the S, must have 

a double generator, and consequently only six pinch points. All the pinch points 
are on the focal surface, hence, when the ruled surface has a double generator, 
-the nodal curve must ‘ened the focal surface twice, namely, at the foci of the 
double generator. l , 
_ The genus of the ruled surface is ow zero, The nodal curve contains the 





* Picard, t Mémoire sur.une application de la théorie des complexes linéaires à I’ étude des surfaces et des 
courbes gauches.” Annales de Ecole Normale, 1877. - Snyder, Bulletin Amer. Math. Society, vol. 5, p: 848 ff. 
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-~ double generator as a factor ; since the double curve has a triple point (Schwarz, 
l. c., p. 12), the twisted quintic has a node, therefore, it is of genus zero. 

A. plane section of the ẹṣ, has six double points, from which the order of the 
complex asymptotic line is eight. 

The cubic curve associated with P, and with parameter k may be written 


a (uos — vos) (of + 03 + 03) + b (vo, — ào) (of + 02 + 03) 
— (Aoy + uo: + vog) (e101 + 08 + e803) 
+ (Ae, 01 + Ues og + vesog) (.+ 03 + 03) 
+ k (Ao, + wo, + vos) (of + of + of) = 0, 


The coefficients of a and b are the same as they were for the system of cubics in 
the special linear complex, hence the Jacobian of the system contains the abso- 
lute as a factor. It is linear in % and passes through the basis points of the 
system of cubics. Any finite line of the congruence is a double generator on a 
ruled surface of order five belonging to a complex whose axis passes through P, 
and it belongs to just one such complex, since the-Jacobian, which is the trace 
of the double generators in w= 0 is linear in &; and & is therefore uniquely 
determined by the double generator. The coefficient of Æ in the equation of the 
pencil of Jacobians is 3 (a? + u? + 2”) (o? + o2 + 03). Therefore the curves touch 
each other at the points 7;, T, They do not pass through P. The cusps and 
T, are all basis points. l 

$12. Degraded Sẹ 


By a proper choice of the axis of the complex, the ruled surfaces may 
become reducible. Ifa plane, which contains a pencil of lines of the congruence, 
belongs to the complex, then the S; is composed of this plane and a ruled 
surface of order four. The nodal curve on such a surface is a twisted cubic. ` 

The type of this surface is Salmon’s VI, Cayley’s X. An example of the above 
_ mentioned surfaces may be obtained by taking for the axis of the coaxial system 
of complexes, the line through a vertex and perpendicular to the vertical plane. 
The vertical plane will now belong to every complex of the coaxial system, and 
we have oo! S, which comprise the lines of the congruence. These surfaces can- 
not have a double generator. Ifthe vertical plane belongs to the complex, and 
the vertex is not on the axis, we- have a single surface of the fourth order as 
described above. l e 

In a similar way, if two plane pencils of the congruence belong to the com- 
plex, the S; will be composed of these two planes and a ruled surface öf order 
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three. In order that two such planes belong to the coaxial system of complexes, 
it is necessary that the vertices of the pencils of lines lie on the axis of the coaxial 
system and that the planes of the two pencils be perpendicular to this axis. 
This will not, in general, be true for our configuration. However, a single 
surface of this kind may be formed when a principal ray is a line of the complex 
and the vertical planes belong to the same complex. _ 

If a line of (v) be chosen as axis of the complex, the cylindroid, whose direc- 
trices are the axis of the complex and the polar of P with regard to the absolute, 
is common to all the complexes of the coaxial system. Therefore the system 
( œ) hyperboloids comprise the lines of the congruence. The line coordinates 
for the point (à, u, v) in the plane w = 0 are 


Pe = — (P — 6)’, pe = (P — e)ul, Pu= —A, 
Pa =— (P — a)%, Pau, 5 Pu = — y. 


‘The corresponding cubic in the plane w ='0 is, when 
_ 1A tag + Sr 
P= RF ete 
(am + uo, + va) (p —p' + E) = 0. 


The factors.of this equation. are the polar of P with regard to the absolute and a 
conic passing through the four cusps. When k= 0, we have the relation 
p = p', which is the condition that a line of (o) cut a line of (7). 

CORNELL UNIVERSITY, May 1, 1905. 


On Septic Scrolls Having a Rectilinear Directrix. 


By CaArızs H. SISAM. 


INTRODUOTION. 
Methods of Classifying Ruled Surfaces. 


1. The most obvious method of classifying ruled surfaces is by means of 
their (a, y, z, w) equations. This method was successfully used by Salmon* in 
his classification of cubics and quartics. For surfaces of higher degree, however, 
this method is too cumbersome to be employed. 

2. Salmon t also considered ruled surfaces geometrically as the loci of 
lines which cut three fixed curves on them: Many ruled surfaces are not, how- 
ever, the complete locus of lines cutting three curves on them; and this method 
gives very little information concerning the separate components when the locus 
is composite. 
` 8. An important variation of the above is obtained by considering the locus 
of a line which cuts one curve twice and another once. Such surfaces will 
frequently be referred to in this article as “scrolls of bisecants,” the second 
curve, however, always being straight line. The degree of such a scroll of 


in 1) 4 4/2(m— mi) (m — m' — 1) where m 


is the order of the curve, m’ the oe of points in which the curve meets the - 
straight line, and A the number of its apparent double points. The straight line 
eu m! (m —1) 


bisecants is,t in general, h—m 


is anh — -fold line and the curve an (m — m — 1)-fold curve on the. 


surface.§ 

4. A further variation I shall occasionally refer to is the locus of a line’ 
cutting a curve thrice. The degree of such a surface is|| (m— 2) [h—1/6m 
(m—1)]. 

* Geometry of three dimensions, 4th Ed., pp. 485-8, and 5132-22. 
tOn a class of ruled surfaces, Cambridge and Dublin Math. Journal, Vol. VIII, p. 45. 
t Salmon, Geometry of three dimensions, 4th Ed., p. 481. 


$ The condition that the surface be composite will be obtained later. 
Į Salmon, 1. b., i d., p. 482. 
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*Schwarz,* in his excellent classification of quintic scrolls, considers 
them as the loci of the lines of intersection of corresponding planes of two. 
developables between which a one to one correspondence has been established. 
This method is not, however, usually so useful as the dual of it which has been 
applied by Fink + and by Snyder f to the classification of sextics. Consider two 
simple curves on a ruled surface such that each is cut by an arbitrary generator 
only once. To each point of one curve corresponds one point of the other lying 
on the same generator. Conversely, if a one to one correspondence is set up 
` between: the points of two curves, then the locus of the lines joining correspond- 
ing points is a ruled surface. This method has the advantage that it leads at 
once to the parametric equations of the surface. 

"6. Ruled surfaces known to belong to a given line complex may be studied 
by means of a curve theory if we apply a contact transformation which trans- 
forms the lines of the complex into the points of space. This is the method used 
by Wiman$ in his classification of sextics and is the one which will chiefly be 
: followed in the present investigation. 


` Notation and Theorems. 


<7, T shall use the following notation : 
Ra = Scroll of degree n. 


p. = genus of a scroll. 
P, = point, i-fold on the surface. 
gi = i-fold generator. l 


(293) = Double torsal generator.|| See Par. 66. l 

(3ga) = A double torsal and: a consecutive double generator. See.Par. 67. 

d; =+-fold directrix. l l 

(di +39) = i-fold directrix with which j generators coincide. 

(4 + jg. + ge) = i-fold directrix with which j simple and & double generators 
coincide., 

(kı +991) = kl-fold contact directrix, di. e. one such. that of the Al genera- 
tors passing through a point, % lie in each of 7 planes through the directrix. In 
‘addition 7 generators coincide with the directrix. 





*Schwarz, Über die gradlinigen Flächen fünften Grades,’ Crelle’s Journal, Vol. 67, 
» +Fink, « Über windschlefe Flächen,” ete. Diss. , Tübingen, 1886. 
t Snyder, “Classification of Sextic Scrolls," etc. American Journal of Mathematics, Vol. XXV, pp. 59-84, 
85-96, 261-268. Vol. XXVII, pp. 77-102, 173-188. . 
$ Wiman, “ Regelytorna af Bjette Graden,” Diss., Lund, 1892. 
| Wiman’s « Singulär änbbelgeneratrix,” i b.i d, p. 27.. 
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EK, = cone of order n. 

Ci, = curve of order m which is ¢-fold on the surface. 
p! = genus of a curve. 

P! = point, i-fold on a curve. 
8. The point of highest multiplicity that exists in ae on a ruled 





surface is a P}. If we consider a P, equivalent to = =: ea) P, then the 


number ¢, of P, on an R, having. a (d;+ jg) is* t= 1/6 (n—i—j— 2) 
In —i—j—1) (n+ #+ 27 — 6) — 6p]. 

9. The maximum genus of the nodal curve is ` 

pi=1/2(n—t—j— 2)(n—i—j —3) +p (n—t—j — Dt 

10. Denoting by m’ the number of intersections of a 0% with a (d;i + 3g) 
of an R, and by 6 the number of intersections of the curve with an arbitrary 
generator, then 
| a(m— m) =b(n—i—j), 
since each member of this equation equals the number of intersections of the 
curve with the n — i—j generators in an arbitrary plane through the directrix. 

11. It is also readily seen that for the entire nodal curve (including the 
directrix and multiple generators) 


yo Ce Ge (n—2) _ 
See 


CLASSIFICATION OF SEPTIO SCROLLS HAVING A RECTILINEAR DIREOTRIX. 
I. Scrolls Belonging to Linear Congruences. 
a.. Scrolls Belonging to General Linear Congruences. 


12. The sum of the multiplicities 1, and ù of the two rectilinear directrices 
of the scroll must equal n, the degree of the surface. Hence if we take x=y=0 
to be one directrix and z = w = 0 to be the other, then: the equation of the 
surface must be en of degree ù in x and y, and of degree ù in zand w. 


Putting- =, = =n and regarding č, n as rectangular coordinates in a plane, 


we bte the re of a curve which is the transform, in the £, 7 plane, of 





* Wiman, loc, cit., p. 10. . : , + Wiman, loc. eit., p. 12. 
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the given surface.* It is, in general, of order n and has an i,fold point at 
infinity on the £= 0 axis and an ¢,fold point at infinity on the y= 0 axis. To 
the remaining multiple points of the curve correspond multiple generators of 
the scroll. It is, in fact, projective with the section of the surface by 
y= w. J l | 

13. For n= 7 we may take for ¢, and i, the values 1 and 6, 2 and 5, or 3 
and 4. We thus obtain the following R, having two rectilinear directrices. 


p=0 , 
1. d +d , 11. ds + di + 9s + 9 
2. d, + ds + 4 p=3 
3. d + di +69 12. d: + ds + gs 
4. d+ d+ gs +39 13. dy +d +39, 
5. da +d, + 295 ' 14. d+ d +g 
p=l pai 
6. d+ ds + 39 15. dy + ds 
T. d+ d, + 5g, 16. d+ d+ 29 
8. ds + dy + 9: + 29 p=5 
p=2 17. dt dtg 
9. d, + ds + 29 : p= 6 
. 10. hs Hda tHig _ 18. dg + d 


14. Particular cases of consecutive, tacnodal, oscnodal, ete., multiple gene- 
rators may be obtained from corresponding particular cases of the transformed 
curve. Ishall not usually call attention to these obvious particularizations. 


. b. Scrolls Belonging to Special Linear Congruences. 
15. The equations of any special linear congruence may, by a suitable 


choice of coordinates, be written P= 0, Pu == Pa The equations of a scroll 
belonging to this congruence are : 


s= qa (u) z =c (u) + va (u) ` 
l a w= d (u) + vb (u) 


from which = ; =a = — Hence the (x, y, z, w) equation of 








* For this transformation I am indebted to Professor Snyder. 
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the surface is* >: (zw — yz)". qae (x, y) where n is the order of the surface, 


as Sand In r (X, y) is.a binary quantic in æ and y of degree n — 2r. 
16. - Putting “7 =¢ and = n we obtain, as transform of the sur- 


face, a curve projective with the section of the surface by y = w. This curve is, 
in general, of order n. It bas an (n —i)-fold and a consecutive i-fold point at 
infinity on the = 0 axis. If, however, this point counts for more than 





AZN RZ Eee, + 1e = 4) double points, then multiple generators will coin- 
cide with the directrix. For n = 7, i = 1, 2, 3 we obtain: 


©- p= 0 p=2 
1. (6,1 + 59;) 13. (631 +91) + 492 | 
2 (b,1 +39) +492 14. (ðs +9) + gst ge 
3. (Si + 91 + 92) + 39 p=s 
4 (tg) + 69 - 15. (&,1+ 391) + 9 
5. (831+ 91) +g + 3g, 16 (rtg +9) © 
6. (sit g) +s 17 (Kit) + 39 


p=! 18. (ôs: +9) +9 
7. (83,1 + 891) + 39% p=4 | 
8. (b,1 + 9i +92) + 29 19. (81 + 391) 
9 (si Hg) t 5gs. 29. (br +g) + 2ga 
10. (ôs 1 +91) + 9s + 29 ‘psi 
p=2 21. (O31: +9) +9 
12. (6,1 + 893) + 29 p=6 


12. Oxi gt Ge) +g 2 Gut) 
II. Scrolls not Belonging to Linear Congruences. 
Directriz a Simple Line on the Surface. . 
17. The nodal curve is limited very closely by the relations given in paragraphs 
) 


10 and 11. For the present case these reduce to ma = 66, Zmee U 


= (a — 1) b=5. Ifa=6,m=1 and the Kr belongs to a linear congruence, 
a can not equal 5 or 4. If a= 3 then m = 26 hence every triple curve is of 
even order. Similarly, for a double curve, m = 3b. | 








*Snyder, Bulletin Amer. Math. Soc. Vol. V, p. 851. 
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18. Since the surface is unicursal its parametric equations are: 
x= a(u), 2=o(u) +v (au + B) 
y=by(u), w= dy (u) + o (yu $8) 
where a (u), be (u), co(u) and d, (u) are polynomials of sixth degree in u and 


as (u) and bs (u) are relative prime. 
19. If we form the function* 


F, (uu, u + uw) = ay(u) ba (ul) — bg (u) sw) 


u— u 





then the number of components of the nodal curve and the genus of the 
components which are double curves are determined by the corresponding prop- 
erties of F = 0 considered as a curve whose current coordinates are u w’ and 
u + ui. 

20. In the present case, the order of each double component of the nodal 
curve is thrice, and of each triple component is once, the order of the correspond- 

‘ing component of F, = 0. 
21. The curve F, = 0 exhibits the following forms: 


1. a proper C; of genus 6, 5, 4, 3, 2, 1, 0. 
2. a CO, and a C, of genus 3, 2, 1, 0. 
3. a Gand a G, of genus 1, 0. 
4, a (\ and 2G. 
5. 30 anda Q. 


The forms 50, and 2C, + Os do not exist provided a, (u) and b, (u) are 
relative prime. 
a. Triple Curves. 


22. A triple curve lying on an £2, with a d, must be either a 0% or a Ch. 

To a 0% on KR, corresponds a quartic component of F= 0. To the remain- 
ing linear component of F, = 0 corresponds a C3 on R, This surface is readily 
obtained by Salmon’s geometrical method (see p. 1). The scroll of bisecants 
from a unicursal C; to a straight line is, in general, an A, having the line for dy. 
If however, the C, has a P/ at which both tangents cut the straight line, then 
the scroll reduces to an A, having the line for d, since the P} will project from 
any point’of the line into a tacnode. The R, has a P, atthe P; ofthe Ci. The 
residual Oj on the FR, passes simply through that point. It also passes through 





* Cf. my article in this Journal, Vol. XXVIII, p. 43 
8 
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each of the remaining points at which the tangent to the C$ cuts d. The tangent 
to OZat each of these points also cuts dy, since the six generators in the plane 
_ through the point and d, have 8 intersections at the point. 

28.. To a O3 on the R; corresponds a quadratic component of F; = 0. The 
R, can not have 20% for the three generators through a point of one C, would 
have to cut the other (, in two points in the plane through the given point and 
the directrix. The residual nodal curve is, therefore, O or 0} + C2 or 30%. 
The R, has a P, on the C8 for the plane of. the Og contains a g which cuts the G 
in two points, fourfold in the curve of section. One is the point at which the - 
plane touches the surface; the other is a P, on the surface. The residual nodal 
curve must have a P at the P, since the total nodal curve must have a P; there. 
The residual curve also has a Pj at each point from which a tangent to C$ cuts 
the directrix, for the six generators in the plane through the directrix and either 
of these points must consist of 3 torsals meeting at the point of tangency. When 
the double curve has a component C3, two of the points at which the tangent to 
the C3 cuts the directrix are these two points, the other two are points at which 
the O, cuts the remaining double curve. l 

24. We have, therefore, the following types: 

1. d,+C?+ C2. R,hasa P, at the P} of the C, The G is gauche. It 
passes through the P, and cuts C, in four other points at which the tangents to 
both curves cut d. . 

2. d+ 08+ C3. The C, has a Pf at the P, and a P; at each point of the 
C$ at which the tangent to C}cutsd,. Ateach of these points the three tangents 
to O, cut d p’ for G is in general 1, but may reduce to o by the. appearance of 
a Pj at which both tangents cut d,.* 

3. d+ C}+ 03+ 03. The O, goes through the P, andthe points at 
which the tangents to O, cut d}. The O, has a P} at each of these three points 
and cuts the & in two other points. . 

4. d,+03+3C3. Each G goes through the P, and the points from 
` which the tangents to C cut dı. Each cuts each of the other G again. 


b. No Triple Curves. 


25. The scroll determined by equations I, paragraph 18, may be made, by 
changes in the expressions for z and w only, to have for its point of highest multi- 








*In general, both tangents at a discrete P, on a double curve must cut the directrix, Such points are 
the intersections of torsal generators having a common torsal plane. 
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plicity a P;, a P, or a P, henes among each of these dived kinds of scrolls are 
types determined by 1, 2, 3, 4, 5. No. 34. 


Fwefold Point. 


26. The double c curve has a Piat the P; and therefore lies ona K,. The ` 
-.curve F, = 0 considered above is projective with an arbitrary plane section of 


this K,. Each C3 has a point of multiplicity —-m at the Ps. On each multiple 


generator of the K; lies P, of the double curve. Hence we have: 
. 1. d+ Cis. The O has a Pi at the P,. p' = 6, 5, 4, 3, 2, 1, 0 according 
as it has 0, 1, 2, 3, 4, 5, 6, Py. i 

2. d,+ 0} + 6%. The C; has a Pj and the O,a P} at P,. They meet in 
four other points. .p’ for the C, is 3, 2, 1, 0 according as it has 0, 1, 2, 3, P. 

3. d+ 0+ C3. The O, hasa Pj and the Ga Piat P,. They meet in 
six other points. yp’ for Cf is 1 or 0. 

4, d+ C3 +20. The O; has a P} and each 0, 2 Pi at P,- The Q meets l 
each O, in 2P| and the 20, meet in 4Pi.* i 

5. d +30% + 0}. Each C, has a Pland the O, a Pi at P,. Each. O 
meets each of the other C, once and the C, twice. 


Fourfold Point. 


27. The double curve has a P; at each of the 6P, and a P} at the P,. In. 
the plane through the P, and the d, lie 2g, not passing through the P,. When 
the double curve is composite, there are different types according as the point of 
intersection of these generators lies on one or another component. The only 
apparent double points of the nodal curve from the P, are the four in the plane 
through the P, and d. 

1. ad, + Ci,. The Crs has a Pj at the P, and a P at each of the 6P;. 
p' equals 6, 5, 4, 3, 2, 1, or 0 according to the number of its P}. 

2. d+ Ci+ Ch. The C passes through the P, and 4P,. The C has a 
Py at the P,, Py at 2P, and P3 at 4P,. It meetsGin4Pi. p’ for C, is 3, 2, 1,0. 





*The six generators in an arbitrary plane through the directrix are the sides of a Pascal hexagon. The 
vertices of the hexagon are the six points in the plane on one (3, the conic on which they lie being the 
section, by the plane, of the X, with vertex at P, which contains this 0 2. The vertices of the Steiner 
triangles sre on the other 0% and the points on the Pascal line are on the 03, 

t The existence of these distinct cases may be verified readily by constructing the Æ, so that the para- 
_ Meters of these generators satisfy first one and then another component of F, = 0. 
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3 d+ C403 %. The Q has a Plat P, and passes through 2P, The 
Ca has a Plat P,, Pi at 4P, and Phat 2P,. It meets G in 4Pi. p'for Cy is 
3, 2, 1 or 0. . 

4. d + Ci+ 0%. The C has a Pi atthe P,and a Plat each P}. The 
C, has a P} at the P, anda P} at each P,. ItmeetsC,in6P’. p! for GisloroO. - 

5. d + 02+ C3. The O, has a P! at the P,, a P} at one P, and P! at the 
remaining P;. The G has a Pi at the P, and Pat 5P,. . It meets C,in 6Pi. 
p for C, is 1 or 0. l ; 

6. dı + C} +.203. The O, passes through P, and through 4P, and meets 
each O, in two other points. One C, has a P; at the P,, a P, at one Ps, one Pi 
at 4P;. The other O, has a P! atthe P,, a P} at one P, and P} at öP,. It 
meets the other O, in 4P!. 

7. d+ 053+20%. The C, as in type 6. One C, hasa Pj at the P, and 
Pi at 6P,. The other C, has P} at the P, and at 2P3. It has Pi at the other 
. 4P, and meets the first C, in four other Py. l 
8. d,+C2+ 20%. The C hasa P} atthe P,, Pl at 2P, and cuts each Os 
in two other Pl. Each O, has a P} at the P,. One C, hasa Pat one P, and 
Pi at 5P. The other C, has P, at 3P, and Pi at 2P;. They meet in four 
other P}. 

9. d+303+ 0%. Each C, has Pj at the.P, and at 4P,. Each meets 
the O, in 2P! and each of the other Gi in1Pl. The O has a Pat the P, and a 
Pi at each P}. 

10. d,+ 3803+ 0%. One O, bes a Py at P, and Piat 2P,;. The other 
2G, are asin type 9. The O, has a Pi at P,a Pi at one P, and Pi at the 
other 5 P3. 
Ten Threefold Pointe. 

28. The Æ, cannot have a plane C3 for the P} on the O would be at least 
a P, on the E, When any component of the nodal curve has a P; at a P, then 
one generator through that point cuts it in one more point than an arbitrary gen- ` 
erator does and conversely. Hence every C$ has Pj at 6P, since the AR, has 
6g, in common with the R, of bisecants from the directrix to C} Similarly no 
C? can lie on a quadric for the total intersection of the quadrie and R, would be 
of higher degree than 14. 

1. di + C%, The Ogs has a Pjat-each P} p! = 6, 5, 4, 3, 2, 1 or 0. 

2. d+ C2+ C? The C; has Pj at 6P;, The C, has P} at these 6P, and 
. P; at the other 4P, It meets Cin 4Pj. p' for Cy is 3, 2, 1, or 0. 
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3. di +03+ Cj. The Cs hasa P; at 1P, and a Pi at each of the other 
9P,. The O, has P; at these 9P, and meets the O; in six other Pl. p! for Q is 
1 or 0. 

4. d+ C3+ 20%. The C, goes through 6P, and meets each O, in two other 
Pi. One C, has a P} at one P; and a Pi at each of the other 9P, The other 
O, has P} at 3P, and P! atsix other P, It meets the other (; in four other P!. 

5. d +303+ 0%. Each O, goes through 6P, and meets each of the other 
O, in one other P! and the Cyin two other Pl. The C, has a P} at 1P, and a 
Pi at each of the other 9P3. , 


Digression on a Point-Line Contact Transformation. 


29. Of the infinite number of transformations that transform the lines of a 
special linear complex into the points of space, only one need be considered. 
For any such transformation is equivalent to a projection, followed by the trans- 
formation mentioned below, and that followed by a point transformation. This 
transformation has already been fully discussed by Wiman.* 

30., The polar planes: for a point P with respect to a pencil of quadric 
surfaces form a pencil of planes having a line L for axis. Let the pencil of. 
quadrics be so chosen that one member consists of two planes intersecting in a 
line M. Then the lines L determined by all the points of space cut M. A one 
to one correspondence is thus established between the points of space and the 
‚lines of a special linear complex whose axis is M. -_ 

31. To the points of a line of the complex correspond, by the theory of 
pole and polar, the lines of the complex through the corresponding point. To an 
R belonging to the complex corresponds a C in space. To any curve C'on R 
corresponds a ruled surface containing C. In particular, to the double curve of 
E corresponds the ruled surface formed by the complex lines which cut C twice. 

Two successive applications of the transformation obviously produce identity. . ` 

32. Let the equations of the pencil of quadrics be: 


Py ta(yt+etw) =0. 
To the point (%, 9, z, w), then, corresponds the line Setermined by any two of 
the equations: 


x +yy=0 (1). 
yy + 2% +ww= 0 (2) 
sE — zz — ww =0 (3) 


[i 


* Regelytorna of Sjette Graden, Lund, Diss., 1892, p. 17. 
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33. The R corresponding to the intersection of two.surfaces @, (x, y, 2, w)=0 
and , (x, Y, z, w) = 0 is found by eleminating (&, 9, 2, w) between 9, = 0, ĝġ = 0 
and any two of ‘equations (1), (2), and (3). The surface corresponding to the 
curve =f, (u), y= f(u), 2=f,(u), w =, (u) is found by substituting these 
values in (1), (2) and (3) and eliminating u. The curve corresponding to a given 
ruled surface is found in a similar manner. 

34. The fundamental points of the correspondence, 7. e., those which make. 
any two of equations (1), (2) and (3) identical, ares =2=v=0, y= 2=w= 0 
and the pointsof’—y—=0. Theorder of the scroll corresponding to given curve 
is obviously diminished by unity for every time the curve goes through a funda- 
mental point. l 

35. For convenience the pointa z=z=v=0 and J=} = w = 0 only 
“will be referred to.as fundamental points. To the point s=23=u=0 ona 
curve corresponds, obviously, a line in y = 0. Ifthe direction of the curve at 
this point is given: by dæ, dz, dw then the line in æ= 0 is determined by 
ads — zd2—-wdw. Similarly for curves through y=z=w. To the œ? lines. 
in «= 0 and y = 0 thus correspond the œ? directions through the fundamental 
points. 
36. By batadon (1) and (8), it is seen that to all the ponies inz=0ona 
line through <=3=0 (except =23=w= 0 itself. and the point in y= 0) 
correspond the same line y=0,22+ww=0. Multiple generators on R are 
thus accounted for either by multiple points on Ọ or by points on lines of the 
complex through the fundamental points, according as the generator does not or, 
does pass through a singular point. 

37. Let the tangent to Cat a point of intersection with & =y=0 lie in 
the plane gdy — ydz = 0. The corresponding line is 2dz + ydy + 0, 22+ e = 0. 


-, It obviously cuts g = w = 0. The number of intersections of. R with z = w= 0 


at points other than fundamental points equals the number of intersections of 
C with z= 7 = 0. 

38. To the points of C in any plane z + 2w = 0 Gaan the fundamental 
points) correspond generators of R through (0, 0, 1, 4). : To the points common 
to all the planes correspond lines through all the- points; %. e., the directrix 


' counts as many times as a generator as C intersects Z= w= 0 in points other 


than fundamental points. 
39. Toa O„ cutting z=y—0 a times, having a P} at z=z=v=0 


and a Pl at y= z = w= 0 corresponds an Ru_._._, having x =y=0 for an 
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(m— B—y)-1 fold line, having a P„_.-. at y=z=w=0 and a Pa—a—y at 
v=z=w=Q. Similarly to an R, having = y= 0 for a-fold line, having a 
P, at z=z=w= 0 and a P, at y =z = w = 0 corresponds a C,,,_,_,_, cutting 
v= y = 0, n— B — y times, having a PA. , t Yy =z =w =0 and a Ph .-y ` 
at =z =w =l. . : i 

40. To the pencil of complex lines in an arbitrary plane corresponds a 
conic, cutting % =} = 0 and passing through both fundamental points. To the 
points of the plane correspond the complex lines cutting the conic. We may, 
therefore, consider this conic as the transform of the plane. Since each tangent 
‘plane to R contains a generator, the corresponding conic cuts O. To the planes 
of the double developable of R (i. e., the developable enveloped by planes con- 
taining two generators of R) correspond the conics which cut C twice. But 
these conics are in one to one correspondence with-the lines of the complex 
?a= 0 which cut C twice. Hence the double developable is in one to one 
correspondence with the scroll of bisecants from z= w = 0 to C. 

41. To the points of an arbitrary straight line corresponds a quadric 
surface containing «—y—=0 and the fundamental points. To an R of the 
complex which has this line for a second rectilinear directrix corresponds, there- 
fore, a O lying on this quadric surface. In particular when the quadric contains 
z = w = 0 the corresponding line is =y=0. To a C lying on such an Æ 
. corresponds an R belonging to a special linear congruence. 

42. To any line passing through a fundamental point corresponds a clase 

‘pencil passing through the other fundamental point. To an R of the complex 
having this line for a second directrix corresponds a C in the Plane of the 
‘corresponding pencil. 

43. Toa point of Cat which the tängent cuts. = y= 0 corresponds & 
torsal generator of R with its pinch-point not on the directrix.. To a point of. C 
at which the tangent cuts z= w = 0 corresponds a torsal with its Par -point on 
the directrix. l 

44. Itis occasionally more convenient to use another transformation. A 
brief mention of some of its properties is therefore appended. ` It is projectively 
equivalent to Ruler’s contact transformation.* It was also discussed by Wiman.t 
When it is necessary to distinguish between these two transformations the one 
above will be referred to as transformation I and the following as transformation II. 








` # Lie-Scheffers Berührungstransformationen, 1896, Vol. I, p. 647. 
+ Wiman, loc. cit. p. 23. 
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45. Let the equation of the pencil of quadrics be: 
2xy + (lyw + 2) = 0 
The transformation is determined by the equations: 
xy + ys = 0 
yw + z3 + wy =0 

46. The singular points are those on x = y = 0 and on z= w = 0. The 
degree of the surface corresponding to C is decreased by unity for each of its 
intersections with either of these lines. If C passes through the point of inter- 
section of the lines, the degree is reduced only by unity unless C touches y = 0 
at the point, in which case the degree is reduced by two. 

47.- To points of C in y= 0 not on the fundamental lines correspond 
generators coincident with y =z = 0. To points on y = 2 = 0 correspond 
generators in y = 0. and to points on %== ¥ = 0 correspond generators through 
v =y =z = 0 not, in general, in y= 0. 

48. Hence to a C, having a points on æ% = y= 0 and 8 on y= %=0 
corresponds an Ren-a—p having x = y = 0 ford,_, and y = z = 0 for Juag 
Similarly to an R, having æ = y = 0 for d, and y = g = 0 for g, corresponds a 
C, _ having a — 8 points on g = y = 0 and n — a — @ points on y =27=0. 

Directrix a Double Line on the Surface. 
p=0 
Fivefold Point. 
. 49. Taking the P, and any other point of the nodal curve for fundamental 
points in depiction I, the Æ; is transformed into a C, with a. P at one funda- 
‘mental point and not passing through the other. The scroll of bisecants is an 
R, whose genus is, in general, 3 but may reduce to 0. To determine how it 
may break up, take the second fundamental point temporarily on the O, The 
C, then depicts into an R, with a P, From the known properties of the nodal 
curve of such an-R,,* it is readily seen that the R, can break up only into an A, 
with ad, and an RK, with a d}. ; 

50. The line joining the fundamental points may cut the C, in one point 
not a fundamental point. The directrix then counts once as a directrix and 
once as a generator (d + gı). 





*See Wiman, loc. cit. p. 26. Snyder, American Journal of Math., Vol. 27, p. 77. 
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` 51. When the, Æ, has a g, it must pass through the P;. The fundamental 
point not on C, must then lie on the scroll of bisecants of the O, Ifthe R, has 
2g, then the fundamental point is on the intersection of two generators of the 
scroll of bisecants (see paragraph 51). 
l 52. When the fundamental point not on C, lies on the line joining the 
points of tangency of two tangents which are coplanar with æ = y=0, then the 
R, has a singularity first noticed by Wiman* which I have called a double torsal 
generator since it is formed by two coincident torsals having a common torsal 
plane. The pinch points are, in general, distinct. The line then counts for 29, 
as a component of the nodal curve but for only 19, as a component of the double 
developable. In the case of the surface we are now considering, however, the‘ 
-pinch points must coincide. Such a (2g,) counts for 2g, as a component both of 
the nodal curve and of the double ‘developable. 
58. The line’on which the fundamental point lies is itself a (2g,) of the Æg- 
When the fundamental point lies at the pinch point of either torsal of this (2g,) 
the multiple line of the R, counts, in general, for 3g, as a component of the 
nodal curve and for 2g, as a component of the double developable. I shall 
denote it by (392). It should be noticed in the present case, however, that the 
two pinch points on the (39,) coincide and it therefore counts for 39, as a com- 
ponent of the double developable. — l 
54. Hence we have: : , 
1. dy + C3; (d +g) + 0%. The Cy has a Pi, at the Pj. p= 3, 2,1,0 
‚according to the number of discrete P}. It meets the directrix four times. : 
2. dy + 2C}; (di +g) + 20}. Hach O, has a P; at the P, and cuts the ~ 
other C, in 4Pi. Each Œ meets the directrix twice. T 
3. d +9: + Ci The Cg has a Pi at the P,. It meets the Jz, once again. « 
p' = 8, 2, 1, 0. It meets the directrix three times. : a 
l 4. dtg + 02+ 02. The O, has a P; at the P,, meets the 92 once again 
and the C, four times again. The G, has a Py at the P, 
5. d + 2g, + Oi. The CG, has a a at the Ps and meets. each gg again. 
pl = 3, 2,1, 0. | 
6 dy + 29, + C3 + CF. The a has a P; at P; and cuts = gz once and 
the C, four times again. The C, has a P; at the Ps 








* Wiman, loc, elt. p. 27. ' 
9 
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qÊ. a + 29s + 203, Each Os has a Pi at the P; and meets the other C, in 
four other points.- Each cuts 1g, in a Pj. 
l 8. d+ (29) + Ch. The Cs has at the P; a P; with, two branches touch- 
ing the (29). p' = 2, 1, 0. 

9. d, + (29) + 20% Each C, has at the P, a P, with one branch R 
‚ing the (29). They meet in 8P}. Paie 

10. dy + (3g:) + 0%. The C, has at the P,a P; with one branch touch 
ing the (39,). It cuts the latter again with its tangent in the plane through the 
directrix. p= 2, 1, 0. a 

11. d+ (39) + C2+ 0% The O, has a Piat the P,, touches the torsal — 
plane of the (39,) at another point on the latter and meets the Oin 3P;. The. 
C, as in (9). l l 

Fourfold Point. 


55. Taking the P, and a P, for fundamental points,* the R, is transformed : 
into a C, with a P/ at one fundamental point and a P{ at the other. The scroll 
of bisecants is an R,, with a d,. ‘It may be seen from the parametric equations 
of the R, that the R is of genus 3, 2, 1,.0 and that it can break up only into 
. two unicursal components each having the G for double curve. Since no scroll 
_ of degree six or less can have such a C5, the A, can break up only into an Æa 
and an R One component has a P, and the other a P, at the Pj. If the R, 
_ had a P, there, a line could be drawn through the point meeting the R, in eight 
points. Hence the R, has a Ps there and the R, a P,. .The BR, has 29; and the 
R, has 4g, one of which passes through the P;.. 

- 66.. The line joining the fundamental points may cut the C in another 
point giving rise to a (d;+g,) or the fundamental point not at the Pi may be on ' 
one, or at the intersection of two trisecants to the-C, cutting = y = 0, in which 
case'the R, has 1 92, Or 2g, through the P,. In particular the two trisecants may 
be consecutive the A, then has a (2g,) with pinch-points coincident at.the P,. 

57. The R, may have through the P, a (2g,) the pinch-points of which are 
not coincident. This happens when the tangent to the ©, at the fundamental 
point, cuts the curve at another point and is coplanar with the tangent at the point 
of intersection and =y=0. - 





*In some particular cases this cannot be done; but the R may still be transformed into such a 0, by 
taking the fundamental points elsewhere and following the contact transformation by a on transformation i 
which leaves the linear complex p,, = 0 invariant. 
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58. Hence we have: . =o os 

1 d + Ch; (dh +g) + 0%. The Cu has a Pi at the P, and 6P}. 

p' = 3, 2, 1, 0. i 

. 2. d + 2R?; (dh +g) + 2R?. Each O, has a P} at the P,, P at 3P, 
and P! at the giler 3P;. They meet in 4 Pi. — 

l 3. dy +9: + 0%. The O, has a Pi at the P,, a P; and a P! on the gs 

and 5 P}. p'= 3, 2,1,0. The g, goes through the P, and a Py. ; 

4. dt ga + CO +03. The © hasa Pi at the P,, Pi at 3P, and Pj at 
the remaining 2P, not on gẹ. It cuts the g, in a Pj. The (, has.P5 at the P, 
and at 3 discrete P, and P! at the other two. They meet in AP/. The g, goes 
through P, and a P}. ; l - 

5. dy +g + O+ 0%. This differs from (4) in that O, and G, each pass 
simply through the P; on the g, and the O; cuts it in another Pi: 

6. dy + 29, + O3. The: Cry has a P; at the P,, Ps at 4P, and a P} and a 
P| on each y. p'= 3, 2, 1,0. Each g, goes through the P, and one P,. 

7. d + 29, + 203. Each O, has a P; at the P,, a P; on one g, anda Pj 
on the other g. Each has P! at two of the remaining P, (which must lie on the 
same g,) and passes simply through the other an They meet in 4P,. Hach 
9: goes through the F, and a P}. 

8. d + (293) + Oi The Cy has a Pi at the P, with two branches 
touching the (29). It touches itself again on the (2g,) and has P; at the 
4 discrete P;. p!=2,1,0: The (2g,) has its pinch-points coincident at the P, 
and passes through 2P, which are consecutive. 

9. dy + (29) + 202. Each C, has a P} at the P, with one branch 
touching the (29,). They touch again on the (2g,). Each has P3 at two discrete 
P,and Pi at the other two. The (2g,) as in (8). . 

10. d, + (29) + C%,. One pinch-point of the (29,) is at P,, the other at - 
a Pe. The C, has a P; at the P,, passes through the other pinch-point of the 
(2g,) and touches its torsal plane in two other points on the generator. - The Oy, 
has a P$ at each of the 5 discrete P}. p' = 2,1,0. 

11. dy + (2g2) + 20%. The (2g,) as in (10). Each 6 has ; a P} at the P, 
touches the torsal plane of the (29,) at another point of it and meets the other CG, 
in 3P{. One C, has P! at 2P, and P at the other four. The other O, has P; 
at 3 P, and `P; at the other two discrete P}. l ; 

59. The A, may have a g, not passing through P,. It then transforms 
into a Cs with 275. Such a Cs may be transformed into an Ä, with a d, From 
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the iowa properties-of the nodal curve of such an Rg it follows that the Bu of 
bisecants of the ( is of genus 3, 2,1, Oand may break: up into an R, and R, or 
into ee 5 

` The fundamental point not at a P; of the Cs may lie on a etat of 
the a alte g = y = 0, in which case the R, has a 9, through the P, in addition 
to the other. It may also lie at.the vertex of a Æ, containing the Os, Accord- 
‘ing as @ = y= 0 cuts the K, in distinct or consecutive points, the R, has 2g, or 
a(2g.) with coincident pinch points through the P, .The R, may also have a 
(295) with distinct pinch-points passing through the P, since the configuration 
on the Ce, as mentioned above, to. ‚produce this singularity may exist in this 
case also. 

61. The multiple generator ok passing through the P, may be a (294) 
with pinch-points necessarily not coincident.* : Both tangents at the correspond- 
ing P; of the C then eu z=y=0. The scroll of bisecants is an Rig of genus ` 
2,1,0. It may break up into an A, and an R, Itis seen as before that the 

ofipinal R: may have through P, a g, or a (29,) with distinct pinch-points. . When 
the R, has 2g,, or a (2g,) with coincident pinch-points, through the P,, it has no 
discrete P} It may, however, be transformed into’ one of the O, mentioned 
above by taking a multiple a through P, for y=2=0 in transforma- 
~ tion II. l l 

62. There exists no R with a P, and 29, “iain: of which passes Diut 

the P,. For, suppose such an R, to exist. Take one of these Ja for y= 2=0 in 
transformation II. A Q witha quadrisecant and a Ps not on the quadueasent 
- „would. then be obtained. 
© 12 dh +g + Ch. The g, goes through 3P;. The Ci, has a P; at the P, 
3P; and a Pi on the g, and P} at the other 3P} p'=3, 2,1, ooo 

13. d+ g+ Cit C$. The g, goes through 83 P, The C, has a Pi at the 
Pu a P, on the ga and at each of 2discrete‘ P, and P! at the other 3P,. The Cs 


: basa P; atthe P, It meets the C, twice onthe g, and cuts the g, again. It 


has a P, at one, and Pi at the POEAGE two discrete Py, It meets the G, in four 
other Pi. 
14. d+ 29, + 0%, One g, goes iiron the P, and a Ps; the other, 
through 3P, The Cy hasa Pi atthe P, It has Pj at each P, on the 2g, aaa 
cuts each g, ina Pi. It has Pj at the remaining 2P}. . p! = 3, 2,.1, 0. 





— 


` #*They may, however, become consecutive. . The corresponding F, of the ©, is then a cusp. 
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15: dy + 29 + 20%. .One g, goes through the P, and a P, the other, 
through, 3P,,: One Ó, has a Pat the P,, 2P! on the g, through the P,a P; 
and 2P; on the otber g,, a Pj at one discrete P,and a Pi at the other. The 
other O, has a P} atthe P, It meets the other C, once on the g, through the 
P, and twice on the other ga and cuts the latter again. It has a P} at one 
discrete P, and a' P! at the other, It meets the other Q, in four other P!. , 

16. d, + 2g, + 07+ 0%. One g, goes through the P, and a Py; the other, 
through 3 P;. The Œ has a P, at the P,, and a P}; on the g, through the P,- 
It has a P; and 2P{ on the other g}. It has a P} at one discrete P, and a Pi at 
the other. The C, has a P; at the P, anda Pi on'the g through the P,. It 
meets the C, twice on the other g, and cuts this g, again. It hasia P} at one 
discrete P, and a P! at the other. It meets the O, in four other P!. 

17. d+ 3ga + Ch. 2g, go through the P, and a P}, the other goes 
through 3P;. The Č, has a Pi at the P,, P, at the P, on the 3g, and a ts at 

.the discrete P,. It has a Pj on each g. p'= 3, 2, 1, 0. 

18. d+ 3g, + C§+ 02. The 3g; as in (17). The C and C, each have a 
P, at P,, » P; on one g, through the P, and a Pj on the other. . The C, meets 
the third g in a Pi and 2Pi and has a P} at the discrete P,. The O, meets the | 
C} twice on the g, through 3P}, cuts this g, again, and. has a Pi atthe Be Di 

. It meets the C, in four other Pl. . 

19. &+(29)+ gs + C3. The (29,) has its pinch-points coincident at the 
P, and goes through 2P;. The ge goes through 3P,. The Cu has a P; with two 
branches touching the (2g,) at P,. It touches itself again on the (29), cuts the 
gs in 3P; and a Pj and has a P; at the. discrete P}. p' = 2, 1, 0. i l 

20. dy + (29:) ++ 03+ C3. The (29,) and g, as in (19). The C,and G 
each have a P/ with one branch touching the (2g,) at P,. They touch at 
another point of the (2g,), intersect twice on the g, and in three other Pj. The 
C, meets the g; again in a P}. The € meets itin a P;. The CQ, has a P; and 
the O; a Pi at the discrete P}. r Me eg eee l 

21. d, + (292) + g, + C%,. One pinch-point of the (2g) is at P,, the other 
ata P;. The g, goes through 3P. The Cu has a Piat P,. It hasa P; at the 
P, on the (2g,), and touches its torsal plane in two other points of it. It has P; 
at the 3P, on g, and P} at the discrete 2P,. pP =-2, 1, 0. 

22. de + (292) +.9,+ Cs + 05. The-(2g.) and gasin (21). The O, and. 
C, each have a P} at P,, touch the torsal plane of the (2g,) at another point of 

it, have a P; at one discrete P, and a Pj at the other and meet in three discrete Pi. 
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The G, has a Piat the P, on the. (2g), a Pj and 2P| on the 9e: The C; has 3P; 
on the ge. l l 

23. da + (29) + C%. The (2g) passes through 4P, Ge at each pinch- 
point, two, consecutive, at the intersection with the g, in the plane through the 
(2g,) and d,). The Cy has a Pj at P, and P} at the two discrete P}. It touches 
_ itself on the (2g,), goes through the pinch-points, and: touches the torsal plane of ` 
the (2g,), at two other points of it. p =-2, 1, 0. 

24. dy + (2g:) + 20%. The (2g,) asin (23). Each C, has a P; at the P,, 
. touches the other C, on the (2g,) and meets the (2g,) twice again. Each has a 

P} at one discrete P, and a P! at the other. They meet in three other P!. . 

25. d+ (2g) +9 + Ci. The (2g,) as in (23). The g, goes through the 
P,anda P,. The C,'has a Pi atthe P,anda P} and a Pi on the g,. It has a 
Pi at the discrete P} and two consecutive P; and 4Pi on the (29). p! = 2,1, 0. 

26. dy+ (292) +9 + C2 +02. The (2g,) and g, as in (25). The C, has a 
P! at the P, anda P} on the g,. It has a Pj atthe discrete P,. The O, has a 
Pi at the P,, meets the g, again and has a P} at the discrete P}. The O, and G 
touch on the (2g,) and each meets it in two more points. They meet in three 
- other es l 

27. d, + (29) +9: + 3+ 0%. This differs from (26) in that the C, has 
a P! and = a P} on the g, and a Pj and not a Pi at the discrete P; and the C; 
has 2P{ on the g, and a Pi at the discrete P}. 

28. d + (292) + 292 + Ci. The (29,) as in (23). Each g, goes through 
the P, anda P}. The Oy has a PI at the P, and a P? and a Pion each Is: It 
has two consecutive P; and 4P; on the (29). p' = 2, 1, 0. 

l 29. da + (29) + 29, + 205. The (29,) and 2g, as in (28). Hach G ies a. 
P} at the P,, a P} on one g, and a Pj on the other. They touch on the (2g,) and 
each cuts the (2g,) in two more points. They meet in three more Pl. 

30. d, + 229) + C%. One (29) as-in (23). The other has its pinch- 
points coincident at the P, and passes through two P;. The Cy has à P/ with 
two branches touching the (2g,) at the P,. It has two consecutive P, on each g; 
and cuts the (2g,) not passing through the P, in four other points. p'= 1, 0. 
31. d, + 2(2g,) + 202. The 2(2g,) as in (30.) Each C, has a P} at the 
` P, with one branch touching the (295). They touch on each (293): Each meets 
- „the a not passing through the P, twice again. 

` dy + 2 (29) + Co. One (2g,) has one pinch-point at the P,, the sles 
at a The other (29,) passes through 4P, The C has a Plat the P, a Pi 
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at each of the other three paok points, and a P} at the discrete P} It meets . 
each (2g) twice again. p'= 1,.0. : 

33. dy + 2 (29) + 203. The 2 (292) as in (32). “Bach C; has a P} at the 
. P, One has a P, at the discrete P} The other P; at the discrete P, and at the - 
P, on the (2g) through the P, They touch on the other (292) and meet in two 
discrete P{. Each O; meets each (29,) again, 


Ten Threefold Points. 


_ 63. From the parametric equations of the surface it is readily. seen that 
the 0%, of the R, is of genus, 3, 2,1, 0 and that it may break up into two 
unicursal components each cut by an arbitrary generator twice. Ateach P, one 
component has a P} and the other a P but the second component has through 
the point a trisecant cutting the directrix: Conversely, on each trisecant of each 
component which cuts the curve in 3P! not on the directrix, lies a P, of the R, 
-at which the other component has a P} Hence, for each component, the sum ` 
of the number of these trisecants and of the number of Pj is ten. The C4, can 
not, therefore, break up into C? + C% for the maximum of that sum for a C; is 8.* 
Neither can it break up into C{+ C% for the O, must have 2P; and the Ca 8P; 
but such a C, must lie ọn a quadric. The only possible components are, there- 
. fore, 2C% each having 5P, and five trisecants of the kind mentioned. 

64. It is readily seen that the R, may have a ga and seven discrete P, and — 
that, as before, the double curve may break up. One component has a P; and 
2P{ on the gp, the other, 3P!. For each component, therefore, the sum of the 
P} and of the trisecants is eight. If, ‚therefore, the. Cig broke up into 05 +03, 
-the Cs could have no P; and the O; would have to have 8 P} and lie on a quadric, 
Hence the 0% decomposes into Cf + O3. 

65. The multiple generator may be a (2g,) passing through 4P;. When 
the 0%, is composite, the (2g,) counts for 2 consecutive trisecants on each com- 
ponent. Hence the CÌ, can break up only into 20%. 

-. 66. From these considerations we obtain: 
1. d+ Ch; (+%)+ Ch. The Ghas a Pat sun Py p E32 1,0: 
2 d, + 20%; (d +9)+ 20%. Each O, has Pi at 5P, and P? at the other 
5P, They meet in 4P}. Both are unicursal. 


8. dy + 9p + Cis The Cis has 3P, and a Pj on the 9 and P; at the seven 
discrete P} p' = 3, 2, 1, 0. 





# Seo paragraph “4. 
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4. dtg + C2+ C3. The C, has a Pi and 2P! on the g, Pi at four 
discrete P, and Pi at the other three. The C, has 3P, on the g, P} at two 
. discrete P, and P; at the other five. It meets the C, in four other Pj. Both 
are unicursal. $ l - 

5. da + (29:) + C%. The Cy touches itself on the (29,) and meets the (2g) 
four times again. It has P; at the six discrete P} p'= 2, 1, 0. 

l 6. d, + (2g) +203. Each O, touches the other on the (2g,) and meets 
` the (29,) twice again. Hach has P} at three discrete P, and Pi at the other . 
- three. They meet in three other Pi. Both are unicursal. 

67. When the R, has 2g,, take one of them for y =2=0 in transforma- ` 

tion II. The R, then transforms into a C; having a P, and having J = z = 0 for: 

trisecant. We have seen* that the scroll of bisecants to such a O, is an Ry which . 

_ may break up into an F, and an R, The components of the O%, are O3 + Of or 

203 according as y = 2= 0 is a g, of the R, and a g, of the A, or vice versa. ` 

68. When one of the multiple generators is a (2g) both tangents to the G 
at the Pleutz=y=0. The scroll of bisecants is an Ry of genus 2, 1, 0 which 
may break up into two hk, y=z=0 is a g on one component R, and ag, on 
the other. When both multiple generators are (29), the C, also touches y= 0 

at two of its intersections with g= = 0. When the 'scroll of bisecants is 
composite, y = Z = 0 is a multiple generator on each component, 
_ 69. When the Æ has 3g, the Q, has 2P}. Both tangents at one P; may 

cut = y = 0 in which case the Fy hás 2g, + (29). 

7. d+ 29,+ Ch. The Gs has 3P} and a Pi on each I and Pi at the-four 
discrete P} P=3,.2, 1, 0. l 

8 dy + 29ga +203. Each C, has a Pl and 2P! on one ga a sP! on the 
other. Each has Pj at two discrete P, and P; at the other two. They meet in 

four other Pl. Both are unicursal. l 

9% dy+ 2g + C7? 4+ 03. The C, has a P, and 2P; on each g, a P, at three 

- discrete P, and a P; at the other. The Os has 3P; on each g., a P, at one 

discrete P; and Pi at the other three. The C, and C, meet in four other P!. 

Both are unicursal. . l 

. 10. d+ (2g) +g + Ch. The Cy hasa 3P, and a P{ on theg, It 
touches itself on the (2g) and meets the (2gs) four times apam, It has P; at the 

three discrete ve p = 2, 1,0. 





* See paragraph 55. 
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11. dy + (2g2)-+ gs + C+ C$. The C,hasa Pi and 2P} on the g, 3P{ 
on the (2g,), P; at two discrete P, and a P! at the other. The G cuts each 
multiple generator thrice, has a P} at one discrete P, and a P| at the other two. 
It meets the C, in three other Pi. Both are unicursal. 

12. d+ 2 (2ga) + 0% The Cy has two consecutive P! and AP! on each 
(29a), and P; at the two discrete P} p' = 1, or 0. 

13. d + 2(29)+ 20%. Each C; touches the other on each (2g,) and meets 
each (2g,) twice again. Hachdasa Pi at one discrete Py and a Pj at the other. 
They meet in two more Pj. Both are unicursal. 

14. dy + 39 + Che The Cy has 3P; anda P; on each g, and a a Ps at the 
discrete P} p'= 3, 2, 1, 0. 

15. d+ 39ga + Ci + C}. The C, has a Pj and 2P{ on each of 2g, and 3P} 
on the other. It has a P} at the discrete P} The C; has a P} and 2P! on 19 
and 3P/ on each of the other two. It has a P! at the discrete P, and cuts the: Cs 
in four more Pl. Both curves are unicursal. 

16. + (29) + 29 + Cie The Cy has 3P! and a P! on each J and 2P} 
and 4P; on the (29). p' = 2, 1, 0. 

17. dy + (2gs) + 2gs + 20%. Each C; has a P; and 2P; on one g; and 3P; 
on the other g, They touch on the (2g,) and each meets the (29) twice again. 
They meet in three other Pi. Each is unicursal. 


pl. 
Fourfold point. 


70. The K, is transformed by I into a OC, of genus 1, having a Pj. The 
scroll of bisecants is an Ru. The fundamental point not at P! may be on & 
trisecant of the C, cutting == 0. It may also be at the vertex of a K, 
which contains the O; and cuts æ = y = 0 in two distinct or coincident points. 

71. The Æ, cannot have a g, not passing through the P, for then it would 
transform by II into a O; of genus 1 having a quadrisecant. 

"The double curve cannot break up. For, the cone having its vertex at P, 
and containing one component would have to be unicursal. The component 
itself would, therefore, be unicursal. This is impossible. 

1. d + Ol. The Cı, has a P; at. the Ar and Pi at ‘the 3P;. p' is, 
at most, 6. i 

2. di + 9 + Ch: The ga goes through the P,. The Cy has a P! at the 

10 i 


70 Sisaa: On Septy Scrolls Having a Rectilinear Directrix. 


P, and meets the ge again in a 2 Ps and | a Pi. It has Pj, at the two discrete Py. 
Its maximum genus is 6. ` - 
3. d+ (29) + Ci. The (2g,) has its pinch-points coincident at the P,. 
- The Œ, has a P; with two branches touching the (2g,) at the P,, touches itself 
: again. on the (2g,) and has a Pj at the discrete P,. Its maximum genus is 5. 
-. 4, d,+2g,+ Ch. Each g, goes through the P, anda P,. The -C, ‚has 
a Pi at the P,, a P} and a Pl on each ge and a P} at the discrete P,. Its 
maximum genus is 6. 


Seven threefold. points. 


72. The R, is transformed by I into a (, of genus 1 with 2 P3. When the 
C, has a third Pj-the R, has a g, or a (2g,). . When the F, has 2g, it is trans- 
formed by II into such a C, as was found for the transform in the case of a P, 2 
‘One, but not both, multiple generators may become double torsal. The double 
curve is not decomposable. . l l 

1. d+ 0%. The O, has P; atthe 7P,. Its maximum genus is 6. 

2. d +9: + Cis. The C, has 3P; and a Pi on the g, and P} at the 
4 discrete P, Its maximum. genus is 6. 

3. da + (29) + Ch. The Cy has 2 consecutive p; and ap! on the (29) 
and P} at the 3 discrete P,- Its maximum genus is 5. 

4, dy+2g,+ Ch. The Cn has 3P} and a Ras on each g, and-a P; at the 
discrete P,. Its maximum genus is 6. 

5. ds + (29) + ga + O%. The Oj) has 3P! and a P! on the g, and 2 con- 
secutive P; and 4P; on the (2g). Its maximum genus is 5. 


p=2 


73. The R, has 4. P,. The double curve is not decomposable. 

1. d+ Oj. The Cy has P; at the 4 P,.. Its maximum genus is 9. 

2. +9 + Oh. The O has 3P{ and a Pl on the ga and a P; at the 
discrete P;. Its maximum genus is-9. 

3. da + (292) + Ch- The Gy has 2 consecutive P$ and 4P/ on ihe (293). 
Its maximum genus is 8. EI: 
' T l p=3. 
74. The R, hasone P. The double curve is not decomposable. 
1. &+0%. The Cp basa Phat P, Its maximum genus is 12, 
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p= 0. 
Fourfold point. 
75. The Æ is transformed by I into a C, of the second kind passing through ` 
one fundamental point. Transform the O, by II into an R,. From the known 
properties of the nodal curve of such.an R,,* we find that the R, of bisecants of 
the O, may break up into an R, and an A, or into 8R,. z= w = 0. meets the 
_ Cin 0, 1, 2 points besides the fundamental point on the curve. 

76. When the fundamental point not on the G is on the scroll of bisecants 
the R, has a g, through the P,. Z= W = 0 meets the C, in 0, 1 points besides 
the fundamental point on the O,. It cannot meet it in two more points for then 
it would meet 10 generators of the scroll of bisecants. ot 

77. Similarly, this fundamental point may be at the intersection of two 
generators of the scroll of bisecants, giving rise to 2g, through the P,. When 

the O, has two tangents coplanar with the directrix the fundamental point may 
lie on a (2g,) of the scroll of bisecants (in case the scroll of bisecants is composite 
these will be coincident ‘simple torsals of two components) giving rise to a (2g) 
of the Æ, with pinch-points coincident at the P,. In particular, the fundamental 
point may lie at a pinch-point of the (2g,) of the ‘scroll of bisecants. The R, 
then has a (3g,) through the P,. 

1. d+ Ch; (d + gi) + Chi (G+ 29i) + Ch. The Ci has a Pjat the P; 
eel nie ae p= 1,0. l l 

he dt OFF O (G+ gi) + O+ Ch: (di+ 29) + 0+0. The G has 
a Pi at the P, and Pj at the 3P}. ‘The-O, has a P} at the P, and Pi at the 3 P. 
It meets the & in 2 Pl. l l i 

3. d+ 20%; (d, + gi) + 303; (d + 2g) + 30}. Each 0, iasi a Pia at the 
P, and Pj at the 83P,;. Hach two O, meet in another Pi. 

4 ++ Chi (dh +g) + ġe + Oh. Theg, goes through the P, The 
Cı has a Ps; at the ee and P; at the 3P,. It meets the g, again in @ Pi, 
. 2 =1,0. 

5. d + 9 + OF + Ci; (& + 91) + g + 0? + Ci. The g, goes through 
the P,. The O, has a P} at the P,, Pj at the 3P,, a P! on the g, and 2P} on 

the C,. The O, has a Pi at the P, and P! at the 3P,.. . 











*See Snyder, On the forms of quintic scrolls, Bulletin of Am. Math. Soclety, 2d Serles, Vol. VIII, p. 298. 
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6. d} +g, + C3 + C8; (de +g) +0 + C3. The g, goes through the P,. 
The C, has a P! at the P, and P; at the 3P,. The G is gauche, has-P{ at the P, 
and at the 3P;. It meets the g, again in a Pi and the C, in 2P}. 
du d+ g + 203 + C3; (da +9) +ga + 203 + CZ. The g, goes through 
‘the P, Each C, has a Pj at the P, and Pi at the 3P} Each meets the other C, 
and the G in another P{. The O, is gauche, has Pj at the Ta and at the 3P; 
and meets the g, again in a Pi. 

~ 8 hk+ 2g + Ch; (de + . + 29% + 0% The 2g, pass oiei the P,. 
The Co has a Pj at the P, and P} at the 3P} P=1,0. , 

9. d+ 2g + O+ Ch (da + gı) + 29e + C3 + 03. The 2 pass through 
the P, The C, has P; at the P, and at the 3P, anda Pi oneachg,. The G 
` hasa P} at the P, and Pi at the 3P;.. The G and O, meet in 2P!. 

10. d+ 2g + 03+ 03. The 2g, pass through the P,. The O, has a PI. 
at the P, and P} at the 3P,. The C, has Pi at the 3P, a P! on each g, and 
` meets the C,in 2P{. It does not pass through the P,. 

11. d +2 + 204 + (0%. The 2g, pass through the P,. Each C, has a Pr 
at the P, and Pat the3P,. Each meets the other a and the O, in a Pl. The 
C, has a P! on Saal ga and Pj at the 3P}. 

12. dy + (29) + Cio; (de + g1) + (29) + Cio. The (29) goes shia the 
P, The G has P; at the 3P,. At the P, it has a Pi with two branches 
touching the (292). p! = 0. l : 

13. dy + (29s) + OF + O3; (ds + gi) + (29) + C7 + 03. The (29) goes ` 
through the P,. The G, has, at the P, a Pi with one branch touching the (29,). 
It has a P$ at each P. The G is gauche, touches the (2g;) at the Pu has 
Pi K ris P, and meets the C; again in a P!. 

` ds + (29) + 03 + 203; (di + g1) + (294) + j 0}+ 20}. The (2g,) goes 
as the P, The C, has a P; at the P, and Pi at the 3P, Each G, is 
gauche, touches the (2g.) at the P,, has Pj at the = and meets the C, again 
ina Pi. 

_ 1b. d+ (39,) +0; (h +9) +: (39.) + C3. The (39,) goes rondi the 
P, The G has P; at the P, and at the 3P}. It touches the (3g,) at the P, and 
touches its torsal plane at another point of it. P=0. 

16. ds + (392) + Qê + C5; (da +g) + (89) + C2 + C2 The (34) goes” 
hraugh the P, The C, has P! at the P, and at the 3P, It touches the torsal 
plane of the (3g,) at another point of it. The CG; is gauche, touches the (3g,) at 
the P, and has Pj at. the ver It meets the Cj in a Pi. 
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- 17. d + (39) + 02+ 02. The (3g,) goes through the P,. The C, has, at 
the P,, a P; with one branch touching the (39,). It has a Pj at each P, and 


meets the Gina Pi. The C, touches the torsal plane of the (39) at a point of ` 


it and has P} at the 3P;. 

18. d,+(8g,) + C2 + C2 + 0%. The (3g,) goes through the P, The C; 
has a Plat the P, Pi at the 3P, and meets the CG, and O, each again ina P!. 
- The G is gauche, touches the (3g,) at the P, and has P! at the 3P, The C, . 
touches the torsal plane. of the (3g,) at a point of it and has P} at the 3P}. 

78. When the scroll of bisecants of the C, into which the Fy is transformed 
has a component R the d, of this R, may be taken for Z =w=0. The funda- 
mental point on the C, then lies on a trisecant of the O, cutting z= y=0. It 
therefore gives rise on the R, to a g, not passing through the P,.. The funda- 
mental point not on the C, is either at the intersection of 2g, or at a pinch-point 
of a (2g9,) of the scroll of bisecants and gives rise correspondingly to two inter- 
secting g; or to a (3g,). The O, has 2P| on z =0=0. One of them is a funda- 
mental point; the other transforms into a g, coincident with the directrix. The 
two remaining generators which pass through a point of the directrix also lie in 
a plane through the directrix since they are the transforms of points lying on a 
complex line cutting Z =w = 0. The directrix is, therefore, a contact directrix* 
with which a generator coincides, (&%,,+gı). An R, is the simplest surface 
that can have this singularity apart from the restricted case of cubics and quines 
. contained in a special linear congruence. . 

79. In general when C lies on an / having za and z = w = 0 for 
directrices and when the C has 7 points other than fundamental points on 
z= w= 0 and has k points-on each of the 7 generators of the Æ which lie in an 
arbitrary plane through z= = 0, then the C transforms into an R which has 

.s=y=0for (6,1. +791). 1.4 

19. (s1 + gı) + 3g, + 05. 2g pass through the P,; the other, through 
2P, The Chas a Pi at the P, and a P; at each P, of which two are on a gs 
and the other necessarily on the directrix. It meets the directrix in two more Pi. 

20. (831+ 9:) + 3gs + 203. 2g, pass through the P,; the other through 
2P,. Each C, has a P} at the P,a Pi at each P; (of which one is on the direc- 
trix) and cuts the directrix once again. w. 

21. (81 + g1) + (892) +g + 0%. The (39) passes through the Py; the ga 
through 2P, The C, has at the P, a Pj.with one branch touching the (39). It 











* Wiman, loc. eit. p. 43. 
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has P; at the 3P, (of which one is on the directrix) and meets the directrix in 
two other points, 
22. (ðe + gi) + (39e) + ge + C2-+ OR The (3g,) and gẹ asin Gi The. 
O, has a P} at the P,, Pl at the 3P, (of which one is on the directrix) and cuts 
the directrix: again: The G is gauche, touches the (3g,). at the P,, has P; at the 
3P, and meets the ©, in another Pj. ` 
80. The remaining cases in which the F, has a g, not passing on the 
P, may be more conveniently transformed into O, having a P, Take tempor- 
-arily for fundamental points the Pj and a P and trapsform the C, into an Rg. 
‘From the know’ properties of the nodal curve of such an Rẹ" we find that the 
R, of bisecants to the C, may break up into an AR, and'an R,, or into an R, and. 
a Ky, or into 2R; and a K,. l o 
81. In addition to the fundamental point.on the Op 2 z = w = 0 may cut the 
C,in a Pi or at the Pi, In the latter case, the A, has two generators with coin- 
cident torsals coinciding with the directrix. As the directrix now counts for four 
instead. of. for three double lines as a component of. the nodal curve, L have _ 
‘denoted this singularity by (dı + 9). It should be noticed, however, that the 
singularity is analogous to a (29) and it differs from both the g, and (2g) in: that. 
it may occur, as in this case, on a line which counts only once as a directrix. 


22. The fundamental point not on the C, may lie on one or on two gi of ` 


the scroll of bisecants, giving rise to one g, or two-g, through the P, It. may 

also lie on a (2g,) or, in particular, at a pinch-point of. a (2g,) of the scroll of 

bisecants, giving rise to a (2g,) or a.(3g,) through the P, on the Ry: ; 

23. dtg + Chi (da + gi) Ega + Ch; (d +g) + Ch. The Cy has a 

Pjat.the P, P} atthe 2P, on the g, and a P} at the discrete P, p! = 1, 0: i 
28. dat get Cit C3; (d +g) + ge + 03+ 03; (ht g) + 03t Ch. 

The C, has a Pj at the P,, P; at the 3P, and meets the Osin 2P{. The Cy. has 

-aœ Py at the P,, a P; at the discrete P, and a Pj on the gs. Ta 

ds +g + OF + OF (ht g) tg Cit Ch; (h +g) + CH + Ch: 

“The O, has a Pj at the P, a P, at the discrete P, and 3P} ontheg,. The O, has 

a P} at the. P, a Pi at the discrete Py meets the ©; in the 2P; on the g, and in 

two other Pi 

. 26. ds + ga + 207+ Ci; (ds +g) + ge + 201 +203; (dh # g) + 203+ 

Peoh Gt has a P; at the P, Pi at the 3P; and meets the other C, and the 





' Gee Snyder, On the forms of quintic scrolls, Bulletin of the Amer. Math. Boc., od Beries, Vol. 8, 293. 
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each again in a Pi. The & hasa Pat the P, a Piat the discrete P,and a 
Pi on the g, l ; 
27. ‘ds + 2gs + Ci; (de + gi) + 2ge+ Ci- One g, goes through the P,; 
the other, through 2P,. The O,, has a Pi at the P,, a Pi at the discrete P, and 
.a 2P; and a Pi on the g. p'=1, 0.. . 
28. +29 +.03-+ 02. The 2g, as in (27). The Q has a P; at the P, 
and P; at the 3P,. It meets the Gin 2P{. The C, has Pj at the P, and at the 
discrete P,. It meets each g, once. 2 4 ; , 
208. dy + gn + OF + OF; (d + Gr) + 2g +03+ 03. The 29, as in (27). 
The C, has a P} at the P, and a P} at the 3P, It meets the g through the P, in 
a P| andthe Gin 2P{. The O, has a P; at the P,,a Pi at the discrete P, anda 
P; on the g, not passing through the P, (This G transforms into a Kọ, The one 
- in (30) transforms into an 

30. d+ 29: + C2 + C2; (dg + gi) + 295+ c? + 0%. The 2g,as in (27). 
The C, has a Pi at the = & = at the discrete .P, and 3P! on the ge. not passing | 
through the P, The G,has a Pj at each multiple point, meets the C, once and 
the g; through the P, twice, Pao l 

o BL dg + 29 +: 03+ 05; (h + gi) + 29 + C4 Ci. The 29, as in (27). 
The O, has a P} at the P, a P; at the discrete P,. It:meets the g, through the 
P, in a P! and the other ga in 3P. The GE has a P; at the. P, and P{ at the.3P;. 
It meets the C, in 2P!. 

32. da + 29 + 204+ 0% The 2g, as in (27). Hach ‘C, has aP! at the P,, 
P! at the 3P, and meets the other O, and the Gi in another Pl. The-C, has a P! 
at the P, and at the discrete Py. = 

33. ds + 2g, + Ci + 203; (dy + g) + 2g, + 0} +204 The 292 as in . 
(27)... The C, has a Py at the P, and a Pi ateach P; One G has Pi at the P, 
and at the.3P,.and meets the gẹ through the P, again. The other O; has a P} at 
the P, a Pi at thé discrete P, and has a P; on the g, passing through 2P, Hach 
O; meets the C, and the other C,againina Pj. 

34. ds+ 3gs + C3; (da +g) + 3gs + O? 2g, pass through the P,; the 
other through 2P;. The C, has a Pj at the Pia P; at the discrete P, and P; at 
the other 2P,. .It meets each gain a Py. p'=1, 0. 

35. dst 3ge + C?+ 03} The 3g, as in (34). The C, hasa P| at the P, 
‘a P; at the discrete P; and 3P{ on the g, not passing through the P, The O, 
has Pi at the 3P,, meets the C, in 2Pj and has a Pj on each g, through the P, 


4 
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36. d+ 39, + C} + CR. The 3g, as in (34). The G has P! at the P, and. 
at the 3P,, and meets each g, through the P, again. The O, has a P; at the P, a 
. P! at the discrete P, and meets the C, in two other P!. It.has a Pi on the g, 
passing through 2P3. Beg 
37. dy + 39, + C+ Ci. The 3g, as in (34). The C, has P, at the P, 
‘and at the discrete P}. It meets each g, through the P, in a Pj and the other ga 
in 3P{. The C, has a P, at the P, Pj at the 3P, and two other P! on the Q. 

. 88 d+ 3ga + Ci+ C3+ 0%. The 3g, as in (34). The. C, has a P} at 
the P, and P} at the 3P, The G, has a P} at the P,, a Pi at the discrete P, and 
a P! on the gs through 2P, The ©, has Pi at the 3P, anda P! on each g, 
through the P, Each pair of the curves C, G, and O have another P/ in 
common. ` l ' l 

39. dy + (295) +g + 0? The (2g,) has its pinch-points coincident at the 
P, The g, goes through 2P,. The CO, has at the P, a P; with two branches 
touching the (29). It has a P$ at the discrete P, and 2P} and a Pj on the g, 
pao. | 

40: d+ (2g) + ga + 03+ 02 The (2g,) and the gẹ as in (39). The O, 
has at the P, a P} with one branch touching the (2g,). It has. P, at the 3P ` 
The (; touches the (2g,) at the P;, has a P; at the discrete P, and meets the O; 
again. It has a Pj on the gẹ ) 

41. d+ (29) + ga + C2+ C3. The (2g,) and the g, as in (39). The 0, 
has, at the P,, a P; with one branch touching the (29). It hasa Pl at the dis- 
crete P, and 3P| on the g}. The G touches the (29) at the P,, has ‚Pi at the 
3P, and meets the G, again. 
42. ds + (2) +g: + OF + C2+ 0}. The (29) and ‘the Qn a8 in (39). . 

The C; has a P4 at the P, and Pi at the 3P,. The O touches the (2) at ‘the P, . 
and has Pi at the 3P,. The O, touchés the (2g,) at the P,, has a Pl at the 
discrete P, and meets the gz. The OC, meets the Os and the Os each in 
another Pi. ; 

43. ds + (29) hes + 302. The (29,) and the gy as in (39). One O, has a 
P; at the P,, a Pi at the discrete P and meets the g,. Each of the other 2G, 
touches the (2g,) at the P, and has Pj at the 3P,. ‘The first C meets each of 
the others again. . l l 

44. ds + (39s) se ge + C3. The pinch-points on the (39) are coincident at 
` the P,. The g goes through 2P,. The C, has, at the P,, a P; with one branch 
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touching the (3g,). It touches the torsal plane of the (39,) at another point of it. 
The O, has a Pl at the discrete P, and 2P} and a Pj on the g} p'=0. 

45. ds + (3g) + ga + C3 + C}. The (39) and the g, as in (44). The C, 
has P! at the P, and at the 3P}.and touches the torsa! plane of the (39,) at 
another point of it. The C; touches the (3g,) at the P,, has a Pj at the. discrete - 
P; and meets the g,. It meets the O, again in a Pi. 

46. ds + (39) + ga + 02+ 02. The (39,) and the g, as in (44). The C, 
has at the P, a Pj with one branch touching (3g,). It has a P} at the discrete 
P, and a 3P! on the g,. The G has a P! at the discrete P}, meets the O, in 2P! 
on the g and in another P; and touches the torsal plane of the (3g,) at a point of | 
the (39,). l 

47. d+ (3g) + ge + C+ Cj. The (89,) and the g, as in (44). The O; 
has a Pf at the P, and touches the torsal plane of the (3g,) at another point of 
. the latter. It has a P, at the P,; and 3P; on the gẹ. The C, touches the (3ga) 
at P,, has a Pl at the P, and meets the 0; in 2P| on the g, and in another Pj. _ 

48. ds + (3ga) + ga + Ci+ 203. The (39,) and the g, as in (44). The G, 
has a P; at the P, and P! at the 3P,. One G touches the (39,) at the P,, hasa P! 
- at the discrete P, and méets the g,. The other has P{ at the 3P, and touches the 
torsal plane of the (3g,) at a point of the latter. The C, meets each in another Pj. 

49. dx + (395) + ge + 203 + C3. The (39,) and the g, as in (44). One G 
has a P} at the P,, a Pj at the discrete P,and meets the g. The other O; touches 
the (3g,) at the P, and has P; at the 3P,.- -The G has P; at the 3P, and touches 
the torsal-plane of the (3g,) at a point of the latter. fhe first C, meets the 
second Œ and the C, each in another P!. 

83. When the A, has a (2g,) not passing through the P,, it may be trans- 
. formed by I into a C, with a Ps at which the tangent cuts x = y = 0. The scroll 
of bisecants is an Fy of genus zero, which may break up into an Rs and a K, or 
into an R, and 2K,. 

84. In addition to the fundamental point on the C; the line z = w= 0 may 
cut the C,in a Pj or at the P}. In the latter case an arbitrary plane section of 
the corresponding R, has, at the trace of æ = y = 0, a P at which two branches 
have contact of the second order. æ = y= 0 counts for five as a a of 
the nodal curve. I shall denote the singularity by [d, + (29)]- 

85. As before, it is seen that the R, may have BT the P, 8 gg, 299, & 
(29), or a (a 

11 
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dy + (292) + Cho; (da +g) + (29s) + Cho; [d + (29:)] + Oi. The 
ee ae through 2P,. The C, has a P; at the Po a Pi at-the discrete Py and 
four points on the (29). p= 0. 
51. dy-+(2g,) +03 + OF; (dy + g) + (2g) Ort C3; [a+ (eg + +0. 
The (2g) as in (50). The O, has a Pj at the P,, a Phat the-discrete P; and 3P - 
on the ( 29a). The O; has a. Pj at the P,, a Pi at the discrete P; and a Pi on. the 
(295). At meets the C, again in a Pj. 
52. dy +.(2g:) + OF + 203; +) + “(9 N 02 + 203; [dh + (299)] 
+ 03+ 20$. The (29) as in (60). The C, has a Pj at the P, and a Pj at the 
3P,. Each O; has a P% at the P, a Pit at the discrete P,, another P; on the 9 
and a P on the (292). 
53. dy + (29a) + ge + 08; (de + 91) + (29) $ ga + C%. The. (29) goes 
. through 2P3; the gẹ, through iis P, ‘The C, has a Pj at the P, and a Pj at the 
discrete P;. - It meets the gs again and has 4P{ on the (2g). p’=0. | ei 
. 54. d+ (2gs) +ga + C7+ 03.. The (29,) and the g, as in (53). The C, 
has a Pjat.the P, a P; at the discrete P, and 3P/ on the (2g,). The C, has Pi 
at the P, and at the discrete P,, meets O, and the g, each again and has a Pi on 
the (29,). | 
86. +) ++ 03+ Ol (&+ 9) + (200 ++ 03403. The 
‘(2g,) and the gẹ as in (53). The O, hias a.P; at. the P, a P; at the discrete P, 
and Pl at the 2P, on the (2g,). It meets the (2g,),.the gẹ and the C; each again. 
The G, has a Pj at the P, a Piat the discrete P, and a Pj on the (2g,). 


56. dy + (293) + ga + Ci + Ci+ C3. The (2g,) and the g, as in (53). 


| . The O,hasa P} at the P,, Piat the 3P, and meets the O,and G each again. The 


` Op has a P} at the P, a P? at the discrete P, and a.P| on the (29). The-C, has 
a Pi at the P, and at the discrete P,, meets the g, again and meets the (2gs). _ 
i 57. dy + (2g) + gs + 3C5; (ds +g:) + (292) + 9s + 303. The (2g,) and 
the 9, as in (53). Two ©; have each a P; at the P,, a Pi at the discrete P, and 
l ‘a P! on the (2g). The other G is gauche, has a Pi at the Py P; at the 3P, and 
meets the g, and the other 2, each again. 

58. dg+(29,) +29, + C}. The (29,) passes through 2P,; each gs, ‘through 
the P, The O, has a P! at the P, and a Pj at the discrete P,. It meets each gs 
in a Pj and the (2g) in4Pi ` `| aye oS 

. 59. ds + (29) + 29: + O} + C3. The (2g,) and the 2g, as in (58). The 
Os has P} at the P, and at the discrete P, It has a P! on each g; and 3P! on the 
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(29), The G has a Pj at the P, and a Pi at the discrete Ps. It meets the O; 
again and meets the (2g,) once. l 
60. ds + (29) + 29, + 203 + C3. The (2g,) and the 2g, as in (58). Each, 
C; has a P} at the P, a Pi at the discrete P, and a P! on the (2g,). The C, has 
Pi at the 3P,, meets each Q again and has a P/ on each g. 
61. d +2 (29) + 03+ 02. One (2g,) has its pinch-points coincident at 
the P,; the other has two pinch-points which are P, on the R, The O, has, at 
_ the P,, a Pi with one branch touching the (2g,). It has 3P/ on the other (2g) 
and a P; at the discrete P}. The G, touches one (2g,) at the P,, meets the other 
(29) in’a Pi and has a Pj at the discrete P}. It does not meet G again.. 

62. dy +2 (29) + 203 + Ci. The 2(2g,) as in (61). One G touches one 
(2g,) at the P, and has Pi at the 3P, The other C; has a Pj.at the P, a Pj at | 
the discrete P}, meets the other G again and meets the (2g,) through 2P, once. 
The C touches one (29,) at the P, meets the other (2g,) once and has a P! at 
the discrete P}. l 

63. d + (39) + (29). + O2 + C3 The (39,) passes through the P,; the 
(29) through 2Ps. The C; has Pj at the P, and at'the discrete P}. It meets the 
(3g) again and has 3P{ on the (2g,). The C, touches the (39,) at the P,, has a 
P! at the discrete P, and meets the (295) once. 

64. d+ (395) + (292) + C2+ 20%. The O, has a P} at the P, a Platthe 
discrete P, and a Pi on the. (29,). One C, touches the (39) at the P,, has a P! 
at the discrete P, and a Pj on the (2g). The other C, has Pi at the 3P,, meets 
the O again-and meets the (3g,) once. a 

86. When the R, has g, we may take the gs for y=z= 0 in transforma 

tion II and transform the R, into a C, of the second kind having a P! on y=z=0. 

‚The R, has only 2P, since only two trisecants of the C, cut =y=0. . The 

scroll of bisecants is, as we have seen,* an R, which may break up into an A, and 
an A, or into 3R,. The three generators of the scroll of bisecants through the 

Pi of the C, on y=2=0 transform into the triple point of the double curve at 

the P,; the other three generators in y = 0 transform into three other points on | 
the gs. l l i E ; ; 

87. When the R, has a g, in addition to the ga the C, has a P;. ‘The scroll 
of bisecants in an R, which may break up into an R, and a :K,, or into an AR, and 











# See paragraph 75. 
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an AR, or into 2R and a Æ, When the P; lies in y= 0 the g, becomes consecu- 
tive to the g. . 

88. When the penis to the Py cut z= y= 0, the R, has a (2gs). The. 
scroll of bisecants is an R, which may break up into an A, and a Ka or into an 
R, and 2K. 

65. ++ Ci The gs goes through the P, The Ge has Ps at the P, 
and at the 2P}. It has 3Pjon the g} p =1, 0. 

66. ++ C2+ C! The g, goes through the P, The O, has Pi at’ 
the P; and at the 2P, It has 2P; on the g, The Cy is gauche, has Pi at the 
P, and at the 2P;. It meets the C, twice and the gs once again. 

67. d +9 + 302. ` The gs goes through the P,. Each G is gauche, has ` 
Pi at the P, and at the 2P, Hach meets the gs and each of the other O, again. 

68, dy + 93+ gs+ C2. The g, goes through the P,; the ga through 2P;. 
The g, and g, may be consecutive. The O, has a P} at the P, and 3P{ on the gy. 
It has 2P; and a P{ on the g p'= 1, 0. 

69. da + gs +9 t C+ C2 The g, and the ga a8 in (68). The O has a 
P; at the P, and at the 2P,. It meets the gẹ and the G each in two more P}. 
‘The O, has a P! at the P,, meets the g; again and has a P; on the gp. en 

70. da +ga +ga + Ci + 0% The gs and the g, asin (68). The C, has a 
P} at the P,, 2Pj.on the g, and 3P; on the g,. The G is gauche, has Pj at the 
P, and at the 2P,. It meets the O twice, and the gg once, again. 

71. ds + gs +ga + 203+ 05% The gs and the gasin (68). The (, has a 
Pi at the P,, meets the g, again and has a P! on the ge Each G is gauche, has 
Pi at the P, and at the 2P;. Hach meets the g, the G and the other Cy once 
again. | | 
72. ds+ 93+ (24) + 0%. The Ja goes through the Py; the (2ga) through 
2P, The C, has a P} at the P,, 3P] on the g, and 4P! on the (2g,). p'=0. 

73. ds +ga + (2g) + C3 +03. The gg and the (29) as in (72). The C, 
has a P} at the P, and meets the g, twice, and the C, once, again. It has 3P{ on 
the (29). The C, has a Pj at the P, and meets the g, again, It has a Pi on 
the (29,). o as . 

74. d+ gs + (2g) + Ci+ 203. The g, and the (2g,) as in (72). Each O, 
goes through the P,, meets the g, again and has a Pi on the (2g,). The O, is 
gauche, has Pi at the P, and at the 2P,. It meets the gẹ and each C, once again. 
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Seven Threefold Points. 


89. The AR, is transformed by I into a O, meeting s=y=0 and passing 
through each fundamental point. The scroll of bisecants is an Ry. Taking 
temporarily a trisecant of the O, for y—=z= 0 in transformation II, the C; is 
transformed into an A, with a d}. From the known properties of the nodal 
curve of such an A,,* it is seen that the Ry of bisecants may break -up into an 
R, and an R, or into 3R, z= w= 0 meets the C, in 0, 1, 2 points besides the 
fundamental points. 

1. ds + 0%; (ds + gi) + Cis (h + MR Cis The Cy has Ps at the Py 
p=1,0. u 
2. d+ (+ C3; (dy + 91) + 03+ Ch; (da + 29:) + C24 Ch The G has 
P; at the 7P, The C, has P} at the 7P, and meets the Q again in 2P}. i 

3. dy + 303; (de +g) + 307; (h + 29,) +301. Each O, has Pj at the 
7P, and meets each of the other C, again in a P!. - ; ; 

90. When the R, has a g, it transforms into a C, with a P}. The scroll of 
bisecants is an Ry. In the same way as before it may be seen that the Ry may 
break up into an A, and an AR, or into an R, and an R, or into 2R, and an Fy, — 
z= w = 0 may meet the G, in adausn to the fundamental points, in a P; or 
at the P3. 

91. When the irani at the P} cut x= y = 0, the multiple’ generator 
is double torsal. The scroll of bisecants is an Ry which may break up into an 
R, and an F or into an R, and 2R; 

4. d +9: + Ch; (4 + g) +g + Ci; E: Cù. The Op has Ps at 
the five discrete P, and 2P, and a P; on the g} p =1, 0. 

5. dt g+ 03+ O3; (de + gi) +g + it C3 (dh tg) + Cet Ci The ` 
O, has P; at the 7P} The 6 has Pi at the five discrete P, and meets the G, 
again in 2Pi. It has a Pj on the g,. 

6. da +g + CRE Ch; (d + gi) + OFF Ch; (G+ g) + 0O34 Ch The G 
has P; at the five discrete P and 3P} on the g The C, has Pj at the 7P, and 
meets the C, again in 2P\. = 

T. dg + go + 203+ C3; (de + gi) + 201+ C5; (di + ge) + 204+ CG The 
O; has P} at the five discrete P; and a Pi on the g, Hach C, has Pj at the 7P} 
. Each 0, meets the other C, and the O, each again in a Pl. 








*See Wiman, loc. cit. p. 81. Snyder, Amer. Journal of Math., Vol. XXVII, p. 80. 
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8. dy + (292) + Cho; (de + gi) + Cio; [di + (292)] + Cio The C has Pi at 
the five discrete P and 4P on the (2). p'=0. 

9. ds t+ (2g2) + Ci + C3; (da + gi) + (2G2) + CF + C5; [d + (29e)] $ 6 
+ 0}. The C, has P; at the five discrete P; and 3P; on the (2g,).. The Og has 
P! at the five discrete P, and meets the C, again. ‘It has a P! on the (29,). 

10. dy + (29) + 03+ 203; (det gr) + C2 +203; (y+ g) + CF + 20}. 
The C,'has P! at the 7P, Each Q has P? at the five discrete P,, a P, on- the 
(2ga) and meets the C, again in a P}. 

92. When the KR, has 2g,, the C; has 2P3. The scroll of bisecants is an 
Ry which, it is readily seen, may break up into an R, and a X, an R; and an Fs, 
an R, and an R, 2R, and a K, or into an R, and 2R, 2=w=0 may be a 
trisecant of the O, except when the scroll of bisecants has a component Kz. 

93. When the tangents at one P} cut z= y= 0, one multiple generator of 
the R, is a (29). The scroll of bisecants of the C, in an ., which may break 
up into an R, and a K,, an R, and an Rs, an R; and an R, and an R or into 3R,. 
z= w= 0 be a trisecant except when the scroll of bisecants has a: component Kj. 

94. When the tangents of both P; cut s=y==0, then both multiple 
generators are double torsal. The scroll of bisecants is an A, and a K, or 2ks 
and a Ky. u 

11. dy + 295 + Oh; (de +g) + 29a + Oh. The Cy has Pi at the three 
discrete P, and 2P; and a Pj on each ge p'=1, 0. 

12. ‘ds + 29, + C24 03. The O, has P} at tbe 7P. The 6, has pt at 
the three discrete P,, meets the O; again in 2P; and meets each g, once. 

13. ds + 2ga + 07 + 05; (ho) + og 07+ C3. The C, has P} at 
the three discrete P, and at the 2P, on one gẹ. It has 3P! on the other gs. The 
O; has Pi at the three discrete P, and at the 2P, on the latter g,. It.meets the 
O, again in 2P; and meets the former g, once. 

14. dy + 2g, + Os + Ci; (det gi) + 2ga + C5 + CF. The O, has P! at the 
three discrete P, and 3P; on eachg,. The C, has Pi at the 7P, and meets the >. 
O, again in 2P}. 3 Ze 

15: d+ 29 + 20% + 0}. The C; has Pi at the three discrete P, and 
meets each g, once. Each O, has P; at the 7P, and meets the other C, and the ` 
O, each again... RNS 
; 16. d + 2g, +07 + 203; (d; + 9) + a 203. The C, has P! at the 7P,. 

Each O; has Pj at the three discrete P, and at the 2P, on one g, and meets the 


. the 2gp. 
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other g, in a pP. ‘Hach two of the curves (, CG, and O; have another Pi > 
common. ` a l l . 

17. ds + (2g2) + go + 0; (da + 91) + (29) + 9e + C3. The O, has P; at 
the three discrete P,, 2P; and a Pj on the g, and 4P; on the (2g). p'= 0. 

18. dy + (29:) + 9, + C2+ 02. The C, has P} at the three discrete P}, 
2P; on the g, and ’3Pj on the (29). The G has P; at the three discrete Ps, 
meets. the C; in another Pi, has a Pion the g, and one on the (2g9,). 

. 19. dy + (292) +g + 03+ 03; (dy + 91) + (29s) + gs + (i+ Cj. The 
O; has P; at the three discrete P,, 3Pj on the g, and 3P; on the (2g,). The G 
goes through the three discrete P, and the 2P, on the g}. It has another Pj on - 
: the C, and a P; on the (29,). 

20. dy + (2g) +9 +. C2 + C2+ C2. The O, has P! at the 7P, and meets 
the (, and the C, each again. The Q has P! at the three discrete P, and at the 
2P, on the g,. It has a P; on the (2g,). .The K has Pi at the three discrete P; 
and P; on the g, and on the (2g,). , 

21. ds + (2g) + gs + 303; (dp + g) + 29: + ga + 303. Bach O has Plat ` 
the three discrete P;, One G has 2P on the (2g;), a Pj on the g; and another P! | 
on each of the other C,. Each of the other O; has 2P! on the g, and one Pl on 


22. ds + 2(2g.) + 05 + Of. The Q has Pj at the three discrete P, and 
3P on each (29). The G has Pj at the three discrete P, and has a P on each 
23. ds + 2(29) + 203 + Ci. The 20, and C, each have P} at the- three 
discrete Ps. Hach C; has 2P; on one (29), and one P} on the other (2g,) and 
meets the other O; again. ‘The O, has a P! on each (2g). 

95. When the. Ey has 3g, take one g, for.y=2=0 in transformation I. 
The F, is transformed into a Cy. with 2P}. The O meets = 7% = 0 once and 
y=%=0 twice. We have seen that the scroll of bisecants to such a Cs is an 
Ry which may break up into an R, and a Ky, an R, and an R, an R, and an 
-R,, 2R, and a K, or into an R, and 2R,. y=%2 =0 isa simple generator of the 
scroll of bisecants. When the © passes through = y= 2= 0, the R, has a g.. 
coinciding with the directrix. One, two, or all three multiple generators may be 
double torsals. In thè latter case the tangents at both double points meet 
z=7=0 and the G touches g= twice on 7 =7= 0. 


, 


i 
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96. Whenever the scroll of bisecants has a component K, of which 
y = 2 = 0 is a generator, the Æ, has a double contact directrix (d,,+ 91). To 
.the two points on an arbitrary generator of the K, corresponds two generators 
intersecting on = y = 0 and coplanar with: z=y=0. The. directrix counts 
- once a a generator. 

ds + 39g, + C$; (de + gi) ii 392 + or. The C, has a P; at the discrete 

P, a 2P) and a Py on ench gs- P'=1,0. l 

. 25. d+ 3ga + C} + 03. The C, hag P; at the discrete P, and at both Ps 
on 2g,. It meets the other g, in 3P}. Theo, has Pj at the discrete P, and at 
the 2P, on the latter g). It meets each of the SE gs once and meets the O, in 
two other P!. - 3 

+26. dy + 3gs + C3 + Oi; (y+ g) 430 + + C The 0, has PI at 
the discrete P, and at the’ “OP, on one go and 3P; on each of the other gs. 
The O, has P; at the 2P, on each of the latter 2g,, a Pi on the former % , & P: 
at the discrete P, and meets the C, again in 2P\. 

2. d+ 3g + OF + CE; (d + gi) + 39: + C+ C}. The O,-has a Ph at 
at the discrete P, and 3Pj on each gẹ. The C, has Pi at the 7P, and two other 
Pi on the G.. a ee Zu 

28. dy + 3g, + Of + 03+ 03. The C, has P{on the7P;. The G has Pi 
at the discrete P, and at both P, on 2g, and meets the other- g once. The 0, 
has Pl at the discrete P, and at the 2P, on the latter ga- ‘It meets each of the 
other g; once. Each two of the curves C, Cg and G, have another point in, 
_ common. an l E e 

29. da + 3g, + 303; (d + 91) + 3gs +30. Each O; has P! at the discrete’ 
P; and at both P, on 3, meets the other gz once again and has another Pi on 
ge of de other Oz. 

» (84+ 91) + 39 + OF: : che C, has P; at the 7P;. _ 
(8,1 +91) + 39s T 207. Each C, has Pi at the 7P, and another Pj on 
the Re Or. u , f 

32. d; + (29a) + 29, + O3; (dy + gi) + (2G2) + 29, + Of. The Cs has a 
` P} at the discrete P,, 2P; and a Pl on each gs and 4P; on the (29,). p'=0. 

33. d+ (29) + 29 + 03 + 03. The O, has P} at the discrete P}, and 


at the 2P, on one g. It has 3P; on the other g and on the (2g). The G has 


a P! at the discrete P, 2Pi on the second gp, a in on the former g; and on the 


ze (29) aùd another P! on the O. 
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34. dy + (2) + 29s + O3 + O3; (da + g1) + (2) + 2gs + C2 + C3. The 
Cs has a P, at the discrete P,, Pi at the other 6P, and meets the Cs, the 2g, and 
the (29,) each again. The O; has P! at the 7P}. 

35. ds + (295) + 2gs + C2 + 203. The C, has Pi atthe 7P, Each G has 
Pi at the discrete P, and at the 2P, on one g:, meets the other g, and the (295) 
each once and has another P on the ÖL. 

dy + (29a) + 295 + 202 + C2. One O; has P; at the discrete P,, at 
the res on the (2g,)and at the 2P, on one gẹ. It has a P/ on the other gz and 
_ meets the G and the other C; each again. The other. C, has Pi at the discrete 
' P,and at the 2P, on each g, and has a P! on the (22). The C, has P! at the 
discrete P, and at the 2P% on the second gs. It has a P! on the g, and one on 
the (295). , l Ea 

37. d; + (2g) + 295 + 203+ C3. Each C; has P! at the discrete P} and 
at the 2P, on each gy. Hach hasa P! on the (2g,). The O, has a Pi at the. 
discrete P; and meets each G again. It meets the (2g) twice and each gg once, . 

38. (63,1 + gı) + (292) + 29 + C2 The O, has P! at BPs, Pi at the 
2P, on the (29). It meets the (29,). once again. 

39. (da1 +g) + (29) + 2g. + Ci+ 0%. The O, has Pi at the 7P,. The 
C has Pj at 5P,, meets the O, again and has a P/ on the (29,)- 

40. ds+2(2g2) + g2-+C§+ 0}. The O; has a P, at the discrete P,and P! 
at the other 6P, It meets the g, and each (2g,) again. The C, has P! at the- 
discrete C, and at the 2P, on the g, It has a Pj on each (2g,). aos 

4. dg + 2(2g2) + 93+ C3 + 20%. The (5 has Pj at the discrete P,, at the 
2P, on the 9 and at those on one (2g). It has a P! on the other (29,)- One Cy. 
has Pj at the discrete P, and at the 2P, on the second (2g,). It meets the C 
again, has a P! on the (29) and one on the gẹ» The other C, has P; at the 
discrete P, and at the 2P, on the g» It has a Pi on each (2g). 

42. (da1 +g) + 2(29)+9e+ Cå The O, has P} at the P; on the direc- 
trix and at the 2P, on the g, It has 3P{ on each (2g). 

43. (ds) +91) + 2(29) + ge + 203. Each O; has -P/ at the P, on the 
directrix and at the 2P, on the g. Each has 2P; on one (29) and 1P! on the 
other. ; l 
44.: ds + 3(2g) +302. Each C, goes through the discrete P, and the 2P; 
. on one (29). Hach has a P; on each of the other (2g). 

12 
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p=l. 
Fourfold Point. 


97. The R,is transformed by I into a C, of the first kind passing through 
one fundamental point. The scroll of bisecants is an FR, of genus 3, 2,1. It 
may break up into an F, and a K, or into an A, and 2K,. 

98. When the fundamental point not on the G lies on the scroll of bisecants, 

the R, has a g, through the P, When it lies at the intersection of two genera- 

tors of the scroll of bisecants, the R, has 2g, through the P,. When the funda- 
mental point lies on a (2g,) of the scroll of bisecants the R, has a (2g,), or, in 
particular, if it lies at a pinch-point, a (39,), through the P, 

The R, cannot have a g, not passing through the P,. 

1. d+ Ch; (ds + 91) + Cir The C, has a Pi at the P, and a Pj at the 
Pr p'=.3, 2, 1. 

2. d+ 03+ 03; (de +g) + Ci+ C3. The C, hasa Pi at the P, and a 

‘Phat the P} p' for the Cis 2 or 1. The O; has a P} at the P,, a Pj at the P, 
and two other P! on the Q. l : 

3. dg t+ C3+2C3; (da + g)+ C} + 20% Each curve hasa Pjat the P, 
and a Pi atthe P} The G meets each C; again in 2P{. p' for the O, is 1. 

4, datga + Chi (h tg) +g + Ci. The Cy has a Pj at the P, and a 
P} at the P}, It meets the g, again in a pi. p'=3, 2, orl. 

5 ++ 03405 (+g) + q+ 04 OL The Orhas a Pf at the 
P, and a P} at the P, It meets the g, again. p' = 2, 1. The O, has a P at 
the P,, a Pl at the P;, and two other Pi on the C,. i , 

6. dy +g + 05+ Ci. The Oshasa Pi at the P, and a P, at the Py. 
p'=20r 1. The O, has Pi at the P, and at the P, It meets the O, twice and 
the g once again. 

T. d+ get Ci+ 20%; (da +g) +g: + Ci+ 203. The C, has Pj at the 
P, and at the P; It meets the g, again. p'=1. Hach C,hasa P} at the P, a 
Plat the P, and meets the O, twice again. © 

8. datga + C3 + 03+ Ci. The C, and Q each have.a Pj at the P, and 
a P! atthe Pẹ The O, has P; at the P; and at the P, and meets the gg ee 
The C; meets the C, and C; each twice again. Its genus is 1. 

9. d + 29 + CF; (dy + gı) + 29, + 0}. The G hasa Pi at the P, and 
a P} at the P, It meets: each g9: again. p’= 8, 2,1. ; 
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10. d+ 2g + C3+ C3; (da +91) + 29a +03 + 03. The Cyhas P; at the P, 
and P, and meets each g, again. p'=2or1. The C, hasa P} at the P, a P! 
at the P, and meets the O, twice again. ` 

11. d+ 2gs + 303; (da +9) + 29, + 303. One G has a Pi at the P, 
and one on each g,. Its genus is 1. . Each of the other two G, has a P} at the 
P, a Pi at the P, and two other P! on the first Q. 

12. d+ (2g) + C}. The O, has at the P, a P| with two branches touch- 
ing the (2g,). It has a P; at the P}. p'=2 orl. 

13. d+ (293) + 2-4- 0%. The C, has two consecutive P} at the P, and 
a P} at the P,. p'=1. The G has a at the P, and a Pl atthe P, It 
meets the O, again in 2PI. i 

14. d+ (29) + C? + 03. The rane at the P, a P} with one branch 
touching the (2g,) and a P; at the P}. p'=2or 1. The C, touches the (92) at 
the P, has a Pi at the P, and meets the C, once again. 

15. ds + (2g) + Cit+C3+C§. The C, touches the (29) at the P, and 
has a P! atthe Py. p=1. The C,hasa Pj at the P,, a PY at the P, and 
meets the C, twice again. The (, touches the (2g,) at the -P,, has a fa at the P,, 
and meets the O, once again. 

16. dy + (392) + C3; (d + gr) + (892) + Ch. The G has; at the P,, a Pf 
with one branch touching the e (39) It has a Pz at the P, and meets the (3gs). 
again. pP = 2, or 1. 

17. da + (39) + 03 + C3; (de + gı) + (389) +05 + CZ. The Cy touches 
the (39,) at the P,, meets the (39,) again, and has aP; at the P;. p=1. Eng 
O, has a P, at the P,, a Pj at the P, and meets the C, twice again. ; 

18. d+ (38g) + Ci + C3. The Chas P} at the P, and at the P, and 
meets the (39) again. p=2or1. The G touches the (3g) at the Pu has a 
Pj at the P}, and meets the O; once again. 

19. ds + (39) + 203 + 03. One C, has a P! at the P, and a Pi on the 
(3g,). p'=1. The other C, has a P} at the P,, a Pi at the P, 'and meets the 
other C,in 2Pj. The C; touches the (3g,) at the P,, has a Pi atthe P, and 
meets the first (3 again. 

99. When the R, has a double contact directrix, the P, is on the directrix. 
Taking the P, and a P, for fundamental points the Fy is transformed into a C; 
with a P} at one fundamental point and lying on an Rg which has = y = 0 for 
d, and z = w = 0 for d}. The residual scroll of bisecants is an Fy of genus 2, or 1, 
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or an R, of genus 1 and an FR, or an R; of genus 1 and a K,. The fundamental 
point not on the O; may- be at a pinch-point of a (2g,) of the scroll of bisecants, 
giving rise to a (3g,). - u 

20. (631+ 9) +29,+ C3. The G has a Pi at the P, and a Pj at the P}. 
p=32orl. 

2. (&ıtg)+2g+ C24 0%. The.l,and G each have a P} at the P, 
and a Pi at the P,. They meet again in 2P/. p' for the G is 1. 

22. (da; +91) + (89g) + C$. The G, has, at the P,, a Pj with one branch: 
touching the (3g,). It has a P, atthe Ps. p=2orl. 

23. (8:1 +g) + (892) + 03+ 03: The G touches the (8g,) at the P, and 
has a P! at the P}. = 1. The & has a Pat the P,, a tai at the P, and 
meets the C, twice again. 

100. When the R; has a gg it may. be "E by TI into a 6 of the 

. first kind cutting y= z = 0 once. We have seen that the scroll of the bisecants 
is an Re which may break up into an Æ, and a K, or into an R, and 2K. . 

24. da Hga + C3. - The C, has a P; at the P, and 3Pıon the g. p'=3, 
2, or 1. 

25. dy + gs + 03+ o. The G has a P} at the P, and 2P/ on the g. 
p'=2o0or1. The O, hasa P; at the P, and meets the O, twice, and the g, once 
again. l ; pi a 

26. ds+gs+Ci+2C3. Each curve has a Pi at the P, and meets the gs 
again. The C, meets each O, twice again. ‘p’ for the Q, is 1. 


. Five Threefold Points. 


101. The R; is transformed by I into a O, of genus 1 meeting 2 = y=0 
and passing through both fundamental points. Taking, temporarily, a trisecant 
cutting = y= 0 for y= Z = 0 in transformation II, the O; may be transformed 
` into an R, with a d}. From known properties of the nodal curve of such of R,,* 
it follows that the R, of bisecants to the C, may break up into an R, and an A, 
or into an R, and 2R;, z= Ù% = 0 may meet the O, in one point not a funda 
mental point. l , 

102. When the R, has a ga the O has a Pj. The scroll of. bisecants i is an 
R, which may break up into an R, and an Rg, into an n fi, and a K,, into’ an Fy 
` and 2a or into an A,,'an R; and a Ay. 


ee 


“oo Wiman loc, cit. p. 52. Snyder, Amer. Journal of Math. Vol. 25, p: 96. 
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103. When the multiple generator is a (2g,) the tangents at the P, cut 
=2=%=0. The scroll of bisecants is an R, which may break up into an R, and 
an kg, an F; and a A,, or an R,,an Rg, and a Ky. : 

104. When the R, has 2g,, take one of them for y =z = 0 in transforma- 
` mation Il. The KR, goes into a O, with a P} as obtained for the transform of: an 
R, with one g. It meets x= y= 0 once and y=z=0 twice. When the tan- ' 
gents at the P; meet x =y = 0 one multiple generator is double torsal. When in 
addition y = ž = 0 joins the points of tangency of two tangents lying in y=0, 
both multiple generators are double torsal. 

105. When the F; has two multiple generators, it may have a double con- 
tact directrix. This happens when the scroll of bisecants has a component Ky 
on which y= z = 0 is a generator. l l i 

1. da + Oi; (da +g)+ C3. The C, has P} at the 5P. p'=3, 2, 0r 1. ` 
; 2. di + 02+ C3; (d +g) + 02+ 03. The G has P} ab the 5P}. 

'p=2or1. The O; has Pj at the 5P, and meets the O, again in 2P}. 

3. d+ 03+ 202; (d, + g) + 03+ 203. All three curves have P; at 
the 5P;. The (% meets each C, again in 2P} and is of genus 1. l 

4. dy + ga + Cio; (da +9) + 92+ Cio. The Co has Pzat the three discrete 
P, and 2P} and a Pi on the g. p'=3, 20r 1. ` ar 

5. d+ g+ C2+ C3. The Q has Pat the 5P,. p'=2 or 1. The O, 
has P; at the three discrete P, meets the O twice again and meets the g, once. 

6. da +ga + C?+ 03; (de +g) +ga + C2? + 03. The O, has P; at the 
three discrete P, and 3P{ on the g. p'=2or 1. The G has Pi at the 5P; 
and meets the C, twice again. es = 

T. dy t+ gut OL+ 20%; (dy +g:) + g2+ C+ 203. The O, has Pi at the 
three discrete P, anda P; on the gp. p’=1. Hach O has Pi at the 5P, and ` 
meets the O, twice again. : 

8. da+g+ O2+ C2+ C3. The C, has P! at the 5P, and meets the G 
and the C, each twice again. p'=1. The C% has P; at the 5P,. The O, has 
P! at the three discrete P, and has a Pi on the gẹ. 

9. d+ (29) + C2; (da + gs) + (292) + C3. The G has P} at the three 
discrete P; and 4P| on the (2g). p' = 2or 1. 

10. &+ (29) + C7+ Cz. The Cy has P; at the three discrete P, and 
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3P{ on the (29). p/=2or1. The O, has Pi at the three discrete P,, meets 
the O; once again and meets the (29) once. 

11. dy t (29) + CF + O}: (dh + g) + (29) + 03+ 0%. The O, has Piat 
the three discrete P, and meets the (2g,) twice. p’=1. The O, has Pj at the 
5P; and meets the O, twice again. 

12. d+ (2g) + C2? + C} + 03. Each curve has Pj at the 3P,. The G 
goes through the pinch-points of the (29,). The C, and C, each meet it once. 
. The C, meets the & twice and the O, once again. p' for the C, is one. l 

13. d+ 2g + C8; (de + gı) + 29a + C$. The O, has a P} at the discrete 
P, and 2P; and a Pi on each g, p' = 3, 2.orl. 

14. d+ 29 + 02+ C03. The Chas P} at the discrete P, and at the 
2P, on one g;. It has 3P{ on the other g,. p'=2or1. The C, has Pi at the 
discrete P, and at the 2P, on the second g}. It meets the C,in two other P! and 
meets the first g, once. . rat l 

15. d+ 2g, + C?+ 0}. The O, has a P, at the discrete P, and 3P{ on, 
each g, p=2or1l. The G, has Pj at the 5P,and meets the C, twice again. 

16. d+2g,+ C24+ 202. The O,has P/ at the 5P, p'=1. Each O, 
has a Pi at the discrete P, and at the 2P, on one 9s- Each meets the C, twice 
again and meets the other gz once. 

17. d+ 29, + Ci+ 05+ 0%. Each curve has a Pi at the discrete P}. 
The C, and G, each have 2P/ on one ga and one Pj on the other. The C, has 
2Ploneachg,. The G, meets the G and each twice again. p’ for the G is 1. 
l 18. d+ 2g + 303; (d, +g) + 2ga +303. Hach G, has a P! at the dis- 
‘erete P}. One C meets each gz once and is of genus 1. Each of the other (, is 
gauche, has 2P/ on each gẹ, and meets the first C, twice again. 

19. (531 +91) + 29a + CZ. The O, has Pj at the 5P;. -p! = 2 or 1.. 

2. (s1 +g) + 29 + OF + Ch. The O; and G each have Pi at the 5P, 
and meet again in 2Pj. The G is of genus 1. .The G is gauche. 

21. dg + (292) t ge + C3; (ds +g) + (292) + ge + O3. The G has a P; at 
the discrete Pg, 2P} and a Pi on the g, and 4Pi on the (29). p'= 2or 1. 

22. dy + (2g) + ga + C2+ 0%. The CO, has a Pj at the discrete P, and 
3P; each on the g, and the (2ga). p'=2or 1. The G has P; at the discrete P, 
and at the 2P, on the g,, meets the C, once again and meets the (2g,) once. 

93. ds + (292) +g + C2 + CZ. The C, has P, at the discrete P, and at 
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the 2P, on the g. It meets the (29) twice. p’=1. The C; has P at the dis-: 
crete Ps and the 2P; on the (2g). It meets the C, twice again. ( 

24. ds + (2g) + gs + C&+ O3; (dy + 91) + (292) + got C5 + Cj. The G 
has a Pi at the discrete P,, 3Pj on the g, and 2P{ on the (29). p'=1. The 
O; is gauche. It has Pj at the 5P, and meets the G twice again. 

25. dg + (25) + ge + Ci + 203. Hach curve has a Pj at the discrete P}. 
One G has 2P; on the g, and one Pi on the (2g,). The other has a Pj on the g, 
and 2P/ on the (2g). The C, has 2P; on the 9, one Pi on the:(2g3), and meets 
each G twice again. Its genus is 1. 

26. dst (295) + ge + 203+ (3. Hach curve has a Pi at the discrete P}, 
The O, has 2P; on the g, and one Pi on the (2gp)- One & is gauche. It has 2P! 
each on the g, and the (2g,). The other G is of genus 1. It meets the 92 and 
the (2g,) each once, meets the Q twice and the C, once again. 

27. (s1 + 91) + (292) + 9a + 0%. The CO, has P, at the P} on the er 
= trix and the 2P; on the gẹ. It has 83Pj on the (29). pP =2or1. 

238. (e3 +g) + (29) +9: + Ci + 0}. Hach curve has. Pi at the P, on 
the directrix and the 2P, on the g}. Each meets the (2g,) twice. They meet 
again in 2P{. p for the C,is1. The Q is gauche. 

29. ds + 2(2g5) + C7. The C, has a Pj at the discrete P, and 4P{ on each 
(292). Pl. 

30. ds; + 2(29,) + O$ + C3. The CG hasa P} at the discrete P,. It has 
2P! on one (2g,) and 3Pi. on the other. p=1. The-C, has 2P{ on one (2g,) 
and one P! on the other. It meets the O, once-again. | 

31. d+ 2(2g,) + 05 + 203. Each curve has a Pi at the discrete P}. 
The C; has a Pj on each (2). p'=1. Each C, has 2P; on one (2g,) and one 
P; on the other (29). Hach meets the G once again. 

832 (&ı +g) + 229) + C2. The O, has a P; at the P, on the directrix 
and 3P! on each (2). p == 2or 1. 

33. (82,1 + gr) + 2(2g2) + 20%. Each O, has a Pi at the P, on the directrix. 
One is of genus 1 and meets each (2g,) once. The other G is gauche, goes 
- through the pinch points of: each (2g,) and meets the plane C, twice again. 

> p=2 ; 

106. The R, may be transformed by I into a Oof genus N which meets 

ee o once .and passes simply through each fundamental point. The & has 
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a trisecant meeting x = y= 0 and may therefore be transformed by Il into an &,.* 
Hence we find that the Ri of bisecants to the Osis of genus 5, 4,3 or 2 and 
may break up into an R, of genus 4, 3 or 2, and a Æ, into an R, and an R; each 
of genus 1 or into 2R, of genus 1 and a K,. 

. 107. When the Æ; has a g,, it transforms by II into a y of the same kind 
as above. When the multiple generator is a (29) then y = z = 0 joins the points `. 
of tangency of two tangents lying in y= 0. l 

1. + C%; (d +g) + C%. The Co has P} at the 3P,. p! = 5,4, 30r 2. ` 

2. d+ C2+ 02. The O, has P} at the 3P, p =4,3 or 2. The ©, has 
Pi at the 3P; and meets the C; twice again. 3 

3. dot 03+ O}; (Gt) + 0}+.03. The O, has P} and the O,, Pi at 
the 3P,. They meet again in 4Pj. Each is of genus a . ; 

4, dgt+2C?+ Ci. Each O, meets the C, once and the other O, thrice 
again. Each C, is of genus 1. 

5. dat ga + O; (ah +g) +g + C2. The G has a Piat tho diserete P, 
and 2P} and a Pi on the g,. p' = 5, 4, 3 or 2. 

6. djtg,+ C?+ 0%. The O, has a P; at the discrete P, and 3P} on 
the g,. p'= 4, 8,or2. The O, hasa Pi at the 3P, and meets the C, again 
in 2P}. i . o , ' 

7. d+ gs + 03+ 03; (d+ g) +9: + 02+ 0%. The C, has P} at the 3P}. 
The C, has a Pi at the discrete P, meets the Os ngain in 4Pi and meets the gp. 
Each curve is of genus 1. 

8. dg +ga + C+ Ci; (da +g) +g: t C+ Ci. The O, has a P! at the 
discrete P, and 3Pi on the g,. The C, has Pj at the 3P, and meets the O, again 
in APl. Each curve is of genus 1. 

9. d+ ge + Of + 05 +05. The G and O, each have P| at the 3P, and 
meet in another Pi. The & has a Pi at the discrete P}, meets the O, once and 
the O, thrice again and meets the g, once. p! = 1 for both the C, and the Oz.. ` 

10. (s1 + 9) +9: + Of. The O, has P; at the 3P;. p’= 4, 3, or 2. 

11. (631+ g) +9: +20}. Each O, has Pj at the 3P, and. meets the 

other C,in 3P{. p' = 1 for each C,. 
. "12. d+ (29) + 03. The G has a Pi at the disorete Py and 4P; on the 


(29). pi = 4; 3 or 2. 


# See Wiman, loc. oit., pp. 58 and 59. Snyder, Amer. Jour. of Math., Vol. 25, p. 265; Vol. 37, p. 102. 








Sisam: On Septic Scrolls Having a Rectilinear Directriz. 98 


13. ds + (29) + Ci+ 03. The O, has a P at the discrete P, and 2P! 
on the (29). p=3or2. The C, has Pi at the 3P, and meets the O; again 
in 2P}. 

14. d+ (29) + C+ 05. The G has a P; ät the discrete P, and | 3P! 
on the g,. The O has a Pj at the discrete P, and meets the C again in 3P}. 
It meets the (2g) once. 

15. d+ (29) + 203 + CZ. Each O; has a P{ at the PeT P, , touches 
_ the torsal plane of the (2g,) at a point on the (2g,) and has two P!-on the 
other gs. p'= 1 foreach O,. The has P! at the 3P, and meets each O, again. 

ina Pi. a . l 
16. (31+ 91) + (292) + 03. The C, hasa P; at the P, on the directrix | 
and 3P; on the (29,). p' = 4, 3, or 2. 

17. (831+ 91) + 292 + C3+ C3. The C, has P! at the 3P}. The C, has 
a Pi at the P, on the directrix and a P/ on the (2g,). It meets the C, again 
in 3P{. Each curve is a genus 1. 

= oo. PEB 

108. Take a generator through the single Pj’ for y = g = 0 in trans- 
formation II. The A, may thus be transformed into a (, of genus 3, with 2P{ 
on z= y= 0 and, on y=2=0, a Pi, and a P$ at which both tangents are not 
coplanar with y„=2=0. The scroll of bisecants is an Ry having z=y=0 
for dy. Its genus is, by. formula,* seven, but may reduce to three since g = y = 0 
may. be the intersection of four planes of the double developable. Since the 
C, lies on a quadric, the A, cannot have a component Ry, K or R,. It may, 
however, break up into an R, of genus 3 or 2 and a K, of genus 1 or into an R, 


' and an R,, either pair of forms corresponding to a 0% and a 0% on the K. 


The #,, cannot break up into an A, and an A, for one of them would have to 
have the O; as double curve. No such A, or R, exists. 

109. From considerations similar to the above it is readily seen that the 
double curve of the R, can break up into three components, if at all, only as 
30, each of genus 1. That it can so decompose is readily seen by Salmone 
generation of scrolls as the locus of a line meeting three curves. Take for the 
three curves the directrix and 20, of genus 1 each meeting the directrix and 


# See paragraph 9. 
13 
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having three common points at two of which the tangents to each curve meet 
the directrix. The R, thus formed, consists of the plane pencils to the inter- 
sections of the two curves and’ the directrix, two of which count twice, the 
perspective cones of each G from the intersection of the other G with the direc- 
trix, and an R, with a ds having the 26, for double curves. If the directrix is 
taken so as not to be coplanar with any other pair of tangents of the cubics, 
then the R, must be of genus 3 for no such A, of lower genus has two such 02. 
The scroll of bisecants of the C, may, therefore, break up into 2R, and a K, each ` 
of genus 1. .The O, may pass through a=y=z=0. © l ; 

1. det 03; (da +g) +03. The O has a Pi atthe P. pP = 7,6,5, 4, or 3. 

2, d + 03+ 03; (d +9) + 03+ 08. The O, has a P} at the Py. 
p'=3 or 2. The O, has a Pj at the P, and meets the C, in 4P!. Its genus is 1. 

3 dg + 805; (d + g) + 305. Hach O; has a Pi at the Ps and meets each 
of the other in 2P/. Each is of genus 1. 

110. When the F, has a double contact directrix the Bi is on the directrix. 
The R, is transformed by: II into a Q with a P} at B= y= 30 at which 
one branch touches y=0. The G, lies on a K, having y= z= 0 as a generator. 
The residual scroll of bisecants is an Ry having y= z = 0 for double generator. 
Its genus is, in general, six but may reduce to three since v= y=0 may lie in 
three planes of the double developable of the Cs. The Ay may break up into an | 
R, of genus 2 and a K; of genus 1 or into an R, of genus 2 and an Ky of genus 1. 

(1 +g) +03. The Q hasa P} atthe P} p'=6,5,4,or3. 
5. (1 +g) + C3 + C3, The G and G each have a Pi at the P; and 
meet in four other P}. The G, is of genus 2, the of genus 1. 
Directriz a Four-fold Line on the Surface. 
pa 
Triple Curves or Triple Generator. 

111. When the R, has a C$, the surface transforms faa a C Herne 
æ= y =0 as directrix of the R, of trisicants on which the C, lies. . It meets 
2=y=0once. Z=w=0 meets the 0, in 0, 1, or 2 points. l l 

112. When the R, has a C8, the surface transforms into a.plane C, with 
one pointonz=y=0. It has 3P; ora Pi. %=w=0 either does not meet 
the curve or meets it in a simple, a double, or a triple point. 
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113. In general, when the A, has a gz, it-transforms by II into a O, of the 
_ second kind having a P!on%=y=0. The scroll of bisecantsisan R,. When 
the Æ, has also a g,, the C, has a Pj. The scroll of bisecants is an R;. The C, 
may pass through = y= z= 0. er mi gi 
114. When the gs coincides with «= y = 0, take the discrete P} and a P, 
as fundamental points in transformation I. The Æ, goes into a G with ap! on 
x=y=0. It passes through one fundamental point and has a Pi on žz=w=0. 
The scroll of bisecants is -an R,. 
1. d+ 0}; (da +g) + 0; (dy +29.) + CF b OF) SS 
2 dy + 89, + C3; (dat 91) +39 + 03; TER 29, + 03. 
3. di + gs + 03; (ds + gi) + gs + CB; (h +g) + OR.. : 
A. det got C8 (dh +g) + g+ 03; (di +g) + 03. The O has a Ph at 
the -P, and 3P! on the gẹ p'= 0. i i ; 
5. d, +gs+ga+ 03; (ds +g) +9 +g: + 03. The G has a P; and a 
Pi on the g, and 3P{ on the g. p=0. 
| | Double Ourves. 


115. Taking 2P% for the fundamental points in transformation I, the R, 
transforms into a ©, with a Plon&=y=0. The scroll of bisecants is an Re. 
It cannot break up. 2=w= 0 meets the Oin 0, 1, 2 or 3 points. 

116. When the Æ; has a g, the C, has a P}. The scroll of bisecants is an 
R;. 2== w = 0 meets the Gi in 0,1, or 2 Pj or in the P, and in 0 or 1 Pj. When - 
one fundamental point lies on the. R; of bisecants, the R; has 2g, When both 
fundamental points lie on the O, then the R, has 3ga- : 

1 d+ OF; (ds +g) + 03; (ds + 291) + 05; (d + 3g:) + CG. The G, bas 
P; at the 3P}. p'=0.. ; I 
2. dy +g t C3; (det gi) +g t O3; (de +291) +g + C8; (d +g) 
O2; (dh +g +g) +C}. The C, has Psat the two discrete P, and a P, on 
the gs. P=0. l 
8. dy + 2ga + Or; (ds +g) + 29, t Cit; (de + 291) + 2g, + Oñ; (dy + ge) 
+g: + 0%. The C, has a P; at the discrete P, and a P;.and a Pj on each gs. 
we | Se 
4.. dy + 8g, + C8; (da + 91) + 8g, + O35 (da + ga) + 292+ CG. The C, has 
a P, and a Pj on each gy. p' =0. . l . . 
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pal 
Triple Curve or Triple Generator. 
` 117. The R, cannot have a Ọ? since a.C} and a d, would give anodal curve 
of order 15. When the R, has a C$ it transforms by I into a plane C, with 2.P}. 
2=%=0 either does not meet the curve or meets it in a P or a P}. 

118. When the R, has a g; it transforms by II into a gauche G, of the first 
kind meeting x = J = 0 in a Pi. The scroll of bisecants is an R,. The O, may 
_ pass through ¢=y—=z=0. The g, cannot coincide with the directrix of the Ry 
for the latter. would then be a simple rectilinear directrix which a scroll of geou 
one cannot have. 

ly d+ 29 + C t; (h +g) +29 + OF 3; (do + ge) + gs + O 

2 di + gs + Cs; (ds + g) + 9s + ce. The C; has 3P} on ‘the Ge pt. 


Double Curves. 


:119. Taking the 2P, for fundamental points, the Fy transforms into a O, of 
the first kind. The scroll of bisecants is an Ry. z=w=0 meets the (Jin 0, 
1 or 2 Pi. =; oo. 
120. When one fundamental point lies on the R, of bisecants, the R, has a 

gz. When both fundamental points lie on the F the R, has 2g,. By taking one 
fundamental point at a P, instead of at a P, of the A, it may be seen that one 
gz may coincide with the directrix. 
. 1. d+ C3; (ds + g) + C3; (d + 2g:) + 03. The O, has Psat the 2P;. 
pad. 
2. det gat C4; (dat gi) + go + CF; (ds + 291) + ga + OF; (de + gs) + C2. 
The O, has a Pj at the discrete P; and a P} and a Piontheg. p'=1. 
3. d, + 29s +05; (ds + gi) + 2ga + CF; SANEREN Ji 0}. The Os has 
a Pyanda Pi on each ga. p=1. 
han ges 
Triple Curve. l 
121. The A, can have only a triple conic. By I it transforms into a plane 
C, with a P}. Z= w = 0 either does not meet it or meets it in a P! or a Pi 


1. A+ got 05; wu C3; (dy + ge). + C3. 
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122. The R, has just one P, and transforıns into a O, meeting z= y= 0 
twice and passing through one fundamental point. The scroll of bisecants is an 
Ry. Z= 0 = 0 meets the O, in 0, 1, 2 points besides the fundamental point. 

123. When the fundamental point not on the O; lies on the R, of bisecants 
the FR, has a gz. It may, as before, be shown that the g, may coincide with the 
directrix. E 

1. dy t+ 03; (dg+ gi) + CF; (de + 2g) + 0}. The O, has a Pj at the Py. 
Pls 9, E i l 

2.. di + g+ 05; RETE 05; age C3. The O, has a P; 
and a Pi on the g,. p = 2. 

_ pz 3. 
Triple Conic. 

124. The R, transforms into , & non- singular plane. 2=w=0 meets 
the curve in 0 or 1 Pi. ; 

1. dy + C8; (da + gi) + 08. 

Double Curve. 


125. The R, has.no P,. It transforms by I into a Q meeting z= y= 0 
thrice and passing through each fundamental point. The scroll of bisecants is 
an Kr. Z= w = 0 meets the G in 0.or 1 points besides the fundamental point. 

1 a+ 03; (dy + gı) + 0%. The O; is of genus 3. 

Directrix a Fivefold Line on the Surface. 

po. 
126. The R, transforms by I into a C; meeting æ= y= 0 thrice. The 
_ scroll of bisecants is an R,. z= w = 0 meets the Gin 0, 1, 2, 3 or 4 points. 

127. When the R, has a g, it transforms into a O, with a P}. The scroll 
of bisecants is an Ry. z= w= 0 meets the O; in 0, 1, 2or 8 Pj or in the P; 
and 0, 1 or 2 Pi. 


128. From this configuration it is readily seen that the R, may- have a 
contact dreia (òs, a + g1) for such an Æ; is obtained when z = w = 0 is. taken 
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to coincide with the simple directrix of the R, of bisecants. Since both funda- 
mental points. lie on the R of bisecants such an R, has 3ga. BE 

129. When the R, has 2g,, it transforms into a ( with 2P}. The scroll 
of bisecants is an R, or a K. z= w=0 meets the C, in 0,1, or 2 Pl or in a 
P} and 0 or 1 P{ or in aP3. 

130. When the “R, has 39, - — ad no (ôs: + gi) — it eee into a 
plane O; with a P on = y= 0 and 3P}. z= w =0 meets the Gin 0 ori Pi 
-orina P}. "EE es BEE u 

1. +65; (+g) + C83 (ds + 291) + OF; (da + 39) + CF; (a + 491) +03. 
dst +0; (ditg) + 92+ 0%; (dot 291) H9: + Ci; (da + 39;) + gs + C3; . 
(dtg) + 0i; (d+ g +g) + Cb (d + 29 +g) +0} The O, has a Pi on 
the gp. i i : = l 

3. ds +29 + 03; (+g) + 292+ C3; (ds + 291) + 295 + C3; (ds + 9) 
+g + O83; (det gr + 92) tg + O83 (+ 0) +03. The G may be either - 
plane or gauche. It has a Pj.on each gg. Zu: 

4 dy + 392 + O33 (de + gi) + 392+ OF; tn ++ Ob The Os 
has a Pi on each 9s- 

5. (+ gi) + Bge- The two genetatora i in an ie plane irdan 
the direotmiz intersect on the directrix. ` 


pal 


131. The R, transforms by I into a G of genus 1 having 3P; on 
z= y = 0. ` The scroll of bisecants is an Ry. z= W = 0 meets the Gin 0, 1, 2 
or 3 Pi. be e BS 
132. Taking the simple directrix of the F, of bisecants for z = w= 0 we 
obtain a contact directrix. Since en fundamental point lies on ay scroll of 
bisecants, the R; has 2g,. 

133.: When the AR, has a Ja the O; has a Ph, The scroll of bisecants is an 
R,ora K,. 2=%=0 meets the Ozin 0, 1 or 2 P} or in the Pi and 0 or 1 Pi. 

_ 133. When the Æ, has 29, — and no (ô; s + g;) — it transforms into a plane 
0, with a P} on @=y=0 and AP. z= w= 0 meets the O, in 0 or 1 Pi or 
` ina Pi. l i 


“1 + ts (Gt g) + 0% (dy + 291) + O1; (dy + 39) + C 
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2. d+ ga t-03; (d +) ro +03; (ds+ 29) + gs + 0%; NE F Bi 03; 
(da + gı + 92) + 0%. The OQ; is either plane or gauche.’ It has a P{ on the g,. 
ads Dnt Ohi (dt a) + Sai OF; i (ata) +g +03. The O, has 
a Pi on each gy. : i : 
4. (das +g) + 292. The two generators | in an maroirary plane through the 
directrix intersect on the directrix.’ ` pa gee 
. p= 2. 
135. The R, transforms into a (of genus two. The scroll of bisecants is 
an Ry or aK. 3= w= 0 meets the Ĝin 0, 1or2 Pi. 
l 136. When the R, has a g, — and no (ôe s +g) —, it transforms into a 
a plane O, with a Py on@=y=Oanda Pi. z=w=0 meets the Gin 0 or 1 
P{ or in a P}. en É 
187.. When the R, has a contact ee it has a g, and may therefore be 
- transformed by IE into a O, lying on K, which has its vertex t9 =y=2=0 
and has # = y = 0 for generator. en, 
-ds + O3; (+g) + 03; (de T 291) + 03. The C, may be either plane 
or ae ad a 
2 dst got O}; (ato) + at Ot rt The O, has a Pi 
on the gp. 
- (ösa +9) + Ge: The two generators in an arbitrary plane through the 
rare intersect on the directrix. 


p=. 


188. When the R, does not have a contact directrix, it transforms into a X 
plane O, with a P; on = y=. -Z= 0 = 0 meets the Gi in Ô or 1 P}. 

i 139. When the R, has a contact directrix, it may be transformed by II into 
a O, having æ = y =.3 = 0 & Py with one branch tangent toy=0 u Iying on 
a K, which has = J = 0 for generator. 

1. ds+ G; (di + 91) + O- - 
2. (d,3-+9,). The two generators.in an arbitrary en through the direc- 
trix intersect on the directrix. i i 
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- Directrix a Sis-fold: Line on the Surface. K 
140. The R, is necessarily unicursal., I transforms by I into s O, meeting 
=y=0 five times. 2=w=:0 meets the C% in 0, 1, 2, 3, or 4 P: If 


© 
z= = 0 meets it in 5P/then R, belongs to a special linear. congruenee and 
has already been enumerated. e 


i ds; (ds + g1); (di + 291); (d+ 39g); (d; + 491). 


OORNALL UNIVERSITY, July 28, 1905. . 


Beiträge zur Nicht-Euklidischen Geometrie. I. II. III. 
von E. STUDY. 


Unter gemeinsamem Titel denkt der Verfasser eine Reihe von Untersuchungen 
über die algebraische und’ Differentialgeometrie im Nicht-Huklidischen Raume 
‘ herauszugeben, einen Gegenstand, der ihn schon seit Jahren beschäftigt hat, ohne 
dass es doch zu einer mehr als skizzenhaften. Veröffentlichung gekommen wäre. 

In dem ersten der vorliegenden drei Beiträge wird eine anscheinend neue 
Eigenschaft der geraden Linie erörtert. -Die zweite Abhandlung ist von der 
ersten unabhängig. Sie ist überschrieben: Die Begriffe links und rechts*), es 
werden aber darin auch andere Grundbegriffe der Nicht-Ruklidischen Geometrie 
behandelt. . Sie ist als Einleitung zu weiteren Arbeiten gedacht, und deshalb ele- 
mentar gehalten. Sie kann, vielleicht auch zur Einführung in die Methoden 
dienen, die der Verfasser in seiner Geometrie der Dynamen (Leipzig, 1903) an- 
gewendet hat. Die dritte Mittheilung enthält eine einfache Anwendung auf die 
Schraubenflächen. im Nicht-Euklidischen Raume positiver Krümmung, die als 
geodätische Linien in einer vierfach ausgedehnten Mannigfaltigkeit betrachtet 
werden. : l 


I. 
Gerade und Punkt als Extreme. 


Es scheint noch nicht beachtet worden zu sein, dass der Satz von der Geraden - 
als kürzestem Weg zwischen zwei Punkten in der hyperbolischen Geometrie zwei 
Analoga hat, bei denen der Punkt bemerkenswerther Weise nicht als kürzester, 
sondern als längster Weg zwischen zwei Geraden erscheint. ` 

Ergänzen wir in bekannter Weise das Punktcontinuum der Lobatschewsky’- 
schen Geometrie durch Zufügung unendlich ferner und sogenannter idealer 


miaa 





*) Bel einer anderen Gelegenheit denken wir noch zu zeigen, dass ein Theil vom Inhalte der Begriffe links und 
“rechts zu seiner Entwickelung den Maassbogriff nicht erfordert, sondern der reellen projectiyen Geometrie 
des Raumes angehört, 


14 
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Punkte zum. Punkteontinuum der projectiven Geometrie, so kann man diese 
natürlich noch präcise zu fassende Behauptung auch in der correlativen Form 
aussprechen: Die Gerade oder vielmehr ein Stück einer Geraden erscheint als längster 
Weg zwischen zwei Punkten. l 

l Wir betrachten zunächst die ebene Geometrie, vom Krümmungsmaasse — 1, 

l gehörig zu dem absoluten Polarsystem 


(ay) = 2141 — Loy — Lels = 0. = (1) 
=. Wir können dann die — hier stets als positiv 12 0} betrachtete — Entfernung 
zweier Punkte im Inneren {(xx) >0, (yy) >0} des absoluten Kegelschnittes 
_ eindeutig erklären durch die Formel 


(x, y).= are cos TEn ee (2) 


wofern wir dem Wurzelzeichen und der Function arc cos A den positiven Werth 
beilegen. Dieselbe Formel liefert aber eine reelle ,, Entfernung” der Punkte 
x, y auch noch in dem Falle, wo diese auserhalb des absoluten ` Kegelschnittes 
und zwar so gelegen sind, dass ihre gerade Verbindungslinie den absoluten Kegel- 
schnitt trifft. _Ueberdies besteht auch in diesem Falle für drei Punkte y, x, z in 
gerader Linie, deren mittlerer æ die beiden anderen trennt, die Gleichung 


(y, z) = (y, x) a (x, 2). (3) 
| Wir wollen nun ein Dreieck x, y, z von verschiedenen ausserhalb gelegenen . 


Punkten so annehmen, dass die. a von je zweien den absoluien Kegel- 
schnitt trifft; derart also, dass- 


(va —(yy) 2920, (a) <0, 
(ea) — (z2) (20, (yy) <0, a o 
` (xy}— (ex) (yy) 20, (@ 2) <0. | 
Wir können dann zwei Familien solcher Dreiecke unterscheiden : 
Ist ’ 
(yz) (zx) (xy) < 0, (5a) 
so ist die grösste Seite der Dreiecks x, y, z immer grösser als die Summe der beiden 
- anderen, oder mindestens dieser Summe gleich. Und zwar tritt der Fall der Gleich- 
heit dann und nur dann ein, wenn die drei. Punkte in gerader Linie liegen. 


Ist dagegen l = 
(ya) (=) (ay) > 0, m (5b) 
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so kann die grösste Seite grösser oder kleiner als die Summe der beiden anderen 
sein, oder auch dieser gleich. Niemals aber oe dann die drei Punkte in gerader 
Linie. 

Nehmen wir an, es sei 


(y, 2) Z (y, 2), (Y, 2) Z (æ, 2), 6) 


_ und fragen wir, unter welchen Veraussetzungen wir schliessen können, dass 
(y,2)2(y, 2) +(@,2) 9 . (7a) 


sein muss. 
Die Ungleichung (7a) können wir offenbar auch so schreiben: 


cosh {(y, 2) —(y, «)} 2 cos A (æ, 2). 

Lösen wir hier mit Benutzung des Additionstheorems den hyperbolischen 
Cosinus links auf, so nimmt diese Ungleichung, bei positiven Werthen aller- 
vorkommenden Wurzelgrössen, die Form an: 


VY (ey)? + (yy) Vez ye) — (yy) (2) vey? — (B=) (yy). 
Hier sind nun nach Voraussetzung (4) und (6) beide Seiten positive Grössen. 
Völlig äquivalent mit der letzten Ungleichung ist also die aus Bape durch Quad 
riren entstehende: 
(22) (yy) (2) — 2 V WA V aF Wy) (zy) — 
ee .— (za) (yz)? — (yy) (@2)* — (2) (wy)? 2 0. 
Anderseits ist . . 

(zæ) (yy) (22) + 2 (yz) (zx) (xy) — (wz) (yz)? — (yy) (2)? — (za) (ay)? 20, 
weil die linke Seite das Quadrat der Determinante (xyz) darstellt. _Wenn.also - 
` die Ungleichung (5a) stattfindet, so fallen die beiden letzten Ungleichungen 
zusammen, und es ergiebt sich (7a). . Sie bestehen beide als Gleichungen, wenn 
(xyz) = 0 ist. Der umgekehrte Schluss aber, dass aus (7a) auch ( (52) folgen 
müsste, kann nicht gezogen werden. ; 

Nehmen wir jetet an, dass (5b) stattfindet, 80 et behauptet, T 


0.922) +2) a ea 


sein kann, oder, nach Obigem, daas (bei Annahme der Ungleichungen (6) ent- 

. .sprechend) E l . l 
> 

(xyz)? — 4 (yz) (zx) (zy) = 0 
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. sein kann. In der That überzeugt man sich hiervon sehr leicht durch Beispiele, 
` oder durch eine sogleich vorzuführende Ueberlegung. . Dass (ayz) in diesem Falle 
nicht verschwinden en ergiebt sich daraus, dass dann in (7b) das Gleichheits- 
zeichen gelten müsste.. Dann müsste also — da (xyz) = 0— das Product (yz) _ 
(zx) (xy) verschwinden, was nach (4) unmöglich ist. 
Um eine deutliche Vorstellung von den zugehörigen Dreiecksfiguren zu er- 
halten, wollen wir die Punkte y, z als gegeben annehmen. Man sieht leicht, 
dass dann die Gesammtheit der Punkte x, die den Ungleichungen (5a) oder (5b) 
genügen, dargestellt wird durch die in der Figur (1) schraffirten Gebiete. 





Verticale Schraffirung besagt, dass 
| (yz) (zx) (xy) > 0, 
(yz) (zx) (ay). < 0 


horizontale, dass 
ist. 


‘Figur (2) zeigt sodann ebenfalls durch verticale und momsontale Schraffen 
an, wo 


(n, )—(y;2) — (e 220, oder (y, 2) —(y, a) —(@ 2) £0 it. 


Diese Figur zeigt ausserdem, stark ausgezogen, den Ort. aller Punkte. 2, 
für die l i 


(u, 2) —(y, 2)— (z, y) = 0 
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` ist. Dieser Ort besteht aus ta völlig dienen Linienzügen, deren einer gerade . 
ist, während die beiden anderen der Curve 2. Ordnung 


o (g 4 (ye) yz) (a) =0 (8) 
angehören. Diese Curve berührt zunächst die Polaren der Punkte y,z, die 
Geraden (ya) = 0 und (zz) = 0, in ihren Schnittpunkten mit at gee) =0. Bildet 
= man sodann, unter Verwendung der Bezeichnungen 

Wu thy hy tu, (UD) = HV — tg Vg —.U Vs 
ihre Gleichung in Liniencoordinaten, so findet sich, nach Abspaltung des nicht 





Fia. 2. 


verschwindenden Factors 4 (yz) {(yz)*—(yy)(z2)} von der quadratischen Co- 
` variante des Ausdrucks (8), die Gleichung 


(ya) (ues) — (uy) (uz) = 0. — (9%) 

Man sieht also, dass die Curve (8) die Minimalgeraden durch y, z— die von 

y, z an den absoluten Kegelschnitt gehenden Tangenten — berührt, natürlich in re- 
ellen Punkten. Schliesslich geht durch die beiden Berührungspunkte der Curve 
(8) mit den von z ausgehenden Minimalgeraden der in der Figur nicht gezeichnete, 
aber leicht zu ergänzende Ort (y, Œ) = (y,2). Die Gebiete innerhalb der Curven 
(y, £) = (y, z) und (z, x) = (y, z) gehören. dann zu den Ungleichungen (y,2) < (y, x) 
und (y, z) < (Z, x), werden also horizontal zu schraffiren sein. Die Curve (8) aber 
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wird, soweit sie ausserhalb dieser Gebiete verläuft, die beiden Ren der Schraf- 
firung trennen. Man sieht nun ohne Mühe, dass die Schraffen richtig eingetragen 
sind, wenn man.x auf den Randeurven der verschiedenen Gebiete laufen lässt. 
Zu grösserer Deutlichkeit fügen wir noch — in collinearer Abänderung — 
eine dritte Figur hier an, die zeigt, wie bei gegebenem œ die Punkte y und z 





liegen müssen, wenn gleichzeitig 
u (y2) (z2) (ay) <0, ut (10) 
sein soll. l 
In diesem Falle, der nun noch nåher betrachtet werden soll, werden wir 
sagen: „Der Punkt x trennt die Punkte y und z,“ oder auch: ‚Der Punkt x liegt - 
zwischen y und z.“ Wenn unter den Verbindungslinien der Punkte x, y, z keine 
` Minimalgerade vorkommt, haben dann die Polaren der Punkte x, y, z eine solche 
gegenseitige Lage, wie sie durch Figur 4a) angezeigt wird; ‚während die Dreiecke 
der zweiten Familie der Figur 4b) Denen 


99. 


Fie. 4a. © Fre. 4b. 


Um nicht ‘gu sehr ins Breite gehen zu müssen, . entnehmen wir nunmehr 
der Anschauung (Fig. 4a), oder einer nahe liegenden Continuitätsbetrachtung, - 
die folgenden Sätze: l 

Liegt der Punkt x! zwischen y und z, und der Punkt x" zwischen (y und a! oder) . 
x! und z, 80 liegt x" auch zwischen y und 2. 

Liegen zwei verschiedene Punkte zwischen den Punkten y, 2, und moar 80, dass 
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ihre gerade Verbindungslinie den absoluten Kegelschnitt trifft, so haben alle vier | 
Punkte eine bestimmte Anordnung y, x', x", 2 oder z, x", a! y. 
` Hs liegt nämlich nach geeigneter Wahl der Bezeichnung wx! zwischen y und x", 
und x" zwischen a! und g, aber nicht x" zwischen y und x', und nicht « zwischen x! 
und 2. ea 
Liegt ferner der Punkt x zwischen zwei solchen Punkten x’ und a, so liegt x 
auch zwischen y und z.*) 
Die Art, wie diese Sätze zu Stande kommen, wird wohl hinreichend durch 
die beiden Figuren 5 erläutert. Man schliesst daraus ohne Mühe den folgenden 
bemerkenswerthen Satz: 





- Es sei vorgelegt eine Menge von Punkten ausserhalb des absoluten Kegelschnittes, ` 
die ein Continuum bildet, und ausserdem so beschaffen ist, dass die gerade Verbindungs- 
linie von je zwei verschiedenen Punkten der Menge den absoluten Regelschnitt trifft. 

Jeder beliebige Punkt der Menge, mit Ausnahme von höchstens zweien yo, %, 
hat dann die folgende Bigenschaft: Nimmt man diesen Punkt x aus der Menge 
heraus, so bilden die übrigen Punkte der Menge zwei ebenfalls continuirliche Theil 
mengen (y) und (z), derart, dass x alle Punkte y der einen trennt von allen Punkten 
z der anderen. = 

‘Alle Punkte der Menge zwischen zwei verschiedenen y, z bilden nach Zufügung 
von y und z selbst einen abgeschlossenen continuirlichen Curvenzug, dessen Punkte x 
eindeutig-umkehrbar und stetig den Werthen eines Parameters t von Null bis. Eins 
zugeordnet werden können. 





. *) Dieses Alles würde sich strenge, aber, soviel wir sehen, nicht ganz kurz, mit'rein algebraischen Mitteln 
beweisen lassen. — Wo es sich nicht um Fundamentalsätze ‘grosser Theorieen handelt, dürfen wohl auch ab- 
kürzende Darstellungsformen angewendet werden, wenn es nur möglich ist, die entstehenden Lücken Im Bedarfs- 
falle auszafüllen. l ; 
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Dieser Curvenzug hat eine völlig bestimmte Länge S, die den Ungleichungen 

gemügt. l l OSSS (y, 2) 

Ferner ergiebt sich: Sind zwei Ausnahmspunkte %,, % der bezeichneten Art 
vorhanden, so besteht. die ganze Menge aus diesen Punkten selbst und einem sie 
verbindenden Curvenzug von bestimmter Bogenlänge, dessen sämmtliche von — 
Yo; % verschiedene Punkte zwischen y, und % liegen. Die im Satze genannten 
Punkte y, z erhalten immer die Eigenschaft solcher Grenzpunkte y,,.%, wenn 
man alle von:y, z. verschiedenen Punkte der Menge unterdrückt, die nicht 
zwischen y und z liegen. -` 





Nennen wir nun einen Curvenzug, wie er im Satze beschrieben ist, einen . 
Weg zwischen y und 2, so haben wir das Eingangs bezeichnete Resultat. 

Unter allen Wegen zwischen zwei verschiedenen Punkten y,2, die ausserhalb des 
absoluten Kegelschnittes liegen, und deren gerade Verbindungslinie diesen trifft, ist 
der gerade Weg der längste. : 

i Hierzu gehören als eine nützliche Ergänzung die weiteren Bemerkungen: 

Ist die gerade Verbindungslinie der Punkte y, 2 eine Minimalgerade, d. h., be- 
rührt sie den absoluten Kegelschnitt, so giebt es nur den einen auf ihr selbst gelegenen 
Weg zwischen beiden Punkten. l | 

In jedem anderen Falle giebt es unbegrenzt viele Wege zwischen y, z, und in be- ` 
liebiger Nähe irgend eines von ihnen insbesondere noch unbegrenzt viele, die die Länge 
Null haben.. 

‚Die Figur 6 macht es anschaulich, wie ein Weg zu Stande kommt, der in 
beliebiger Nähe des längsten liegt, selbst aber die Länge Null hat. 





Für die Punkte einer Geraden, die den absoluten Kegelschnitt nicht trifft, 
also ganz im idealen Gebiete verläuft, können wir eine elliptische Maassbe- 
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stimmung festsetzen. Die Entfernung zweier Punkte x, y auf einer solchen Ge- 
raden wird dann nur bis aufs Vorzeichen und bis auf ein Multiplum einer ge- 
wissen Periode bestimmt sein, die gleich x angenommen werden darf. Wir 
wählen unter den verschiedenen Werthen dieser Function den absolut-kleinsten- 
aus, betrachten ihn als eine positive Grösse, und bezeichnen diese mit (x,y). Tn- 
dem wir für alle.vorkommenden Wurzelgrössen auch hier deren positive Werthe 
setzen, haben wir dann die Gleichung 


cos (x, y) = no e | (10) 


. 0 $ cos 8 (a, y)’ ls 


und es ist immer 


Dieselbe Formel (10) können wir dann auch noch in dem Grenzfall gelten 
lassen, wo die x, y enthaltende Gerade den absoluten Kegelschnitt berührt, aber 
weder æ noch.y in den Berührungspunkt fällt. Wir setzen dann (a, y) = 0. 

Wir wollen nun zeigen, dass die so erklärte Entfernung (a, y), ebenso aber 
auch ihr u 
[x, yl=x—(@, y) 

Ahi die Eigenschaft hat, ein Maximum zu sein unter den Längen gewisser 

noch zu definirender ‚‚Wege‘‘ zwischen den beiden Punkten. . l l 
Wir betrachten wieder ein Dreieck x, y, z von verschiedenen idealen 

Punkten, deren gerade Verbindungslinien aber nun den absoluten Kegelschnitt 

entweder gar nicht treffen oder höchstens berühren sollen : 


Warm) (#2) 50, (22) <0, 
(2a)? — (z2) (x2) <0, (yy) <9, een Coe) 
(ay) — (war) (yy) 20, (2) <0. 


Ohne eine Beschränkung einzuführen, dürfen wir dann annehmen, dass 


72 (y, 2)2 (y, x) 2 = (æ, 2) zo ; l J (12) 
sei. Die der Reihe nach ee anzunehmenden Ungleichungen 


WAZ 2) + S 
lassen sich dann so schreiben: i i 
cos (x, 2) — cos (y, o) cos uy, a) = = sin (y, 2) . sin (y, x). 

15 
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Da hier nach Voraussetzung beide Seiten positive Grössen sind, 80 erhält 
man durch Quadriren äquivalente Ungleichungen, 


(v2) (yy) (a) — 2 V We) ee 
© ` — (xæ) (yz)? — (yy) (20)? — (22) (ey) = 0. | 
Wie zuvor sieht man jetzt, dass nur das obere Zeichen oder das Gleichheits-’ 


zeichen möglich ist, wenn l 
(92) (2x) (ay) <0, 2. (14a) 


(y2) (22) (ay) >0 j (14b) 


eine Entscheidung nicht getroffen werden kann. ° 


während im Falle 






-=~ _— a u + ef ee ee. 


_ 


- Fıe. 7. 


Es wird genügen, wenn wir die leicht zu behandelnden Grenzf älle 
7 N: 
(% 2) = oO = Ly, z] und (y, z) = 0, Ly, z] =x% 
weiterhin zunächst ausschliessen und also annehmen, dass 
0<(y, N<F 3 < Ly, eee 


Die beiden Abichnikle, in die die Gerade yz dtsch die beiden Panie: Y, Z 
zerlegt wird, sind nun Seder Diagonale eines einfachen Viersen; dessen Seiten 
, Stücke von Minimalgeraden sind.. (S. die Figur 7). 


sel. 
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Im Inneren oder an der Grenze dieser beiden Vierseite liegen alle den Un- 
eichungen (11) genügenden Punktex. Beide Vierseite haben im Uebrigen ver- 
hiedene Eigenschaften. Bei geradliniger Erstreckung des Integrals über das 
»genelement zwischen y und z durch das Innere des einen Vierseits hindurch 
itsteht der kleinere Werth (y, 2), bei Erstreckung durch das andere Vierseit der 
‘éssere [y,z]. Das erste, wie wir der Bequemlichkeit halber sagen wollen, 
kleinere“ Vierseit liegt ganz im Gebiete (yz) (zz) (xy) <0; das andere 
srössere“ wird durch die absoluten Polaren der Punkte y, zin drei Abschnitte 
rlegt, zwei äussere, in denen ebenfalls (y z) (zx) (xy) < 0 ist, und einen inneren, 

dem (y2)(2x)(xy)>0 ist. Weiter erkennt | man — ähnlich ‚wie zuvor — 
w8 der Ort aller Punkte x, für die 
(y, 2) =(y, £) + (a, 2) (18) 
, aus drei getrennten Curvenziigen besteht. Der eine von diesen ist gerade, und 
rläuft ganz im kleineren Vierseit. Die beiden anderen liegen auf der irre- 
ıcibilen Curve 2. Ordnung l 


(yese)* — 4 (yz) (zæ) (zy) = 0 . (16) 
d verlaufen ganz im grösseren Vierseit. So erhält man "schliesslich | eine Ein- 
sht in die Vertheilung der Gebiete für æ, in denen l 


(y, 2) 7 u x) — (x, I 0 
; wad der anderen, in denen 
(y, )— (y, #)—(@, a) 50 
Die ersten werden in der Figur 7 durch verticale Schraffen, die zweiten, 
‚er vielmehr das zweite Gebiet, durch horizontale Schraffen bezeichnet. 
Nunmehr ergiebt sich,. ganz wie zuvor im Falle hyperbolischer Maassbe- ` 
iminung, der Begriff eines Weges zwischen y und z, der in dem kleineren 
erseit verläuft, und der Satz, dass unter allen diesen Wegen der gerade der. 
agste ist. Wir behaupten aber weiter, dass in dem grösseren Vierseit dieselben 
wziehungen gelten. Das heisst, wir behaupten, dass in dem Dreieck y, x, die 
imge der Seite yz nicht Kleiner ist als die Summe ‚der Längen der beiden 
deren Seiten, wenn x in dem grösseren Vierseit liegt, und wenn alle drei 
ngen durch das geradlinig erstreckte Integral über das Bogenelement so erklärt 
ıd, dass der Integrationsweg das grössere Vierseit nicht überschreitet. 
Man erkennt ohne Schwierigkeit, dass man bei dem Beweise dieser Be- 
uptung drei Fälle zu en hat. 
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1) Der Punkt æ liegtin dem mittleren der oben unterschiedenen Theilgebiete 
des grösseren Vierseits (oder an dessen Grenze). Dann ist (yz) (ya) (=)20; 
die drei Längen sind [v 2]; (y, ©) und (x, z); die Behauptung ist 


[v 2] 2 (y, 2) + (2, 2) 

2) und 3). Der Punktz liegt in einem der äusseren Theilgebiete — z. B. . 
in dem, das von der Polare des Punktes y abgeschnitten wird, oder so, dass _ 
(y,2)2(x, 2). Dann ist (yz) (yx) (zx)<0, die drei Längen sind [y; z], [y, x], 
(x, z), und die Behauptung ist . i 


[y, z] =[y, £] + (x, 2), oder 
(y, £) Z (y, 2) + (z, 2). | 
Der Beweis ergiebt sich in allen Fällen dureh die schon mehrfach ange- 
wendete Schlussweise. ° 
Indem wir nun das erhaltene Resultat formuliren, werden wir uns kürzer 
fassen als zuvor, und im Wesentlichen nur hervorheben, was don gefundenen 
Satz vom vorigen unterscheidet. l 
Die verwendete Art der Maassbestimmung bezeichnen wir als pseudo- ellip- 
tisch deshalb, weil sie mit einer gewöhnlichen elliptischen im positiven Krüm- 
'mungsmaasse (+ 1) übereinstimmt, sich aber von ihr durch das Vorhandensein 
. reeller Wege von der Länge Null wesentlich unterscheidet. Unter Verwendung 
dieser Terminologie können wir dann sagen: ` 
Sind y,z zwei verschiedene Punkte, deren gerade Volihdungehnie den ab: 
. soluten Kegelschnitt nicht trift, 80 gibt es zwei Familien von directen Wegen zwischen 
y und z. . ; 
Es giebt nämlich zwei. von E begrenzte einfache Vierseite, in denen 
y und z gegenüberliegende Ecken sind. Im Inneren oder an der Grenze je eines l 
- dieser Vierseite verlaufen die Wege der einen oder anderen Familie. . 
Unter allen Wegen derselben Familie ist bei pse iia a Maassbestimmung 
der gerade der längste. 
Jeder directe Weg ist ein Curvenstiick von N Bogeulanwe, dessen 
sämmtliche Sehnen den absoluten Kegelschnitt entweder gar nicht treffen oder 
höchstens berühren. Er wird durch irgend einen seiner Punkte x, der von y und z 
verschieden ist, in zwei Wege von gleicher Eigenschaft zerlegt. Wenn, in dem 
zuvor ausgeschlossenen Grenzfall y und z ideale Punkte bleiben, aber die Gerade 
yz den absoluten Kegelschnitt berührt, so giebt es einen ‚eigentlichen “.und 
einen „uneigenitlichen‘“ directen Weg zwischen y und 2. Beide sind gerade. 
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Der erste verläuft ganz ausserhalb des absoluten Kegelschnittes; er hat die 
Länge Null. Die Lange des zweiten Weges ist nicht eigentlich definirt, darf 
aber = n gesetzt werden. 

Ein Curvenstück kann die Eigenschaft Taber Suge sich um jeden seiner 
Punkte herum ein Gebiet abgrenzen lässt, in dem- das Curvenstück directer Weg 
ist zwischen j je zweien seiner Punkte y'; z’, ohne dass ihm im Ganzen nothwendig 
dieselbe Eigenschaft zukäme. Für solche Curvenstücke, die zwei gegebene 
Punkte y, z verbinden, gilt dann der letzte Satz nicht mehr. Im Gegentheil 
kann man offenbar zwei ganz beliebige ideale Punkte — also auch solche, deren 
gerade Verbindungslinie den absoluten Kegelschnitt in getrennten Punkten 
schneidet — durch solche Curvenstiicke verbinden, deren Länge eine beliebig ge- 
gebene Zahl übertrifft. Die Lange des directen Weges zwischen Punkten y, z — 
falls es einen solchen Weg gibt— ist also in viel beschränkterem Sinne Maxi- 
mum als die zuvor betrachtete Wegelänge bei hyperbolischer Maassbestimmung. 


Da die: Einführung der sogenannten idealen Punkte in die Geometrie 
Lobatschewsky’s nicht gerade eine Nothwendigkeit ist, so wird vor der hier ge- 
wählten Ausdrucksform der aufgestellten Sätze unter Umständen den Vorzug i 
verdienen eine andere, bei der jene Begriffsbildung vermieden wird.‘ Natürlich 
lässt sich die Uebersetzung aus einer Sprache in die andere ohne Weiteres aus- 
‘ führen. Zum Beispiel lautet der Satz, der unserer ersten Reihe von Be- 

trachtungen zu Grunde liegt, nunmehr wie folgt: 
l Wenn von drei Geraden y, x, 2, die zu zweien entweder parallel oder ultraparallel 
sind, die mittlere die beiden anderen trennt, so ist die Länge der gemeinsamen Nor- 
male zwischen y und z grösser als die Summe der Längen der Normalen zwischen 9» 
‚x und x, z, oder mindestens dieser Summe gleich. ; 
Der Fall der Gleichheit tritt ein, wenn alle drei Geraden eine gemeinsame 
Senkrechte zulassen, Pei im Grenzfall, parallel sind. ,,Lange der gemeinsamen 
Normale zwischen y, z“ heisst natūrlich,.wenn y, z ultr aparallel sind; die Länge 
der kürzesten. Verbindungslinie zwischen einem Punkte von y und einem Punkte 
von z, und, im Grenzfalle des Parallelismus, die Null. Alles Weitere ergiebt sich 
von selbst: Der ideale Schnittpunkt von zwei ultraparallelen Geraden y, z oder 
seine Polare, die gemeinsame Senkrechte von y, 2, betrachtet als Ort der zu ihr 
senkrechten. Geraden, erscheint nun als längster Weg zwischen diesen beiden 
Geraden. : 
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In ähnlicher Weise kann man unseren zweiten Satz mit seinen Folgerungen _ 
übertragen. Die.grundlegende Thatsache erweist sich in diesem Falle als nicht 
. verschieden von dem bekannten Satze über die Dreieckswinkel, der etwa 80 
ausgesprochen werden kann: % l 
„In jedem gewöhnlichen Dreiseit ist irgend ein Aussenwinkel grösser als die 
Summe der beiden Innenwinkel, die der dem Aussenwinkel gegenüberliegenden 
Seite anliegen, oder er ist mindestens dieser Summe gleich.. Und zwar tritt 
‚Gleichheit dann und nur dann ein, wenn die drei Seiten durch einen Punkt 
gehen.‘ i 
Es ist minder anschaulich, mit Geraden und ihren Winkeln, als mit Punkten 
und ihren Entfernungen zu.operiren; im ersten Falle hat man nicht wie im 
zweiten ein leitendes Princip in analogen Verhältnissen der Euklidischen Geo- 
metrie; und darin liegt jedenfalls der Grund dafür, dass man diesem längst be- 
kannten Satze noch nicht die Wendung gegeben hat, auf die es uns hier ankommt 
(falls in der That die Sache neu sein sollte). Aber wenn wir hier die gerade 
Linie als — wenn auch nur sehr relatives — Maximum hinstellen, so handelt es 
sich gewiss um eine Thatsache, die in einem vollständigen System der Nicht- 
` Euklidischen Geometrie nicht fehlen sollte. Ueberhaupt darf es, wie uns scheint, 
einmal gesagt werden, dass die Entwickelung der Nicht-Euklidischen Geometrie 
selbst in sehr elementaren Dingen noch ganz unvollständig ist. Die Lobat- 
schewsky’ sche Trigonometrie z. B. ist gewiss ein besonders wichtiges Bruchstück, 
_aber immer nur ein Bruchstück: Dreiecke mit ganz oder theilweise ultraparallelen 
Seiten, insbesondere die den ersten entsprechenden Sechsecke mit lauter rechten ` 
Winkeln, müssen auch betrachtet werden in einem System, das einigen An- 
spruch auf Vollständigkeit erheben will. Auch dem Vorhandenen fehlt noch 
die feinere Durchbildung, das Studium der zugehörigen Gruppen, der Zusammen- 
hang mit der Invariantentheorie u. s. w., obwohl die Hülfsmittel zu solchen 
Untersuchungen längst ausgebildet sind.*) 
Fragen wir nunmehr nach einer etwanigen Ausdehnung der abgeleiteten 
Sätze auf eine beliebige Dimensionenzahl, so zeigt sich eine | bomerkonswerthe 
Verschiedenheit der skizzirten kleinen Theorien. 





#) Die in der Litteratur vorhandenen Methoden und Formeln sind für solche Zwecke völlig ausreichend, : 
8. W. Jacobsthal, Art. Trigonometrie in der Encyclopædie der elementaren Geometrie (Leipzig, 1905) und 
. B, Study Sphärlsche Trigonometrio etc. (Abh. d. Sachs. G. D. W. Leipzig, 1593). Geometrie der Dynamen, 
Leipzig, 1908, 8. 208-212. : = 
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Unser erster Satz über die Gerade als längsten Weg lässt sich auf eine unbe- 
stimmte Dimensionenzahl ausdehnen, der zweite ist auf die Ebene beschränkt. 

Ist nämlich das absolute Polarsystem.gegeben durch 

(xy) Try ya 0, | 
| so können wir zunächst zwei ausserhalb des absoluten Punktgebildes (ra) = 0 
gelegene Punkte y,z so annehmen, dass ihre gerade Verbindungslinie dieses Ge- 
bilde trifft. In jeder Ebene durch die Gerade yz erhalten wir dann die zuvor 
untersuchten Dreiecksfiguren. Es entsteht, an Stelle des — bei byperbolischer 
Maassbestimmung— erörterten Vierseits ein (n— 1)-dimensionales Räumstück, 
begrenzt durch Stücke zweier von y und z ausgehender Conoide, 
(ya)? — (yy) (a2) = 0, (m)? — (@2) (a2) = 0. 

„Wege“ in diesem Raumstück sind im Wesentlichen so zu definiren, wie zuvor, 
nur brauchen sie nicht in Ebenen zu liegen. Der gerade Weg ist unter ihnen 
allen der längste. | . : . . 

Wenn dagegen die Gerade yz das absolute Punktgebilde nicht -trifft, so 
giebt es drei verschiedene Arten von ebenen Wegen zwishen y, z. Eine Ebene 
durch y, z kann zunächst das absolute Gebilde in einem reellen Curvenzug durch- 
dringen. Bei pseudo-elliptischer Maassbestimmung zeigt sich (y, 2) oder [y,2] als 
‘Maximum zunächst unter geeigneten gebrochen-geradlinigen Wegen. Sodann 
kann die Ebene das absolute Gebilde berühren. Man erhält in diesem Falle, 
wie sich unschwer einsehen lässt, unendlich viele gleichlange Wege zwischen 
beiden Punkten. Endlich kann die Ebene das absolute Gebilde gar nicht: 
treffen. Dann wird (y, z) ein Minimum. Æe ergiebt sich also, dass die Länge des 
geraden Weges in diesem Falle überhaupt nicht Extremum ist. 

Das schliesst natürlich nicht aus, dass auf einer Mannigfaltigkeit niederer- 
: Dimension, die einer solchen Maassbestimmung unterworfen wird, das Problem 
der kürzesten (oder längsten) Linien doch wieder einen klaren Inhalt bekommen 
_ kann... So giebt es im Raume von acht Dimensionen eine Mannigfaltigkeit M, 
von vier Dimensionen, der bei passend gewählter pseudo-elliptischer Maass- 
bestimmung die folgende merkwürdige Eigenschaft zukommt: 

Die Länge dea auf M, selbst gemessenen kürzesten Weges zwischen zwei: Punkten 
y, z von M, ist gleich der Länge des geraden Weges zwischen eben diesen Punkten.* 

Andere Erweiterungen des Vorgetragenen wollen wir nur andeuten. 








*) Math. Ann. Bd. 60, 1905, 8. 361. 
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Aebnliche Extremums-Eigenschaften wie die hier betrachteten werden sich 
finden bei den geodätischen Linien, die zu einem Bogenelement gehören, dessen 
Quadrat durch eine quadratische Differentialform- erklärt ist,.in dem Falle, wo 
diese Form für die Linienelemente eine hyperbolische Maasbestimmung definirt. 
_ Ferner. kann man bei einem Theile der vorausgehenden Betrachtungen den 
Kegelschnitt durch irgend ein Oväl ersetzen. Es gehört ferner in diesen Ge- 
‘dankenkreis z. B. der folgende unschwer zu begründende aber doch vielleicht 
nicht ganz. uninteressante Satz : 

Es möge eine im endlichen. Gebiet der Buklidischen Ebene gelegene Menge von 
Punkten erstens ein abgeschlossenes Continuum bilden und zweitens die Eigenschaft 
haben, dass alle Sehnen zwischen verschiedenen Punkten der Menge mit einer. be- 
stimmten Geraden Winkel & bilden, die einer Ungleichung der Form ` 

[tgo] =M : 
genügen. . Dann ist diese Punktmenge ein rectificirbares Ourvenstück, er gewisse 
zwei Punkte y, 2 mit einander verbindet. 

Ist D der Abstand der Projectionen der Punkte y, z auf die (Gerade, 
80 ist die Bogenlänge des Curvenstiicks höchstens gleich — 


[DVI + |. 


II. 
Die Begriffe Links und Rechts in der elliptischen ee 

In allen Untersuchungen über Nicht-Euklidische Geometrie, die mit-der 
tiefer. liegenden Problemen allein gewachsenen analytischen Methode geführt 
werden, trifft man gleich bei den ersten Schritten auf gewisse Quadratwurzeln*), 
deren Vorzeichen eine geometrische Bedeutung.haben. Diese Deutung, die im 
Gebrauche solcher Worte wie Richtung, Drehungssinn, links und rechts zum Aus- 
druck kommt, wird natürlich erst möglich auf Grund besonderer Definitionen. 
Bei diesen hat die Willkür einen gewissen Spielraum — es handelt sich jedesmal 
‘ um eine Entscheidung zwischen zwei  logisch-gleichwerthigen Möglichkeiten. 
Man kann die.nöthigen Bestimmungen so zu treffen suchen, dass bei geeignetem 
Grenzübergang zum Euklidischen Raume die a diesen bereits üblichen Erklär- _ 
ungen entstehen. 

Man sollte meinen, dass Begriffen von so tief E E ‘Bedeutung 
von vorn herein die grösste Aufmerksamkeit geschenkt worden wäre, dass man 





` #) Siehe etwa Lindemann, Math. Ann. Bd. VII (1874), 8. 56-144. 
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für sie sorgfältig abgewogene jede Mehrdeutigkeit ausschliessende Erklärungen 
gegeben haben müsste. Soviel dem Verfasser bekannt, hat man sich jedoch um 
diese Wurzelvorzeichen in der Regel überhaupt nicht gekümmert, oder man hat. . 
Worte so gebraucht, als ob ihnen von selbst ein klarer Sinn zukommen könnte. - 
Dass unter diesen Umständen auch der analytische Apparat eines sorgfältigeren 

Studiums und weiterer Ausbildung bedarf, wird einleuchtend sein —In emd 

vorliegenden Beitrag betrachten wir insbesondere den dreidimensionalen soge- 
nannten elliptischen Raum. Hier (oder auch im sphärischen Raum) findet die 

Deutung der erwähnten Wurzelgrössen eine besonders merkwürdige Anwendung 

' in einem Uebertragungsprincip, das die Nicht-Huklidische mit der Euklidischen 

Geometrie in Zusammenhang bringt. 

Im Mittelpunkte unserer Darlegung stehen zwei nahe verwandte Begriffe, 
die im reellen Gebiete mit einander zusammenfallen, und als Speer und 
Pfeil bezeichnet werden. Ein reeller Speer oder Pfeil ist eine sogenannte orient- 
irte Gerade, oder Gerade mit positiver: Richtung. ” Wir werden unter An- 
derem zeigen : 

| Bei geeigneter Wahi des Basmelemenies (nämlich des Speeres oder Pfeiles, nicht 
aber der geraden Linie) wird die reelle sogenannte elliptische Geometrie völlig iden- 
tisch mit der Elementargeometrie der Punktepaare, die man zwei gleichgrossen 
Kugeln entnehmen kann-+) 

Damit soll natürlich gesagt werden, dass diese beiden Arten der Geometrie 
in logischer Hinsicht nicht unterschieden zu werden brauchen, dass sie, vom 
Standpunkte des Logikers betrachtet, ein einziges System bilden. Aber wir 
behaupten auch — was uns ungleich wichtiger zu sein scheint — dass dieses 
System von Begriffen und Lehrsätzen sich auf sehr verschiedene Arten, und zwar 
an bemerkenswerthen Stellen, in das Ganze der Geometrie einrügt. 








*) In der Euklidischen Geometrie hat man derartige Figuren betrachtet, seit man negative Grössen zu ge- 
brauchen gelernt hat.‘ Von Mélius, Laguerre, Stephanos, Lie und Anderen sind sie vielfach verwerthet worden. 

Die Methode des Verfassers unterscheidet sich von ‘denen seiner Vorgänger unter Anderem durch die 
Darstellung dieser Figuren durch besondere und zwar homogene Coordinaten. 

In summarischer Darstellung ist dieses Uebertragungsprincip vom Verfasser bereits angegeben und 
durch Anwendungen erläutert worden (Festschrift der Universität Greifswald, 1900; mit einem Zusatz abge- 
` ‚drucktim Jahresbericht der Deutschen Mathematiker-Vereinigung, Bd. 11, 1902, 8. 840 u. ff.). Aehnliche Ge- 
danken, allerdings mit nicht ganz genügender Ausarbeitung der Begriffe, hat gleichzeitig auch Herr Joh. Petersen 
entwickelt, dessen Arbeit (Kopenhagener Akademieber. 1900, 8. 306 u. 8.f.) Freunde der Nicht-Euklidischen 
Geometrie mit Interesse lesen werden. (Herr Petersen hat seitdem seinen Namen in Hjelmslev umgeändert.) 

Weitere Anwendungen findet man in Schriften von J. Coolidge (The Dual Projective Geometry of Elliptic 
. and Spherical Space, Diss. Bonn, 1904; Les Congruences Isotropes, Acc. R. die Torino, 1908, 1905), sowie in 
_ ‚einer Arbeit des Verfassers, Jahresber, d. D. M. V., Bd. 15, 1906, B. 476, u. f. 
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Verschieden ist dem Snipe andi in Aded Fallen sowohl die Terminologie 
(z. B. Speer = Punktepaar) als auch der zugehörige Vorstellungsinbalt ; und 
.was im einen Falle anschaulich und naheliegend ist, braucht es nicht -ebenso 
auch im anderen -zu sein. Das aber, kann man sagen, sind die Bedingungen, 
- unter denen ein solches -Uebertragungsprincip, deren man ja schon mehrere 
kennt, sich als wirklich fruchtbringend erweisen wird. 

Uebrigens ist der bezeichnete Stoff ungemein umfangreich. Wir werden 
deshalb in dieser einleitenden Arbeit nur die grundlegenden Thatsachen vor- 
führen können, und auch diese — in der Hauptsache — nur in der Beschränkung 
auf reelle Figuren. Sogenannte imaginäre Figuren died wir soweit in Betracht, 
als sie zum besseren Verständniss der reellen Geometrie dienen. Alle einzu- 
führenden Grössen sind reell, wofern nicht ausdrücklich das Gegentheil bemerkt 


. wird. 
Die Geraden im dreidimensionalen elliptischen Raume bilden das gewöhn- 


liche Plücker’sche Liniencontinuum. Wir werden nun neben dem Begriff der 
Geraden vorläufig noch zwei andere Begriffe verwenden, die wir als Speer und 
Linienkreuz (oder, in anderem Zusammenhang, Strahlenkreuz) bezeichnen. Das 
Linienkreuz ist die Zusammenfassung einer Geraden mit ihrer absoluten Polare. 
Diese treten nämlich häufig verbunden auf, und man braucht daher für ihre 
Zusammenstellung ein besonderes Wort.* Der Name ist darin begründet, dass 
die Figur, von irgend einem nicht zu ihr gehörigen Punkte aus betrachtet, als 
Kreuz mit rechtem Winkel erscheint. ‚Speer‘ ist, wie gesagt, eine kürzere _ 
Bezeichnung für ,,orientirte Gerade,“ oder Gerade „mit positiver Richtung“, 
besser—da die Gerade geschlossen ist— Gerade mit positivem Umlaufssinn. Sind 
zwei Punkte x, y auf einer Geraden gegeben, und kennt man, wie wir annehmen 
wollen, den Cosinus ihrer Entfernung, so kann daraus deren Sinus durch ‘Aus- 
. ziehen einer Quadratwurzel, also zweiwerthig, bestimmt werden. Bei zwei 
Punkten auf einem Speer sind dagegen Cosinus und Sinus der Entfernung 
zugleich rational-bekannt. Die Mehrdeutigkeit der Entfernung ist, so weit sie 
das Vorzeichen des Sinus beeinflusst, aufgehoben. 

Jede Gerade gehört also einem Linienkreuz an, und sie wird von zwei 
Speeren überdeckt. Jedes Linienkreuz enthält zwei Gerade, die einander im 
absoluten Polarsystem entsprechen, und es enthält also vier Speere. Daher 
bilden die drei Figuren Speer, Gerade, Linienkreuz im Sinne des Analysis Situs 








*)Es ist diese Figur das einfachste Raumelement einer besonderen Disciplin, der dual-projectiven 
. Geometrie im elliptischen Raume. Vgl. die citirten Arbeiten von Coolidge und dem Verfasser, . 
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verschiedene Mannigfaltigkeiten. Nur in einer gewissen Umgebung eines 
bestimmten Speéres kann man sie eindeutig auf einander beziehen.‘ Wo immer 
aber: der ganze Raum betrachtet wird, also bei allen algebraischen- Problemen, x 
da ist es unerlässlich, diese Figuren gehörig zu unterscheiden. l 
Die analytische Erklärung der dreierlei Gebilde gestaltet sich am einfachsten, 
wenn man das absolute Polarsystem in der Form annimmt: l 


l (ay) = myo + WY + Ye + Caya = 0. ys (1) 
- Die gewöhnlichen durch die Gleichung . . l 
Xor Xos + Zos Ler + Log Xis = 0 a (2) 


verbundenen Liniencoordinaten X, = xy, — £Y; können dann durch andere Ver- 
hältnissgrössen X, ... X, vertreten werden, die wie folgt erklärt sind: 


2X, = Xa + Ka, 28, = Xa — Keg, i 
2X, = Xu + Za, 2X, = En, (8) 
2X; = Kos + Xi, 2. = Hog — Ks, : 


so dass die Gleichung (2) die Form . 
Xi+ XF+ Xi= I} 4 2 | (4) - 

annimmt. 

Als Coordinaten einer Geraden können also sechs Yorka X: Xs: a: 

X3:X,:X, dienen, die durch die Gleichung (4) verbunden sind. 

Nun findet sich sogleich, dass der Uebergang von einer Geraden zu ihrer 
absoluten Polare dadurch bewirkt wird, dass man entweder X,, X,, X, oder X,» 
X, X, durch die entgegengesetzt-gleichen Grössen ersetzt. Sind anderseits 
zweimal drei (reelle) Verhältnissgrössen tı, čs, £s und Lo, La» Le gegeben, so kann 
man immer auf zwei wesentlich verschiedene Arten zugehörige Grössen ` 

Kat, ru, Ls = t Fs, 
, Xa = À fo; Zar, Le = Ate 
derart finden, dass die Gleichung (4) besteht, und diese beiden durch Ausziehen 
einer. Quadratwurzel zu ermittelnden Systeme von sechs homogenen Grössen 
stellen absolut-polare gerade Linien dar. Also ergiebt sich: 
Als Coordinaten eines Linienkreuzes können zwei Sueteni von je drei Ver- 


hältnissgrössen 
Eri Es its und Ta: Ta € Ee 
dienen. 
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Endlich behaupten wir, dass Coordinaten eines Speeres Gaan wenn man 
„aus den beiden unter- einander gleichen Ausdrücken (4) die Quadratwurgel zieht 


und diese den Grössen X als eine siebente Coordinate X, = 4X, hinzufügt: 


Als Coordinaten eines Speeres können sieben Verhältnissgrössen dienen, 
Xy: XX: Xe: XG: NG, o 
die durch Ge beiden Gleichungen . 
X?= X¥?4 X¥34+ X?= X¥?+ ¥3 TE (5) 

verbunden sind. . 

Wo es sich, wie hier, um reelle Grössen handelt,*) da int das Veen 
von X Aaroin leon; und mau kann daher, im reellen Gebiete, unbeschadet -der 
Vollständigkeit der analytischen Darstellung, X, = 1 setzen, und als Coordinaten 
eines Speeres sechs nicht- homoxene Grössen benutzen, die durch die beiden‘ 


Gleichungen 
X++ =1, +4 2=1 (6) 
verbunden sind. . 
In der That ergiebt sich das Gesagte sogleich, wenn man — unter Annahme 
des Krümmungsmaasses Eins für die elliptische Maassbestimmung — Sinus und 
Cosinus der Entfernung zweier Punkte x, y analytisch ausdrückt. 
‘ Man hat zunächst, wie bekannt, 


Cos (x, y)= Gn va 5 wt (7) 


und folglich, wenn z und y verschieden sind, und ¥ oder X die dann bestimmte 
Verbindungslinie beider Punkte bezeichnet, 





na Zo ` Ge — Ce 
: i 8 
an (x, y) = (ax) v (yy) Fix a : (8) 
Die Grésse-sin (x, y) enthält also gegenüber cos (x, y)! keine neue Irrationalität, 

und tg (x; y) ist von solchen überhaupt frei. 
Natürlich ist es nicht nothwendig, den letzten Satz gerade so zu fassen, 
wie wir es gethan haben. Die Grössen Xp, Xix 2. B., die durch die Gleichungen = 


: (2) und : 
= Hs + Bs + Kia + Hh + Hh + Rh (9) 


Im Sompleren Gebiete wird man amgekehrt die Coordinaten zur Definition der erweiterten Begriffe 
Gerade, Linienkreuz, Speer, benutzen. Diese complexen Figuren haben dann aber. nicht mehr einen so-elnfachen 
Zusammenhang wie die ebenso benannten reellen, auch sind noch ganz andera geartete Coordinaten in 
. Betracht zu ziehen. Wir kommen hierauf später noch zurück. : 
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verbunden sind, leisten Dasselbe. Von zwei Speeren, deren Coordinaten entgegen- 
_ gesetzte Verhältnisse X, : X, oder Xo : Ku. liefern, werden wir.sagen, jeder sei die 
Umkehrung des anderen. 

Dieser Umkehrungsprocess ist mit allen Bewegungen im elliptischen Raume 
vertauschbar, selbst aber ist er keine Bewegung: durch ihn wird die Gruppe der 
- Bewegungen, mit dem Speer als Raumelement, zu einer sogenannten gemischten 
Gruppe erweitert.*) 

Unsere Formeln ergeben nun ohne Weiteres die folgenden Sätze: ` 

Das Continwum aller reellen Speere im elliptischen (oder sphärischen) Raume 
` lässt sich, überall eindeutig und stetig, abbilden auf das Continuum aller reellen 
Paare von Punkten, die man zwei Kugeln (des reellen Euklidischen Raumes) vom 
Radius Eins entnehmen kann.)+ 

Bei sachgemässer Wahl dieser Abbildung gehören je zwei ER die auf 
beiden Kugeln einander diametral gegenüberliegen, zur selben GERADEN; und je vier 
Punktepaare, die auf denselben beiden Durchmessern der Bildkugeln liegen, zum 
selben LINIENKBEUZ. 

Mit anderen Worten: Das Continuum der Linienkreuze ist abgebildet auf 
das Continuum der Geradenpaare aus zwei Bündeln, oder der Punktepaare aus 
zwei ebenen projectiven Punktcontinuis, Durch passend gewählte vierfache 
Ueberdeckung dieses Continuums entsteht ein weiteres Continuum, auf das das 
Speercontinuum abgebildet werden kann. Die Punktepaare aus dem zweiten 
Continuum sind durch den Umstand, dass dieses das erste überlagert, zu Paaren 
angeordnet; und wenn man je zwei solche auf beide Kugeln vertheilte Paare 
nicht unterscheidet, so entsteht ein drittes Continuum vom Zusammenhang des 
Plücker’schen Liniencontinuums. Alle drei Continua sind abgeschlossen. 

Natürlich liegt die Bedeutung des abgeleiteten Satzes nur zum kleinsten l 
Theile im Gebiete der Analysis situs. Hs kommt vielmehr vor Allem darauf an, 
dass der vorgeführten besonderen Form der Abbildung der Charakter der 
Iwarianz gegenüber Bewegungen das elliptischen Raumes sowohl wie Beweg- 

ungen der beiden Kugeln innewohnt. Dies wollen wir nunmehr darlegen. Wir 





*) Der Speer verhält sich zur Geraden etwa so wie In der zweidimensionalen sphärischen Geometrie der Punkt 
der Kugel zu deren-Durchmesser, oder zum Punkte der elliptischen Ebene. Bewegungen entsprechen in dieser 
Analogie Bewegungen, der Umkehrung aber entspricht die Diametralspiegelung. Der erweiterten Bewegungs- 
gruppe ist analog die Gruppe der Bewegungen und Umlegungen. i 

+) Aus dem Folgenden ergiebt sich, dass man statt dieser Kugeln auch Kugeln oder besser noch doppelt ` 
überdeckte Ebenen des elliptischen Raumes selbst benutzen kann. 


122 ee Beiträge zur Nicht- Euklidischen Geometrie. II 


bezeichnen zu: diesem Zwecke die aidan Kugeln, deren reelle Punkte die homo- 
` genen rechtwinkligen Coordinaten Xp: X: X53: X, und X): Xs: X,: X, haben, 
als linke und rechte Bildkugel. Wir brauchen ferner die Bezeichnungen und 
Rechnungsregeln der Quaternionentheorie. Wir verstehen zum Beispiel unter 


T, &, Zi A= =a, B =b die a 


E = toh + me, + ao + Tots, 
X, = Xe + Xe + Xe + Ir 
a Xr + Xa + La + Io 
A ge + aye, + a + a =, 


B = bye + bat bate + bye = h, 
u. 8. W., während x, X,, X, selbst die den drei ersten zugeordneten Bake des 
elliptischen Raumes und der beiden Bildkugeln bezeichnen.. Die Conjugirte 
Ay & — a e; — Ay €z — a; êz der Quaternion A bezeichnen wir mit A. Jede Beweg- 
ung im elliptischen Raume kann dann bekanntlich auf eine einzige wein. in 
eine linkseitige Schiebung . 


= 


als G.a {N(a)=a.d,%0} (10,9 

und eine rechiseitige Schiebung _ 
dab IN Of (10,7). 
‘gerlegt, und folglich in der Form l a 
| Head (NA NÈ, ©. a) 


dargestellt werden. Die Zusammensetzung der Parameter mehrerer hinter 
einander auszuführender Schiebungen und überhaupt mehrerer LTE 
erfolgt nach der Multiplicationsregel der Quaternionen ` a? 


a.a =a", b.b = 0 * Dar l as) 


Das heisst, führt man z. B. nach der Schiebung mit den Parametern a, die 





*) Die‘obigen Formeln unterschelden sich von den bekannten Cayley’s (Crelle’s Journal, Bd. 50, oder Werke 
` Bd. II, 8, 214) nur ganz nebensächlich in der Bezeichnung. Die geringe Abweichung, die wir angebracht haben, 
indem wir in (11) links nicht die Quaternion ä, sondern deren Conjugirie setzen, bewirkt aber eine nicht unbe- 
_deutende Vereinfachung, wo es sich darum handelt, Folgerungen aus diesen Formeln durch Worte wiederzu- 
geben y soüst müsste schon der Inhalt der Gleichungen (12) auf eine etwas umständlichere Weise beschrieben 
werden. Esist überhaupt zu beachten, dass und wie die genaue Form der später abzuleltenden Sätze von der 
- Auswahl abhängt, die an mehreren Stellen willkürlich, aber mit nothwendiger Wir unter logisch-gieich- 
.werthigen Bestimmungen getroffen wird. A 
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Schiebung mit den ‚Parametern a’; aus, BO ae sich die Schiebung mit don 
' Parametern a”, 

Ferner ist evident die Folgerung : Die linkseitigen und EI Schieb- 
ungen, und damit weiterhin alle durch die Bezeichnungen links und rechts zu unter- - 
scheidenden Begriffe werden dur ch die Umlegungen mit einander vertauscht. (Unter 
einer. Umlegung verstehen wir hier wie sonst eine Transformation mit Be 
bildlicher Gleichheit entsprechender Figuren). 

' Nimmt man nun an, dass N (å) = N (È) — was sat der Allgemein- 2 
heit auf zwei Arten bewirkt werden kann — und unterwirft man dann den Speer 
X der Bewegung (11), so erhält man die einfachen Formeln 


ea å. žá, X'=B.X,.B, = (13) 


die iljada Satz enthalten : 
Den linkseitigen ‘und. rechiseitigen Ahnen im elliptischen. Raume ‘ent 
sprechen eindeutig-umkehrbar die Drehungen der linken und rechten Bildkugel. 

-` Die (Cayley’schen) Parameter der Schiebungen sind identisch mit den 
(Euler’schen) Parametern der beiden orthogonalen Substitutionen, die die zugehörigen . 
Drehungen der Bildkugeln bewirken. l 

Hiernach sind also die in Betracht kommenden Gruppen — die Gruppe - 
der Bewegungen im elliptischen Raume, und die Gruppe der simultan auszu- 
führenden Drehungen beider Kugeln, (holoedrisch-)isomorph auf einander bezogen. 

‘ Jeder Punkt im elliptischen Raume, und ebenso jede Ebene, ist nun Ort 
von ©? Speeren.. Die nächste Frage, die sich darbietet, wird also diese sein: 
Welches sind. die sphärischen Bilder der œ? Punkte und der œ? Ebenen? Die 
Antwort hierauf muss abhängen von der Orientirung der beiden Cartesischen 
Coordinatensysteme X,: X,:X,:X, und Xo: Xa: X: Xe Wir nehmen an, dass 
diese ng orientiert (congruent, z. B. identisch) sind. Dann gilt der Satz: 


` Den œ? Speeren eines Feldes eni- 
sprechen solche ©?” Punktepaare beider 


Den œ? Spesren eines. Bündels ent- 
sprechen solche »"Punktepaare beider 


` Kugeln, deren einzelne Punkte durch 


eine Bewegung einander zugeordnet 


sind. 


Der Scheitel des Bündels hat zu 
homogenen Coordinaten die Huler’schen 


Parameter dieser Bewegung. ` 


Kugeln, deren einzelne Punkte durch 
eine Umlegung einander: zugeordnet 
sind. 

Die Ebene des Feldes hat zu homo- 
genen. Coordinaten die Euler’schen 
Parameter dieser Umlegung. 
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Zunächst erkennt man nämlich ohne Weiteres, dass der folgende speciellere 
Satz gilt: 
Damit zwei Speere X, Y-einander schneiden, ist nothwendig und se dass 
ihre sphärischen Bilder X,, Y, und X,, Y, auf beiden. Kugeln zu einander congruent 
oder, was dasselbe ist, symmetrisch (symmetrisch-gleich) sind. 
Es müssen also, wenn man: die linke Kugel z. B. congruent— durch eine 
Bewer anf die rechte abbildet, dadurch aus den oo‘ Speéren solche æ? 
-herausgehoben werden, die einander paarweise schneiden.. Man braucht daher — 
nur noch festzustellen, ob diese, oder vielmehr ihre ‘geradlinigen Trager, ein 
Bündel (x) oder ein Feld (u) erfüllen. A a 
Dass nun ein Punkt x und. eine Gerade oder ein Speer X vereinigt liegen, 
wird ‚ausgedrückt durch ein ohne weiteres aufzustellendes. System von vier 
linearen: Gleichungen (deren zwei von einander unabhängig sind). Diese Gleich- 
ungen lassen sich mit Hülfe der Quaternionen der Form nach in eine einzige 
zusammenziehen: 
Der Punkt x und die Gerade oder der Be X liegen vereinigt, wenn die 


` entsprechenden Quaternionen © und xi in der Beziehung stehn: 
l X,.2=2.X,; (14a) 
_ ebenso stele die vereinigte Lage einer Ebene u und eines Speeres oder einer Geraden 
X ihren Ausdruck i in der NR. p 
l X,u=u.d,. . -© ` (14b) 

Löst man aber diese ioinuigen nach der Quaternion X, auf, 80 Een! 
sich 
l N(x) .X,= 3. Xia (15a) 
N(u). X, =ü. Xu Sog (15b) 


Nun bedeuten die Gleichungen (15a) eine eigentliche, die Gleichungen (15b) 
_ eine uneigentliche orthogonale Substitution. Die Punkte X,, d.b. 8,.:%,:%:% 
‘der linken Bildkugel werden also den Punkten X,, d. h. X, : X; +X, : X, der 
rechten Bildkugel im Falle (a) durch eine Bewegung, im Falle (b) durch eine 
Umlegung zugeordnet. Anders ausgedrückt, im Falle (a) sind entsprechende 
Figuren auf beiden Kugeln zu Sinender congruent, im Falle (b) ey mitietrisch- 
. gleich. 
Die abgeleiteten Sätze sind von Bedeutung für die aloe und Differ- 
entialgeometrie im elliptischen Raume, namentlich aber enthalten sie in nuce 
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eine bestimmte Reihenfolge gesetzt sind). Ein entsprechender Satz gilt natürlich 
für Speere, die den vorgelegten Speer im selben Punkte senkrecht schneiden. 
Treffen solche Speere Y, Z die absolute Polare des Speeres X oder £ in den 
‚Punkten y, ¢, so ist die goniometrische Tangente des Winkels zwischen Y, Z, 
d. h. des Abstandes (7, £) nach Nr. (7,8) gegeben durch die Formeln*) . 


ig (Y, = 22 na — So ye Xoo Nele — Nsa _ 














(18) Em Ge tet 
22 nnd SE 
Sud In reed a 


Von unseren sida Bildkugeln hatten wir bisher nur angenommen, dass 
die zugehörigen Cartesischen Coordinatensysteme gleich-orientirt seien. Darin 
liegt, dass eine. sogenannte Orientirung der einen Kugel, d. h. die Festsetzung 
eines positiven Umlaufssinnes um deren Punkte herum, eme entsprechende 
Orientirung der anderen Kugel nach sich zieht. Danach haben wir noch zwei 
Möglichkeiten vor uns, und unter diesen müssen wir wiederum eine Auswahl 
treffen. 

Es mögen die Punkte Y,, Z, und Y,, Z, von den Punkion x, A, den 
sphärischen Abstand = $ 2 mod. # haben. Dann kann man offenbar die Grössen 
tg (Y,, Z) und ig (Y,, Z,) eindeutig erklären durch die Foral 

DOARA) 
~ (YZ, + Y, + Y2) 

X (Y. Z— Y, Z, 
0 To 2) 22 TAF IS 
aber ebensowohl auch durch die entgegengesetzt-gleichen Ausdrücke; und es 
ist deutlich, dass die Entscheidung für die angeschriebenen Formeln eben darauf 
hinausläuft, um alle Punkte beider Kugeln herum einen positiven Drehungssinn 
_ festzusetzen. Um eine bestimmte Vorstellung zu erhalten, wollen wir annehmen, 
dass z. B. die linke Bildkugel die Erdkugel sei, und dass der Punkt (1, 1,.0,-0) 
deren Nordpol vorstelle. Lassen wir dann den Punkt (1, 0, 1, 0) in den Punkt 
(1, 0, 0, 1) vermöge einer Drehung durch 45° von Westen nach Osten übergehen, . 
so ist damit der Aequator orientirt, und mit ihm die ganze Kugel. Irgend ein 
Punkt X, liegt zu dem entsprechenden orientirten Hauptkreis so, wie der Nord- . 
pol zu dem von Westen nach Osten umlaufenen Aequator, also links von der 


iS 





‚tg (Y, 4) = = = ete., 








*) Wir benutzen das: Zeichen (Y, Z) für diesen Winkel nur eh Später werden wir ein anderes Zeichen 
einführen. ` 
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positiven Richtung des Hauptkreises. Sind Y, und Y, + d Y, consecutive Punkte 
‚auf dem Hauptkreis, so folgen diese im positiven Sinne auf einander, wenn 
(Y, Y, + d4 Y,) > 0 ist. 

Nun ist leicht zu sehen, dass zwischen den dreierlei Grössen, deren Aus- 
driicke wir soeben gebildet haben, eine einfache Beziehung immer dann besteht 
wenn die Punkte X,, X, sowie Y,, Y, und 4, Z, die Bilder der -Speere X und 
Y, Z siad. Die drei Ausdrücke müssen einander gleich sein, höchstens abge- 
sehen von ihren Vorzeichen. Wir behaupten, dass ihre Gleichheit sich auch auf 
die Vorzeichen erstreckt, tg (Y, Z) = tg (Y,, Z) = tg (Z,, Y,). 

Um dies einzusehen, braucht man nur zu zeigen, dass die sakean 
Gleichheit der drei Ausdrūcke bei irgend einet durch Bewegungen zu erreichenden 
speciellen Lage der Speere X, Y, Z vorhanden ist: Dann muss sie offenbar 
immer stattfinden. Wir wollen etwa annehmen, dass der Punkt in dem der 
Speer X von den beiden Speeren Y, Z senkrecht ven ‚wird, der PORRI 
© (1:0:0: 0) sei. Dann wird. 


Kerne Zu, ea, yak =e, 
und Zu = = K = a u.s. W. , ferner m= = 0, ‚und z. B. 
-Y4=%,=9mn, Y= Y= prs; Y= Y, = pr ; 
alle drei Ausdrücke wI sich jetzt auf denselben Werth, nämlich 
Xo (nas — Naba) 





(midi + naka F 156s) z= el 


Der hiermit bewiesene Satz lasst sich am bequemsten i in kinematischer Form 
ausdrücken: 

Lässt man um einen Speer X einen zweiten Y, der den ersten eh trifft, 
im- positiven Sinne sich mit constanter Winkelgeschwindigkeit drehen, so drehen sich 
beide sphärtschen Bilder von Y um die sphärischen Bilder von X ebenfalls im 
positiven Sinne, und zwar mit eben derselben Winkelgeschwindigkeit. 

Die abgeleiteten Formeln aber lassen sich offenbar zweckmässiger schreiben. 
"Wir setzen zur Abkürzung 
(ZYZ), = |XY2;|, 
(XYZ), = |8R2l, 
(YZ) = ¥,4,+ YZ + YZ, 
(¥Z),= P44 Z+ YW 
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zeigt, dass es zweckmässig ist, ,, linkseitig “ die Erzeugenden zu nennen, die von . 
den linkseitigen Schiébungen unter einander vertauscht werden und bei den 
rechtseitigen Schiebungen einzeln in Reihe bleiben. Dann gilt offenbar der Satz: 
Eine LINKS-parataktische ne enthält alle RECHTseitigen Erzeugenden der 
absoluten Fläche. 
Diese werden dargestellt durch die an 


Ebenso enthält eine rechts- a ees alle Taipa Er- 
zeugenden — 


Er 
H+ +=, =X% Ņ=0. (20, D 


Die imaginären Leitlinien einer linkseitigen N parataktischen Con- 
gruenz sind also linkseitige (rechtseitige) Erzeugende der absoluten Flache. Ihre 
Coordinaten lassen sich ebenfalls ohne Weiteres bestimmen, sollen uns aber hier 
nicht beschäftigen. 

Schliesslich wird der Vollständigkeit halber ‘eek zu bemerken sein: 

Zwei Speere (oder die entsprechenden Geraden) schneiden einander, wenn ent- : 
weder ang (Y, Z) oder dist (Y, Z)=0 mod. = ist. 

Sie sind zu einander orthogonal, das heisst, jeder schneidet die absolute Polare des- 


anderen, wenn entweder ang (Y, Z) oder dist (Y, Z)=5mod. z ist. 


In beiden Fallen schneiden sich zu zweien die Geraden der zugehörigen 
Linienkreuze. u 
Auf den letzten ie beruhen die Begriffe, die man, wie 
bemerkt, zwar nicht genügend erklärt, aber durch die Worte „linksgewunden 
und ,, rechtsgewunden “ wenigstens angedeutet hat. Denken wir uns zunächst - 
einen Speer. X und eine Gerade Y, die weder. den Speer X selbst noch auch - 
dessen absolute Polare treffen soll. Dann geht durch jeden Punkt y von Yeine © 
Secante an x und an die absolute Polare von X. Bewegt sich y auf -Y, ‘so 
werden sich die Spuren dieser Secante in irgend einem Sinne auf X und auf 
der Polare von X bewegen. Erfolgen beide Bewegungen: in gleichem, z. B. in >. 
positivem Sinne, so werden wir sagen, Y- sei in Bezug auf X rechtsgewunden, 
andernfalls linksgewunden. Aber diese Eigenschaften ändern sich nicht, wenn 
man den Speer X und folglich auch seine Polare umkehrt. Daher handelt 
. es sich um eine Lagenbeziehung zwischen. den beiden Geraden X, Y.. Stellt 
man: das zugehörige analytische Kriterium auf, so sieht man, dass überdies auch 
18 


134 ‚ Srupy: Beiträge zur Nicht-Hullidischen Geometrie. II. 


diese beiden Geraden ihre Rolle wechseln können, ohne dass die Eigenschaft, 
links- oder rechts-gewunden zu sein, verloren ginge. Es gilt nämlich der Satz: 
Zwei reelle Gerade Y, Z, die einander nicht schneidenden Linienkreuzen ange- . 
Ba sind (jede in Bezug auf die andere) vechtsgewunden, wenn 
(YZ > (YZ), _ (217) 
sie sind linksgewunden, wenn > nr 
| l (YZ) < (YZ). i (217) 
Die geometrische Bedeutung dieser Ungleichungen liegt auf der Hand. 
Der Grenzfall (YZ)? = (YZ)? vermittelt natürlich den Uebergang zwischen 
beiden Arten der Windung. : Insbesondere folgt : 
Je zwei links-parataktische Gerade, die nicht demselben Tinted angehören, 
sind rechtsgewünden, und de zwei. P Gerade DR links- 
gewunden.*) 





Das Vorgetragene wollen wir nun auf die Kinematik anwenden, und zwar 
zunächst auf infinitesimale Bewegungen im elliptischen Raume. Eine solche 
Bewegung wird, wenn sie keine Schiebung ist, infinitesimale Bewegungen beider ` 
Bildkugeln zugleich bewirken. Jede dieser beiden Bewegungen kann ‚aber auf- 
gefasst werden als Drehung um einen eindeutig bestimmten Pol (X, X,), die im 
positiven Drehungssinne erfolgt. Sind 20', und 20’, die — nach Voraussetzung 
positivren—Winkelgeschwindigkeiten der beiden Drehungen, die wir uns ,,quanti- 
tativ-bestimmt‘“‘ — innerhalb eines sogenannten Zeitelementes. dt ausgeführt — 
denken wollen, so ergeben sich (aus der Formel Nr. 17) im elliptischen Raume 
zwei entsprechende Grössen 2% und 2y', die. wir als Drehungsgeschwindigkeit und 
Gleitungsgeschwindigkeit der infinitesimalen Bewegung bezeichen malen, aus di en 
nn gen 

Ə = ¥.+ 7, =y— n : . (22); 

Und z zwar ist 27’ die auch dem Vorzeichen nach bestin Geschwindigkeit, 

mit der irgend ein Punkt auf dem Bilde. X des Polpaares X;, X, fortschreitet, 
.und 2% ebenso die Geschwindigkeit, mit der irgend ein Punkt auf der absoluten 
Polare von X fortschreitet. Die infinitesimale Bewegung selbst erscheint als 





` # Durch das Gesagte ist mittelbar ein „Windungssinn« erklärt für jede reelle nicht ebene oder conische 
geradlinige Fläche, insbesondere für die Tangentenfläche einer Raumcurve (und damit auch für diese selbst), | 
soweit es sich um Stellen allgemeiner Lage handelt, nämlich um solche, an denen zwei „eonsechtive« Erzen- i 
gende einander nicht schneiden. (Y ecleiche die Anmerkung auf Seite 140). 
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eine— ebenfalls quantitativ — bestimmte ,,Schraubung“ um den Speer X. Ihre 
sogennante Wiederholung erzeugt eine gleichförmige Schraubenbewegung mit 
constanter Drehungs- und Gleitungsgeschwindigkeit. 

Jede (quantitativ bestimmte reelle) infinitesimale Bewegung, die poe. Sehiciuniy 
ist, und jede solche gleichförmige Bewegung, kann als Schraubung um einen EINDEU- 
TIG bestimmten Speer aufgefasst werden. Es kommt ihr eine auch dem Vorzeichen 
nach bestimmte Drehungs- und Gleitungsgeschwindigkeit zu.*). ` 

Diese beiden Grössen 23’ und 27’ genügen der Ungleichung 

| se) 

Die gleichförmige Bewegung ist periodisch, wenn Y : 7! eine rationale Zahl 

ist. Sie redueirt sich auf eine Drehung, wenn »! =0 ist. Beide Bildkugeln 

rotiren dann mit der Geschwindigkeit 2%. Der Begriff der Schraubung umfasst 

also, nach unserer Erklärung, den Begriff der Drehung.-- Hierzu gehört als 
Ergänzung: 

Jede (quantitativ bestimmte reelle) infinitesimale Schiebung und jede gleich- 
Sormige (nicht identische) Schiebung kann auf œ? Arten als Schraubung um einen 
Speer aufgefasst werden. 

Alle diese Speere bilden eine EINDEUTIG baini syntaktische Congruenz, und 
sie alle gehören zu derselben Deelhongegesdanmdigie 2X und een, 
keit au. 

Ist die Schiebung so ist Y—y— =0, ist sie rechiseitig, so ist 
wv +n! = 0. 

Die zugehörige Speeroongruens ist im ersten "Falle linkseitig, i im zweiten recht- 
selig. . 

. Lässt man z. B. bei gegebener RETTEN, x 7’ von N ullan wachsen, so 
giebt. es im Augenblicke 7" = Y noch œ? weitere Axen, darunter die absolute 
Polare des Speeres X. Wächst y" weiter, so vertauscht es seine Rolle mit 9, 
und die Axe ist nicht mehr der Speer X, sondern dessen- absolute Polare. 

` Analytisch wird man eine infinitesimale Bewegung am Einfachsten dadurch l 
ausdrücken, dass man den früher eingeführten Parametern a,, b; folgende specielle 
Werthe beilegt: 

a= 1, q =a dt, E a; = asdi, 


by =1, bı = dt, ba = Ba dt, bs = Padt. Sr 








*Der Begriff der ,, qualitatiy-bestimmten“ Infinitesimalen Bewegung entsteht durch Elimination des 
Zöltelementes dt. Man kann dann nur noch von einem Verhältniss 0 : f reden. 

Nach der bisher geltenden ‘Auffassung hat die infinitesimale Bewegung zwei Axen, die Gerade (nicht Speere) 
sind, und nicht welter unterschieden werden. 
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‘Unter dt wird hier eine: Grösse verstanden, deren Quadrat gegen di-selbst- 
vernachlässigt wird, und a,, 8, bedeuten Grössen, die nicht alle zugleich ver- 
‘schwinden. Liegt dann nicht porade eine Schiebung vor, so ergiebt sich nen 
- einiger wen 

o=VtEta, OVE AFA, (26) 

wo beiden Wurzelgrössen die positiven Werthe beizulegen sind, und l 
Do Vai + a +05: vB + B+ Bi, . 

l = V/ B+ OFO., u. 8. W., _ (26): 

ae Vai + 05 + 05. Bi, usw. ` 

Handelt es sich um eine z. B. linkseitige Schiebung, so treten an Stolle Hör 
"Gleichungen (24, 25) die folgenden: 

ay =1, q =a, dt, ad, = nie a, = ag dt, 

= el b=0, by =0, | 

=V F AFA, 020, ~ ` (25)) 

während (26) der Form on ungeändert bleibt, aber nunmehr die Grössen - 
ßı: Be: Gs als willkürliche Parameter enthält. l 


` (24)) 


Der Satz, dass jede infinitesimale Bewegung als Schraubung aufgefasst. 
werden. kann, lässt sich natürlich ohne Weiteres auf endliche Bewegungen aus-. 
dehnen. Doch scheint es uns nicht zweckmässig (weil nur innerhalb gewisser $ l 
Grenzen möglich) auch hier unter den möglichen Schraubenaxen eine bestimmte ` 
Auswahl zu treffen. 

Denken wir uns (was Sie Weiteres geschehen kann) eine durch eine ortho- 
gonale Substitution gegebene Bewegung in zwei verschiedenartige Schiebungen 
“mit Parametern a; 5, zerlegt, so erhalten wir zunächst zwei. Drehungen der 
‚Bildkugeln. Wir wollen annehmen, dass keine von diesen sich auf die identische. 

Substitution reducirt. Auf der linken wie auf der rechten Bildkugel giebt 
es dann ein Paar von Punkten X, und X,, die in Ruhe bleiben. Wir treffen 
unter ihnen, und den vier zugehörigen Speeren im elliptischen Roume, gene 
eine Auswahl, indem wir in den Gleichungen 


—Xy=VaFa+E. VRP ELS, | 
4,=V78 ++. a u. 8. Wey f u (27): 
X,= Vai + aj +a} . bi u. 8. W. oO 
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den: vorkommenden Wurzelgrössen irgend welche zulässigen Werthe beilegen. 
Die zu den Drehungen der Bildkugel gehörigen Drehungswinkel 20,, 20, sind 
dann bis auf Vielfache von 27, sonst aber vollkommen, bestimmt durch di 
Gleichungen 
y j 
Vara at a 
Vai + a + a5 


Yararatm, 





cos 8 O, = 


) (281) 
sin a= 


und durch die entsprechenden Gleichungen . für ©,. Hieraus und aus den. 


Gleichungen 
9=3+n, Bei l (29) 


ergeben sich dann der Drehungswinkel 23 und die @leitungsgrösse 2y der 
Schraubung um.den Speer X: Diese beiden sind nur bestimmt bis auf Vielfache 
von 7, aber — was wohl zu beachten ist— in der Weise, dass ungerade Vielfache 

von 7 nur zu beiden gleichzeitig hinzugefügt werden können. 
Durch Auflösung der angeführten Gleichungen erhält man umgekehrt die 
Parameter einer Bewegung, wenn der Speer X als Schraubenaxe und ausserdem — 
‘natirlich-auch dem Vorzeichen nach — der Drehungewinkel 23 und die Gleitungs- 

grösse 27 gegeten sind : 
(80) 


9:1: ag = — Xy ctg (S + n) : X: Xe: X, 
by : bi: By shy ete (Sn): Xe Kew 


Welche Aenderungen an einigen dieser Formeln anzubringen sind, wenn 
die vorgelegte Bewegung in. dem bisher -_ausgeschlossenen Falle sich auf eine 
Schiebung reducirt, ist ohne Weiteres zu erkennen. 

Jede endliche ‚Bewegung kann, wie man ‘sich auszudrücken pflegt, durch 
eine infinitesimale Bewegung „erzeugt“ werden, und zwar immer auf unendlich 

viele Arten. 

© Zunächst nämlich kant man, im Allgemeinen auf vier Heian. im Falle einer 
nicht identischen Schiebung auf 2. ©”, und im Falle der identischen Trans- 











*) Vielleicht schreibt man diese Formeln besser noch go: 


as = — 08 + 7), a, = X, ein (8 + ny... (8 W.) 
(wo dann Eat = Xb wird). 


138 Srupy: Beiträge zur Nicht-Euklidischen Geometrie. IT. . 


' v formation auf œ* Arten, einen Speer X bestimmen, um den die Sebraubang 


erfolgen soll, Sodann hat man in den Formeln 


(31) 
= — X). ctg (a + xt) t} : X: o 
= X ctg (9, +m) th: Xe: KX, 


worin x, und x, irgend welche ganze Zahlen bedeuten, die Parameter einer. ein- 
gliedrigen Gruppe von Bewegungen vor sich, wie man sich sofort überzeugen 
kann. Zwei Transformationen dieser Gruppe werden dadurch nach einander 
ausgeführt, dass man die entsprechenden Werthe des Parameters ¢ addirt. Setzt 
man t= 1, 80 reduciren sich die Gleichungen (31) auf die Gleichungen (30); man 
erhält körade die gegebene Bewegung, und zwar bei jeder beliebigen Wahl der 
ganzen Zahlen x,, x,. Dabei liefern (von -dem etwas verwickelteren Fall der 
‘Schiebungen abgesehen) jedesmal vier solche Formelsysteme dieselbe Gruppe: 
Nur bei einer von diesen vier Darstellungsformen erscheint die erzeugende infini- 
tesimale Bewegung in der ausgezeichneten Gestalt, die wir im vorigen. Absatz 
erörtert haben. Jede .eingliedige Gruppe aber, die die gegebene Bewegung ent- 


Neal. t a’ 
Ay + Ay : Ag: Ag 
Bh : bf : BS: Bf 


halt, wird von den abgeleiteten Formeln geliefert. Eine besondere Erwähnung- ~ 


verdient der Fall ©, =9,=4n mod. n. Die Bewegung ist dann eine Umwendung. 
Diese kann, unter Anderem, als Drehung durch den Winkel x um X, aber auch 
als Drehung durch denselben Winkel um die Polare von X aufgefasst werden. 
Zwei solche Drehungen hinter einander ausgeführt ergeben also die identische 
Transformation: Hierin liegt der Grund für-die oben hervorgehobene besondere 
Art der Unbestimmtheit der Grössen 23, 24. 
, Allgemein ist zu bemerken, dass eine der eingliedrigen Gruppen, die ' 
eine, vorgelegte Bewegung umfassen, algebraisch (und zwar rational) wird, wenn ` 
eines der Verhältnisse @,: ©, (oder X: 7) eine rationale Zahl ist, und dake sie 
alle algebraisch sind, wenn die Verhältnisse ©,: ©,: 2 rationale Zahlen sind. © ` 


Um eine folgende Untersuchung vorzubereiten, fügen wir noch einige Be- 
merkungen hinzu über den Begriff, der.dem Begriffeiner gewöhnlichen Schrauben- 
- fläche im Enklidischen Raume analog ist, und demnach von uns durch dasselbe 
Wort bezeichnet werden soll.*) 








#) Dieser Abschnitt kann sunächst übergangen. werden. 
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Es sei der Speer X die Axe, oder eine Axe, einer eingliedrigen Gruppe von 
Bewegungen. Wenn dann die Gerade Yden Speer X, und also-auch dessen 
absolute Polare senkrecht schneidet, so nimmt sie bei den Bewegungen ` der 
Gruppe œ! Lagen an, deren Inbegriff wir Schraubenfläche nennen. Hs ‘ist klar; 
‘dass alle Schraubenflächen zu einander. congruent sind, deren erzeugende. ein- 
gliedrige Gruppen diese Eigenschaft haben. Charakteristisch für die (gegen- 
über Bewegungen) invarianten Eigenschaften. einer Schraubenfläche ist also. das 
Verhältniss @?: ©. Ist diese Grösse von 0 und œ verschieden, so giebt: es vier. 
demselben Linienkreuz angehörige Speere X, die als Axen der Schraubenfläche 
bezeichnet werden können, und, abgesehen vom Falle 6? = ®?, œ ë Schrauben- 
flächen, die zu der gegebenen congruent sind. Unter den vier Speeren wird 
einer ausgezeichnet durch die Forderung, dass ®',> 0, ©, >0 sein soll: Die 
Schraubenfläche ist rechtsgewunden, wenn O} < ©" , linksgewunden, wenn ORDO. 
Das heisst, je zwei consecutive Erzeugende der Schraubenfläche sind rechts- oder. 
linksgewunden. (S. 134). Im Grenzfall ©? = ©? ist die Schraubenfläche ein 
unendlich oft überdecktes Büschel. Ist dagegen das genannte Verhiltniss gleich 0 
oder gleich œ, so giebt es zwei durch den Umkehrungsprocess in einander über- 
. gehende Schaaren von je œ! syntaktischen Speeren, die sämmtlich „Axen“ der 
Fläche sind. Die geradlinigen Träger dieser Speere bilden eine zweite Schrauben- 
fläche, vom entgegengesetzten Windungssinn. ‘Beide Schaaren von & Geraden 
‚liegen auf einer Fläche zweiter Ordnung, einer speciellen sogenannten Olifford’- 
schen Fläche (die, wie übrigens alle Schraubenflächen, zugleich Minimalfläche ist, 
und bei allen Schraubungen einer zweigliedrigen Gruppe in Rube bleibt). 
Solcher specieller Schraubenflächen: giebt es nur œ* Individuen, und alle z. B. 
- linksgewundenen— durch linkseitige Schiebungen erzeugten — unter ihnen sind - 
zu einander congruent. Jede der œ+ Clifford’schen Minimalflächen ist Ort aller. 
Punkte, die von den Geraden eines Linienkreuzes gleiche Abstände (= 47 mod. ri) 
‘haben. 

- Nach Auswahl der orientirten Axe X kommt Jeder Schraubenfläche eine 
bestimmte Ganghöhe zu, gegeben durch den Ausdruck 


: _0;— 9 
S 27 =F O Qa, . (32) 


dessen geometrische Bedeutung evident ist. 
Die RR ist also positiv oo ee negativ bei rechisgewundenen 
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Schraubenflächen.*) Steht sie zur Zahl x in einem rationalen Verhältniss,'so ist 
die Schraubenfläche geschlossen und algebraisch (überdies auch rational). Die 
absolute Polare einer Schraubenfläche ist eine zu ihr congruente Schraubenfläche. 
Beide Flächen sind identisch, wenn sie algebraisch sind, und überdies $ und »‘ 
sich verhalten wie zwei ungerade Zahlen. Ein Paar absolut-polarer Schrauben- - 
flächen aber, mögen sie verschieden sein oder nicht, kann als Ort von Linien- 
kreuzen angesehen werden: Man kann also auch diese zu „Schraubenflächen‘“ 
zusammenfassen. Endlich gehen aus einer gewöhnlichen Schraubenfläche durch 
den Orientirungsprocess zwei als Oerter von Speeren betrachtete ,,Schrauben- 
flächen‘ hervor. Diese haben analytischen Zusammenhang, und sind also 
identisch, wenn sie algebraisch sind und überdies in der reducirten Form des 
Quotienten 7’: 3’ der Zähler oder Nenner eine von Null verschiedene gerade 
Zehl ist. Ausserdem müssen wir sie wohl auch als nicht-verschieden erachten, = 
wenn »' oder Y den Werth Null hat. | 

‘Um zwei verschiedene gerade Linien Y, Z auf alle möglichen Arten durch 
Schraubenflächen zu verbinden, bestimme man zuerst alle Speere X, die Y und. 
Z senkrecht: treffen. Ist X ein solcher Speer, und sind Y und Z durch Orien- 
tirung ebenfalls in Speere. verwandelt, so sind dann zunächst zwei Winkelgrössen 
20,, 29, bis auf Vielfache von 2% bestimmt: 


i 20,=(Y, 2), 29,=(F,, Z,), mod. 27%. 
Sodann kann man einen einzigen X und Y senkrecht schneidenden Speer `` 
H finden, 80 dass 


wla 


7=(¥,H), 7=(T, H),mod. 2. 





*) Hier ergiebt sich, beim Grenzübergang zum Euklidischen Raume, eine Nichtübereinstimmung mit der 
. üblichen Terminologle, die den „rechts“-gewundenen Schraubenflächen eine positive Ganghöhe beilegt. Der 
Grund hisrfür liegt in einer Inconsequenz dieser- Terminologie, die hier zur Sprache gebracht-werden muss, 
weil sonst unsere Definitionen der Begriffe linksgewunden und rechtsgewunden als unsweckmiissig erscheinen 
würden. ` 
- Orientirt man das Coordinatensystem so, wie auf Beite 127 beschrieben, so’ erhilt—nach der üblichen 
Terminologie— eine rechtsgewundene Schraubenlinis oine positive Ganghöhe. Ein Paar von rechts-gewundenen 
Geraden legt dann so zu einander, wie eine Tangente dieser Bohraubenlinie und ihre Axe; ebenfalls in 
Übereinstimmung mit den Festsetzungen des Textes sowohl als den üblichen. (8. x. B. Zindler, Lintengeo- 
metrie, I, $1). Dann aber muss man, wie uns scheint, eine geradlinige Fläche „Trechtsgewunden« nennen, wenn 
oder wo zwei consecutive Erzeugende der Fläche rechtsgewunden sind. Daraus ergiebt sich, dass die gewöhn- 
liche Schraubenfläche, auf der die rechtsgewundene Schraubenlinie liegt, als linksgewunden bezeichnet werden 
muss, während sle gewöhnlich „rechtsgewunden‘: heisst, Dagegen ist die Tangentenfläche einer rechts- 
l gewnndenen Schraubenlinie ebenfalls rechtsgewunden. Umgekehrt wird allgemein eine Reumeurye mit 
rechtagewundener Tangentenfläche als rechtsgewunden zu bezeichnen sein. ‘ 
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Bewirkt man denn noch, dass n= H, wird, so bilden die œ! Geraden mit 
den Coordinaten 
Y; cos 2 (©, + xn) t+ Hsin. 2 (©, + xn) t, 
FY, cos 2 (©, + x n)t + Hsin 2 (©, + x, m) t, 


u. 8. w. (worin x, und x, ganze Zahlen bedeuten), oder die entsprechenden 
Speere mit der siebenten Coordinate +2 I, = + 4/2 H, eine Schraubenfläche, 
die für t = 0 die Gerade oder den Speer Y, und für t = 1 die Gerade oder den 
Speer Z liefert, und jede Schraubenflache durch FY, Z kann so gefunden werden. 

Man sieht, dass in der Regel zwischen verschiedenen Schraubenflächen 
durch Y, Z kein continuirlicher Uebergang möglich ist. ‚Ebenso aber übersieht 
man auch leicht das verwickeltere Verhalten, das dann eintritt, wenn die 
Geraden oder Speere Y, Z parataktisch sind, oder wenn sie die noch speciellere 
Figur von zwei Geraden desselben Linienkreuzes bilden. 


Nachdem man zur eindeutigen Darstellung der reellen Speere durch reelle 
Punkte zweier Kugeln gelangt ist, liegt es nahe, die ganze Betrachtung zu 
vertiefen. Zunächst wird man. sie auf das complexe Gebiet auszudehnen 
suchen. Sodann wird man umfassendere Gruppen von Transformationen und 
weitere Aequivalenzbegriffe einführen, und zwar zunächst. solche. Transforma- 
tionen, bei denen beide Kugeln irgendwie collinear tranformirt (und eventuell 
auch noch vertauscht) werden. _ 

Setzen wir die Begriffe Gerade und Speer mit Hülfe ihrer Coordinaten ins 
‘complexe Gebiet hinein fort, so wird eine complexe Gerade durch sechs Verhält- 
nissgrössen X, definirt, die der Gleichung (4) genügen, und möglicher Weise 
imaginäre Verhältnisse haben. Analog wird ein complexer Speer definirt durch 
sieben. complexe (reelle oder imaginäre) Verhältnissgrössen, die den beiden 
Gleichungen (5) genügen. Man sieht daraus, dass das Continuum der complexen 
Speere das Continuum der complexen ‘Geraden in der Weise doppelt überdeckt, 
dass die Tangenten der absoluten Fläche, nämlich die Geraden .des Complexes 


14H X}+Xi=0, X}+ 24 X=0 (33) 
als Verzweigungselemente fungiren: Diese Geraden sind zugleich auch Speere, 
und jeder solche Minimalspeer ist nicht zu unterscheiden von dem umgekehrten 
Speer, da ein Vorzeichenwechsel von X, bedeutungslos wird, wenn X, ver- 


schwindet. 
19 
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Andrerseits können wir auch ,, complexe Punkte“ unserer. beiden Bild- 
kugeln betrachten: Diese werden erschöpfend dargestellt durch zwei Systeme 
homogener complexer Cooadinaten fy : Yı: Ze :¥s und Lo ite: u: te die ver-. 
bunden sind durch Gleichungen der Form 

(34) 
wHut+ets, MEHE 

Nun sieht man sogleich, dass der nachgewiesene Zusammenhang zwischen 
reellen Speeren und reellen. Punktepaaren beider Kugeln sich nicht vollständig 
auf die complexen Gebiete übertragen lässt; denn die Gleichungen 


(35) = 
HE, EHEN u, 

die den Zusammenhang zwischen den Punktepaaren tı, t, und den Speeren X 
vermitteln, lassen sich nach den Grössen X, überhaupt nicht auflösen, wenn 
Lio = 0, tro Æ 0 oder to 0, t-o = 0 ist, und sie_ lassen sich nicht eindeutig auf- 
lösen, wenn Yj) und gro zugleich verschwinden. 

Hieraus geht nun hervor, dass der Begriff des Speeres (mindestens) zwei. 
natürliche Fortsetzungen ins complexe Gebiet zulässt: Man kann einmal, wie 
gesagt, die durch die Gleichung (5) verbundenen Grössen X, als Coordinaten 
eines „complexen Speeres“ ansehen, dann aber auch die durch die Gleichungen 
(34) verbundenen: doppelt-homogenen Grössen x, Welches auch der noch fest- 
zustellende begriffliche Inhalt der zweiten Erweiterung sein möge, wir erhalten ein 
Continuum complexer Speere, das ganz andere Eigenschaften haben muss, als das 
zuerst genannte. Für verschiedene Dinge aber braucht man, wenn keine Unklar- 
heit entstehen soll, verschiedene Worte. Wir werden daher die ,,Speere“ des 
zweiten Continuums nun überhaupt nicht mehr Speere, sodern Pfeile nennen. 

Ein Pfeil wird also dargestellt durch zweimal vier homogene Coordinaten, die 
durch die beiden Gleichungen (34) verbunden sind.*) 

Die Begriffe Speer und Pfeil decken einander im reellen Gebiete vollstandig, im 
complexen Gebiete aber nur zum Theil. 

Denken wir uns nun z. B. die Punkte 


Co : X1 £ Us Us : 
der linken Bildkugel irgend einer collinearen Transformation ern die 








*) Wir anticipiren hier die fernere Entwickelung. KRigentlich müssten wir sagen: Der Pfeil ist das System 
seiner Coordinaten. 
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die erste der Gleichungen (34) bestehen lässt, so gehen aus ebenen Schnitten, also 
Kreisen, wieder solche hervor. Wir haben die Gruppe der Mölius’schen Kreis- 
verwandtschaften vor uns, die auf der Kugel gedeutet werden. Wir wollen diese 
Transformationen cyclische Transformationen der Kugel. nennen, Verfahren 
wir ebenso mit der zweiten Kugel, und fügen wir schliesslich auch noch collineare 
. Vertauschungen beider Kugeln hinzu, (z. B. durch die früher betrachteten Be- 
wegungen), so erhalten wir. eine Gruppe, die insgesammt acht continuirliche 
Schaaren von Transformationen umfasst, da schon jede der beiden cyclischen 
Gruppen „gemischt“ ist, nämlich aus zwei Schaaren von „eigentlichen“ und 
„uneigentlichen“ cyclischen Transformationen besteht. Alle diese Transforma- 
tionen, 8. © ® im reellen, und 8. œ im complexen Gebiete, können als eindeutige 
Transformationen der Pfeile, nicht aber auch der Speere aufgefasst werden: 
Schon eine reelle cyclische Transformation beider Kugeln bewirkt in der. Regel 
nicht eine durchweg-eindeutige Transformation der complexen Speere. 


Wir werden also die gefundenen Vertauschungen die Pfeile nunmehr cyclische 


Transformationen der Pfeile nennen; und insbesondere werden wir durch das . © 


Epitheton eigentlich die unter ihnen auszeichnen, die durch Zusammensetzung 
einer eigentlichen .cyclischen Transformation der linken Kugel mit einer eigent- 
lichen cyclischen Transformation der rechten Kugel entstehen. Die reellen eigent- 
lichen cyclischen Transformationen der Pfeile bilden dann eine reell-continuir- 
liche Gruppe von œ "* Transformationen, deren jede auf eine einzige Weise in eine 
linkseitige cyclische Schiebung (bei der alle Punkte der rechten Kugel einzeln 
in Ruhe bleiben) und eine mit-dieser vertauschbare rechtseitige cyclische Schiebung 
.. zerlegt werden kann. Diereellen linkseitigen cyclischen Schiebungen z. B. bilden 
für sich eine reell-einfache*) sechsgliedrige invariante Untergruppe der Gruppe ` 
der reellen eigentlichen cyclischen Transformationen. Die complexen eigentlichen 
cyclischen Transformationen dagegen können analog auf eine einzige Weise 
in vier mit einander vertauschbare Transformationen zerlegt werden, da jede 
eigentliche collineare oder cyclische Transformation z. B. der linken Bildkugel 
noch in zwei Transformationen (Schiebungen der Kugel) zerlegt werden kann, 
deren jede alle Geraden der einen Schaar von Erzeugenden dieser Kugel einzeln 
in Ruhe lässt. Jede der vier genannten Arten specieller Transformationen bildet 
- wiederum eine invariante einfache Untergruppe mit sechs (nach der üblichen 
nicht ganz einwandsfreien Terminologie drei) wesentlichen Parametern. 





*) Eine Gruppe heisst einfach, wenn ale keine invariante Untergruppe hat. 


144 _'Sruor: Beiträge zur Nicht-uklidischen Geometrie. II. 


' Näher wollen wir die bemerkenswerthe Gruppe der cyclischen Pfeiltrans- 
formationen hier nicht betrachten; wir wollen aber einige ihrer nächstliegenden 
Eigenschaften zusammenstellen, um es deutlich hervortreten zu lassen, wie sich 
die elliptische Geometrie in einen umfassenderen Gedankenkreis einordnet. +) 

Zunächst heben wir hervor: 

Die cyclischen Transformationen der Pfeile sind in dem Continuum aller L feile 

-überall wohidefinirt, eindeutig und stetig. 

~ Im reellen, nicht aber durchweg im complexen Gebiete, bewirken sie auch ein- 
eindeutige Transformationen der Speere (da deren Begriff hier mit dem der Pfeile 
zusammenfällt) und also zwei-zweideutige Transformationen der geraden Linien. 

Da die Begriffe Syntaxie, Antitaxie, Umkehrung ohne Weiteres auf die 
Pfeile übertragen werden können, so können wir ferner sagen: l 

Die œ ® (a) eigentlichen cyclischen Pfeiltransformationen lassen aus links- 
(rechis-) syntaktischen Pfeilen immer wieder ebensolche hervorgehen. 

Die Eigenschaft zweier Pfeile antitaktisch zu sein, wird dagegen durch diese 
Transformationen in der Regel zerstört. Die Invarianz auch dieser Eigenschaft 
kennzeichnet die sechsgliedrige Untergruppe der Bewegungen im elliptischen Raume. 

Man kann dies offenbar auch so ausdrücken : 

Die Bewegungen im elliptischen Raume umfassen alle eigentlichen cyclischen 
` Transformationen der Pfeile, die mit der Umkehrung vertauschbar sind, und deshalb 

auch als eindeutige Transformationen gerader Linien aufgefasst werden können. 

Ferner ist evident: 

Je drei reelle Pfeile, deren keine zwei syntaktisch sind, lassen ‘sich der Reihe 
nach in drei andere gleicher Eigenschaft durch eine einzige eigentliche eyolische 
Pfeiltransformation überführen. 

Vier solche Pfeile haben dem entsprechend vier unabhängige baue 
Invarianten, die sich leicht durch Doppelverhältnisse darstellen Ben; 
Ebenso sieht man ohne Weiteres: 

Die cyclischen Transformationen der reellen Pfeile sind z. B. auch dadurch er- 
schöpfend charakterisirt, dass sie die 2. ood Regelschaaren ünter einander vertauschen, 
die durch Drehung je eines Pfeiles um einen zu ihm syntaktischen Pfeil entstehen. 

Diese Umdrehungsörter von je ©! Pfeilen : sind augenscheinlich nichts 
Anderes als die ea Regelschaaren sogenannter Cliford’schen Flächen, 





x) Weitere Entwickelungen findet man in nemer Abhandlung der Verfassers, Jahresber. d. Deutsch. Math, 
Ver. Bd. 15, 1906, B. 476-527. 
+) Siehe einen Aufsatz des Verfassers, Leipz. Ber. 1896, 8. 190 u. f. 
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deren jede vier solcher Oerter liefert. Man kann sie linkseitige und rechtseitige. 
einfache Cyclen nennen. Es ergeben sich dann weiter Doppeleyclen, Congruenzen 
von Pfeilen, die, soweit sie reell sind, erschöpfend durch alle Schraubungen 
eines Pfeiles um einen anderen entstehen (der nicht zu demselben Linienkreuz 
gehören darf), u. s. w. 


Wir betrachten nunmehr wieder nur reelle Pfeile oder Speere. 

Die reellen Pfeile, oder was dasselbe ist, die reellen Speere lassen sich auf 
die beschriebene Art auf die reellen Punktepaare unserer beiden Kugeln ab- . 
bilden. Die einzelnen Punkte dieser Kugeln kann man aber in bekannter Weise 
den Werthen von zwei complexen Veränderlichen zuordnen, die Kugeln lassen 
sich als sogenannte Riemann’sche Zahlenkugeln benutzen. So gelangen wir zu 
einer weiteren Art von Pfeilcoordinaten, die nichts Anderes sind als die passend 
gewählten binären Parameter von Erzeugenden beider Bildkugeln. Die Be- 
trachtung dieser Parameter eines Pfeiles, wie wir sie nennen wollen, hat aber 
ein grundsätzliches Interesse, da durch sie unser Gegenstand mit Problemen der 
modernen Funktionentheorie in Verbindung gesetzt wird (wie in weiteren Ab- 
handlungen näher ausgeführt werden soll). Wir führen aus diesem Grunde 
hier die wichtigsten Thatsachen vor, die sich auf den Zusammenhang der Pfeil- 
coordinaten g; und der genannten Parameter beziehen. Die eingeführte Be- 
schränkung auf reelle Pfeile wird nachträglich sehr leicht aufgehoben werden 
können. 

Bei der Durchführung des bezeichneten Gedankens, und bei seiner An- 
wendung auf die zuvor entwickelten Formeln, wird man ein- und dasselbe 
Formelsystem zweimal anzuwenden haben. Deshalb betrachten wir zunächst 
eine einzige Kugel, die wir nachher bald mit der linken bald mit der rechten 
unserer Bildkugeln identificiren werden. Die homogenen rechtwinkligen Coor- 
dinaten der Punkte dieser Kugel wollen wir tọ, t1, fs, Zs nennen, so dass t= 0 
die unendlich ferne Ebene darstellt, und die Gleichung der Kugel so lautet: 


=at ti. a _ (38) 


Die zu dem Kugelpunkte t a complexen Verhältnisagrössen erklären 
wir nunmehr durch die Proportion 
l =f + tits +b 


SR: | T u | (37) 
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Da. es bei den Coordinaten g; auf einen (hier reellen) Proportionalitätsfactor 
nicht ankommt, so kann man umgekehrt setzen 


to = RA + Eaa 
a= + EE, 
— i p= AA — bf, 
; ts = RA == AA 
(E, bezeichnet die zu £, conjugirt-complexe Grösse). 
Eine beliebige lineare Transformation der Veränderlichen &, : &,, 


i= ony + and, 
& = anbi + ans 


bewirkt jetzt eine sofort hinzuschreibende reelle lineare Transformation der 
reellen Veränderlichen r,, die eine eigentliche collineare Transformation der 
Kugel und also eine. eigentliche cyclische Transformation (eigentliche Kreisver- ' 
wandtschaft) für deren Punkte zur Folge hat. Umgekehrt kann man, wenn 
eine eigentliche automorphe Collineation der Kugel (36) vorliegt, daraus ein- 
deutig die Verhältnisse der Grössen a; berechnen. Wir wollen diese Formeln 
nicht explicite aufstellen, wollen aber von ihnen eine Anwendung machen. Wir 
wollen nämlich annehmen, es sei insbesondere eine reelle ‘Bewegung 


(38) 


(39) 


| N a (40) 
vorgelegt, mit den Euler’schen Parametern a, : ay : as : dg, die die Kugel (36) 


Ruhe lässt. -Dann findet sich, dass die zugehörigen Coefficienten. Qir 80 AUS- 
gedrückt werden. können : 


een ay = i (q — ias), 
an = i (a, + tay), og = do — idy. *) 


- Die DeWimiannke A= | aie | dieses Grössensystems hat den Werth. 
A= 4+ +a ++ a, Ea l (4 2) 
ist also die Norm. der Quaternion á. Ersetzen wir nun die Coordinaten 


Lo; ty ty Is 


(41) 





*) Diese oder vielmehr äquivalente Formeln hat Cayley. angegeben (Math. Ann. Bd. 15, 1879, 8. 288), ste ` 
haben sich aber auch im Nachlasse von Gauss gefunden (Werke Bd. 8, 8.355), Vielfache Anwendung von Ihnen 
hat Herr F. Klein gemacht, z. B. in seinem Buche über das. Icosaeder. 
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im Falle der linken Bildkugel durch 
En iy toy ts 
und im Falle der rechten Kugel durch 
Eros Tss Eas Eos 


und unterscheiden wir- gleichzeitig die entsprechenden Coordinatenwerthe £,, $g 
durch Indices Z, r so haben wir den Satz: ; 
In Pfeilparametern werden die reellen linkseitigen Sicha pee durch. 
die Gleichungen 
En = (ay + ias) Ey +i (a, — tay) Eu, 


| Ele = i(a + ias) Eu + (do — iai) Ém, er 
m EE ba 
ebenso die reellen rechtseitigen Schiebungen durch die Gleichungen . 
f= “(by + ibs) En + i (b1 — ibe) Ein, 


= — i(b, + tb.) En +. (ba — ibs) Es . (43) 


und = 7 «bn =Eu, big = Es. 


Die reellen Verhältnissgrössen a, und b; sind die Cayley’schen Schtebungs- 
parameter, (Vgl. S. 122, Nr. 10-12). 

Der Nutzen, den die Pfeilparameter bringen, ist ae ein doppelter. 
Erstens nämlich werden die beiden quadratischen Gleichungen (34) nunmehr zu 
Identitäten. Es ist aber principiell einfacher, mit von einander unabhängigen 
Veränderlichen zu operiren, als mit solchen, die durch (wenn auch nur quadra- - 
tische) Gleichungen verbunden sind. Gleichgültig hierfür ist es offenbar, ob man, 
wie wir es thun, die vier unabhängigen wesentlichen Veränderlichen paarweise 
zu sogenannten complexen Grössen zusammenfassen will, oder nicht. Diese Zu- 
sammenfassung selbst aber, die übrigens keineswegs unter allen Umständen zu 
empfehlen ist, bietet einen weiteren Vortheil: Es treten auf diese Weise klar 
die engen Beziehungen hervor, die unseren Stoff mit sonst schon als wichtig 
erkannten Gegenständen der Funktionentheorie und Gruppentheorie verbinden. 
Soweit die Bewegungsgruppe in Frage kommt, handelt es sich hierbei vor Allem 
um einen Zusammenhang unserer Theorie mit der Theorie .der (binären) soge- 
nannten Hermite’schen Formen. i . l 
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Führen wir die Zeichen l À 

: (E n) = Ems — Eom u 
(Ein) = Ein + Este, 
ein, so hat jede der beiden Gleichungen (£7)=0, (£/7) = 0 eine einfache geo. 
metrische Bedeutung. Die erste sagt aus, dass die Punkte £, n der Kugel (36) ' 
zusammenfallen. Die zweite Gleichung aber sagt aus, dass die Punkte £, » ein- 
ander diametral gegeniiberliegen. (Vgl. Nr. 38). Das lässt sich, ganz abgesehen 
von der Deutung auf der Kugel, auch so ausdrücken, dass man sagt: Die Punkte 
£, n sind einander paarweise zugeordnet in dem , Polarsystem“ einer (definiten) 
Hermite’schen Form (oder, nach Segre, in einer Antinvolution ohne Doppel- 
elemente). Denn es ist leicht zu sehen, dass alle projectiven Spiegelungen an 
Punkten uud Ebenen, die die Riemann’sche Kugel (36) in Ruhe lassen, mit 
Hülfe der binären Veränderlichen dargestellt werden können durch bilineare 
Gleichungen der Form 
l l cné + Cka + Cb + Cak = 0, 
WO Cie = Ciy C1103 — cpta F 0 ist, und &, in der Spiegelung einander zugeordnete 
Kugelpunkte bedeuten. Diese Gleichung aber ist, gegenüber cogredienten. 
linearen Transformationen der Veränderlichen &,, č, und 1, ⁄ invariant, ver- 
bunden mit der sogenannten Hermite’chen Form 


CnbiEs + Ckik + Caboki F Carbabe- 
Sie ist aus ihr durch einen Process abgeleitet, der nahe verwandt ist dem . 
sogenannten Polarenprocess, durch den man z. B. von einer quadratischen Form 
aus zu deren Polarsystem kommt. Nun sieht man unmittelbar, dass bei 
der Transformation (41) beide Ausdrücke (44) mit dem Factor A reproducirt 
‚werden. Der erste Ausdruck wird auch dann noch reproducirt, wenn die 
Grössen a, beliebige complexe Werthe haben (so dass A Æ 0). Wenn aber 
auch der zweite diese Eigenschaft haben soll, dann müssen, wie eine leichte 
Rechnung zeigt, die Coefficienten «,, von einem gemeinsamen complexen Factor ` 
abgesehen, die Form (41) haben: . | 
Alles dies haben wir zweimal anzuwenden; wir erhalten.dann, bei Gebrauch 
der bereits erklärten Abkürzungen, die Gleichungen 


En) = Ai. (Enj Elm = A (Elm 
(En) = A, (En) EM = A. (Ea) 
_. Die den reellen Schiebungen des elliptischen Raumes entsprechenden projectiven 
Transformationen der binären Gebiete (£,), (E,) lassen jede ein gewisses Hermite’ sches 
Polarsystem (eine Antinvolution) in Ruhe, und sie sind dadurch characterisirtt. 


(44). 


(45) 


Die Begriffe Links und Rechts in der elliptischen Geometrie. 149 


Auf jeder von Baden Bildkugeln ordnet das zugehörige Polarsystem a 
einem Punkt den diametral-gegenüberliegenden Punkt zu. 

Nebensächlich ist bei diesem Satze die besondere Form der Gleichungen 
(E/n)=0; diese würde sich in mannigfacher Weise ändern lassen. Wir haben 
offenbar, bei Aufstellung der Gleichungen (37), eine willkürliche Auswahl unter 
œ? Möglichkeiten getroffen. Wesentlich aber ist die Zugehörigkeit dieser 
Gleichungen zu definiten Hermite’schen Formen. (Zu verlangen, dass ausser 
ihren Polarsystemen auch die Hermite’schen Formen selbst reproducirt werden. 
sollen, scheint in unserem Zusammenhang nicht erforderlich und im Ganzen auch 
“ nicht zweckmässig zu sein). 


Es hat sich also eine enge Beziehung der elliptischen Geometrie, und damit 
auch der zugehörigen Theorie der Bewegungsinvarianten, zur Geometrie und 
Invariantentheorie der Polarsysteme Hermite’scher Formen ergeben. Auf die 
allgemeinen Fragen, zu denen man von hier aus kommt, denken wir ein anderes 
“Mal einzugehen. Hier betrachten wir nur noch einige der nächstliegenden | 
Beziehungen: Den Invariantencharakter dieser lassen wir dadurch hervortreten, 
dass wir die für den vorliegenden Zweck ausreichenden Zeichen (44) Ay maueeh 
verwenden. 

. Zunächst ‚ergeben sich jetzt Bonsrkenwerie Ausdrücke für Winkel und 
Abstand zweier Speere Y, Z oder y, 3. Es gilt nämlich für beide Bildkugeln die 
Gleichung i 


ed (nd) HE): (46) 
Ausserdem aber hat man die Identität 
(11) (%18) — 118) 1%) = (8) (ab). (47) 


Hieraus folgen weiter, z. B. für die linke Bildkugel 


Yogo + (93) = 2 (1/0): i/s 
Yin (98) = 2 (2 la Dos | 
cos + (9, 3), = M V (nf) (n/¢ )ı : > l 
Mar 00 KA) 
VOG, 
~ (n/a) ~ (E/E) 


` *) Diese Formeln bilden den Ausgangspunkt für weitere Untersuchungen Math. Ann. Bd. 60, 1905, 8. 321. 


20 


, (48, 1) 
und 


sin $ (9, 3) = 
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Die zuvor von uns aufgestellten Formeln Nr. 19: haben Cosinus und‘ Sinus 
nicht der halben, sondern der ganzen Winkel (9,3) und (9,3), geliefert, haben- 


- diese aber eindeutig bestimmt. Es bleibt daher noch die Rolle der Wurzel- 


grössen in den Gleichungen (49) aufzuhellen. 

Die Möglichkeit, über das Vorzeichen z. B. der Grösse sin (Y,Z), in den 
Formeln (19) zu entscheiden, ‚entspricht nun der Möglichkeit, unter den beiden - 
Polen des Hauptkreises durch die Punkte Y, Z, einen auszuwählen. Das kann 
auch bei Gebrauch von Coordinaten zweiter (und dritter) Art onelan (vgl. 
Nr. 35): Man hat, a den Formeln 


tat = (oR! = GE Yale — Yabo . 


u. s. w. einen der Wurzelwerthe 


v (99): (33) — (93)? = 
= 2. V 7/9) Ad N (nb): A 


auszuwählen. Durch Entscheidung über den Werth- des Productes der beiden 
letzten reellen Wurzelgrössen wird mithin der Speer X, besser der Pfeil gı, gr- 
eindeutig festgelegt. Der Werth desselben Productes aber entscheidet auch 
über das Vorzeichen von sin (9, 3). Der Werth einer der beiden letzten Quadrad- 
wurzeln bleibt dann noch willkürlich, und lässt in Verbindung mit den beiden 
Wurzelgrössen im Nenner der Ausdrücke (49, 1) den Grössen cos 4 (9, 3), und 

sin & (9, 4): eben den Spielraum, den wir haben müssen, wenn wir: sin (9, 3), als 
_ eindeutig bestimmt annehmen. 

Auch die auf die Eigenschaften der Bewegungen im sitiptisdion ‚Raume 
bezüglichen Ausdrücke gehen nun in solche über, denen man ihre Eigenschaft 
als Invarianten binärer Formen sogleich ansieht, wie indessen nicht weiter aus- 
geführt werden soll. 








(50, 1) 


In das Bild, das wir hier von der Geometrie der Speere und Pfeile zu ent- 
werfen gedachten, haben ‚wir nun noch einen letzten aber wesentlichen Zug 
einzutragen. ' 

Erinnern wir uns, dass die zu den beiden Bildkugeln gehérigen complexen - 
Verhältnissgrössen ğı: ğı und n: És die’ Parameter von je einer Schaar von l 
geradlinigen Erzeugenden der zugehörigen Kugel sind. Unterwerfen wir nun 
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jede Kugel einer Bewegung, so werden diese Parameter linear transformirt. 
. (Nr. 43). Dabei werden die auf den unendlich’ fernen Ebenen gy =0 und 
tro = 0 gelegenen imaginären Kugelpunkte nur untereinander (projectiv) ver- 
‘ tauscht. Diese Punkte aber sind, wie die Gleichungen (20) zeigen, eindeutig 
und natürlich auch gegenüber zusammengehörigen Bewegungen invariant 
zugeordnetden linkseitigen und rechtseitigen Erzeugenden der absoluten Fläche. 

. Die zur. linken (rechten) Bildkugel gehörigen complexen Parameter können also 
auch als Parameter der linkseitigen Erzeugenden der absoluten Fläche 
betrachtet werden. 

Zu conjugit-imagindren Erzeugenden der absoluten Fläche gehören diametral- 
gegenüberliegende Punkte der Bildkugeln, und also Parameter, die einander in den 
entsprechenden Hermite schen Polarsystemen zugeordnet sind. 

Die Formeln (43) zeigen, wie die Erzeugenden beider Arten durch die reellen 
Bewegungen vertauscht werden. 

Ohne Weiteres ergiebt sich der Zusammenhang zwischen den Coordinaten 
X, (No. 20) und den Parametern £, beider Schaaren von Erzeugenden. Man 
hat zu diesem Zwecke nur in den Gleichungen (38) die Verhältnissgrössen £, : & 
durch irgendwelche Grössen 7, : nz zu ersetzen, und diese dann so zu bestimmen, 
dass rı =0 wird; man hat also etwa an Stelle von E, und & die Werthe —&, 
‘und &, einzutragen. Auf beide Kugeln angewendet, liefert dieses Verfahren 
die Coordinaten der zweierlei .Erzeugenden Xo and Xm der absoluten Fläche, 
dargestellt durch die Parameter ¢ : 

l i= fi— ba, Xa =0, 

Xa =ikit ks Au =0, (51, 1) ` 
Xs =— 2Eude, Xs = 0; l l i 

Xa= 0, X=. Ei— ER ’ 


Kt, Ay HH Ett Fst , - (61, r) 
i An, Aig = —2 En En . 
Umgekehrt folgt = Ben iS s 
ao i - (52) - 
En ee : — Ay = Xy : Xn + 1X py, 
En: En X, PR idn: — Xi, La: Ant ti 


Mai sieht, dass bei einem Uebergang zu der conjugirt-imaginären: Erzeugen- 
den die Parameter £, und £, durch Ë, und —E, ersetzt werden. 

Weiter zeigt niin eine leichte Ueberlegung, dass der reelle Speer X 
oder Pfeil gı, x,, also der Pfeil mit den Parametern £;;: E, und £,:: Es, die vier 
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soeben betrachteten Erzeugenden der absoluten Fläche schneiden muss. ` In der 
That findet sich mit Hülfe der Gleichungen (35) und (38), wenn man diese letzten 
nach der gegebenen Anweisung verwerthet (vgl. unten Nr. 54), dass 


ZE)=0, (XE),=0 a ee (53) 


ist für E = Xp, In Xp, An; (S. Nr. 51). Daher muss die Gerade des reellen 
Speeres X entweder den Schnittpunkt der beiden ersten unter diesen vier 
Erzeugenden mit dem Schnittpunkt der beiden letzten verbinden, oder die Ebene 
der beiden ersten mit der Ebene der beiden letzten. Um zwischen diesen 
beiden Denkmöglichkeiten die Entscheidung zu treffen, genügt es, etwa den 
gemeinsamen Punkt und damit auch die Ebene der Geraden Xy, X zu finden. 
Es ergeben sich dann aber sogleich alle Schnittpunkte und gemeinsamen Ebenen 
der vier Geraden, und es kann ausfindig gemacht werden, welche von ihnen mit 
` dem Speer X oder Pfeil z,, g, vereinigt liegen. Diese stellen wir. nunmehr zu- 
sammen; zu grösserer Bequemlichkeit fügen wir auch die Coordinaten des 
Speeres X ausgedrückt als Funktion der Parameter £ und die durch Auflösung 
hieraus entstehenden Gleichungen hinzu. 
Um einigermaasen lesbare Formeln zu erzielen, schreiben wir an Stelle 


von ee 


einfacher , ls Te (e: =1,2) 


l Die Coordinaten der zwei Punkte und der zwei Ebenen, die dem Speer 
oder Pfeil X und ausserdem der absoluten Fläche angehören, arfiarseh siden wir 
_ ebenfalls durch Indices / und r. Tippie das berechtigt ist, soll sogleich dar- 
gelegt werden. 

(54). ‘Coordinaten des reellen Pfeiles tı, t,, ausgedrückt durch dessen Parameter: 


to = hh + bh, In = nr F Tas 
t = = + Ih, t = 1T i Tai, 

— its =hh— bh, — i.t = rf fy 
i = = bh, — Lie, Kenn Tafa. 


Die zugehörigen Speercoordinaten haben diese Werthe (oder sind zu ihnen 
proportional): 
J Xo = tu . Tros i 
X= foe tu As—torts, X= tu- ls, 
T= ti Lem, amd 
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(55). Parameter eines reellen Pfeils ausgedrückt durch die Pfeileoordinaten 
hih = gto ti: h + its = fa — tte: to — Bs, 
Tii Ta = Ero F Ee € lab iti = fa — ite i Lo — te 
(56). Ebenen der absoluten Fläche durch den reellen Pfeil (1, r): 
w= Har — hr}, Linkseitige 
w= {ar — hara}, Ebene; 


H 
-u= ihr, + hra}, | Erzeugende 
{ Xo, In: 


j 

l 
W=—ihn— bri}, Rechtseitige 
 {4ri— bret, | Ebene; ` 
r Í 


Ir; + ri} . Zo, Xo. 
(57). Punkte der absoluten Fläche auf dem reellen Pfeil (L r): 


go =— thr, + bret, Linkseitiger 
Tp = thr, + ri} ; Punkt; 
2 


= tlt, — Ln H, Erzeugende 
tg = flr pom a , Zo, In : 
Ta = ilr + bret , Rechtseitiger 
um {hrs + hry} ; Punkt; 
za = — illr ehr ; Hrzeugende 
=. finiaj) Io Xn 


Es folgt hieraus zum Beispiel: 
Bro By — Hyp Ley F Brg Tig — yy Wey = Ero o Ery. 
i Cro Cir. — Ti Vry — yg Vig E Nig Lrg = Wy . Le; 
Ug thig — Ung Urg F Urg Un — Uy Wr = Urn» u» 
Urg tha — Urg Urg — Urg Uy H Ug Un = Lig « Co- 
Die Formeln (55)-(57) zeigen nunmehr, dass man nach Adjunction der 


Irrationalität V— 1 die Punkte und Ebenen, die einem reellen Speer oder Pfeil 
und zugleich der absoluten Fläche angehören, rational trennen kann. Ferner 
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ist deutlich, dass die gegenseitige Beziehung dieser Figuren durch reelle -Beweg- 
ungen nicht zerstört werden. kann, dass es unmöglich ist, z. B. die Figuren X 
und u, gleichzeitig mit den Figuren X und ių zur Deckung zu bringen. Daraus 
. allein aber ergiebt sich natürlich noch nicht, dass es einen Sinn hat, die beiden 
Ebenen u, und u, durch die Epitheta rechts und links unterscheiden zu wollen, 
und ihnen diese Epitheta gerade in dieser Reihenfolge anzuheften. 

Wir betrachten nun eine Ebene u, die sich um den Speer X im positiven 
Sinne drehen möge. & sei der Winkel zwischen dieser Ebene und einer be- 
stimmten Ebene durch X, so dass wachsenden Werthen von @ der Umlauf im 
positiven Sinne entspricht. Setzen wir dann die Veränderliche œ ins complexe 
Gebiet fort,-so erhalten wir das ganze Bündel der reellen und imaginären Ebenen 
durch X, mit Ausnahme der beiden, die der absoluten Fläche angehören. .Diese 
beiden Ebenen aber entstehen durch je einen Grenzübergang. Die eine wird 
erhalten, wenn man in p=4+ ix die reelle Grösse y über alle Grenzen 
wachsen, die andere, wenn man sie unbegrenzt abnehmen lässt (1 = const., 
Y=”, y =— »). Deutet man % und x in üblicher Weise in der 
Gauss’schen Ebene (Y-Axe nach rechts, y-Axe nach oben) so geht man im 
ersten Falle nach links von der im positiven Sinne durchlaufenen 4-Axe, im 
zweiten nach rechts. Deutet man andrerseits, wiederum in der Gauss’schen 
Ebene, die Veränderlichen J und x so, dass y= 0 ist auf dem Einheitskreis, und 
Ņ dessen Bogen bedeutet, bei positiver Umlaufung des Kreises (entgegengesetzt 
dem Sinne des Uhrzeigers) so werden dadurch den Grenzwerthen y = + œ, 
y =— œ der Reihe nach die Punkte 0 und œ der Zahlenebene angeordnet: 
diese liegen aber wieder links und rechis von dem im positiven: Sinne durch- 
laufenen Orte y = 0. Von der letzten Deutung endlich kann man zur Zahlen- 
kugel übergehen. Diese werden wir in gleicher Weise orientiren, wie unsere 
beiden Bildkugeln (was zwar keine Nothwendigkeit, aber das Nächstliegende ist). 
Sie geht dann in die Zahlenebene, deren Einheitskreis den Aequator der Zahlen- 
kugel ausschneiden möge, über durch stereographische Projection aus dem 
Südpol. Die Bilder. der Punkte 0 und œ sind nun auf der Kugel Nordpol und 
Südpol, da der positive Drehungssinn auf dem Aequator der von West nach Ost 
sein soll. (S. 127.) Wieder liegen also die Bilder der beiden nusgezeichneten 
Ebenen in Bezug. auf den orientirten Aequator links und rechts. 

Wir wissen also nun, dass es einen Sinn hat, die beiden Ebenen (y= + « ) 
und y = — ©), mit den Beiwörtern links und rechts in Verbindung zu setzen, 
und es bleibt nur noch festzustellen, welche der unter (56) bezeichneten Ebenen 
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dem Grenzübergang (y= + œ) und welche dem Grenzübergang (y = — œ) 
entspricht. Dies kann an irgend einem Zahlenbeispiel ausgeführt werden, z. B. 
an diesem: 1, =,=n=nr=1. Es ergiebt sich dann die Zuordnung von u, und 
(y= + œ), u, und (y= — œ). 

Ebenso lassen sich die bei den Formeln (57) pedra Bezeichnungen 
rechtfertigen. 

Wir fassen nun das Wesentlichste dieser Ueberlegungen zusammen : 

Die Bestimmung der Ebenen und Punkte der absoluten Fläche, die einem reellen 
Speer oder Pfeil angehören, verlangt nur die Adjunction einer numerischen Irratio- 
nalität, nämlich der imaginären Finheit.*) l 

Die reellen. Speere oder Pfeile X und z. B. die E a Tangentialebenen u 
der absoluten Fläche lassen sich (auf zwei Arten) in eine wechselweise EINDEUTIGE 
Beziehung setzen, derart, dass der Speer X in der Ebene ù fegt, also deren reele ` 
Gerade überdeckt. 

Die beiden Tangentialebenen durch X iina durch die Epitheta links und 
rechts unterschieden werden. 

Die linkseitige Ebene u, z. B. ist dadurch bestimmt, dass sie in dem Gauss’ - 
schen oder Riemann’schen Bilde des (zweidimensionalen) Büschels aller reellen und 
imaginären. Ebenen durch X LINKS liegt, wenn man die reellen Ebenen dieses 
Büschels im positiven Sinne durchläuft. l 

. Eine. der genannten Zuordnungen wird dann durch die Festsetzung bewirkt, dass 
dem Pfeil X stets die ihn enthaltende LINKSEITIGE Tangentialebene u, der absoluten 
Fläche entsprechen soll, und umgekehrt. 

Die conjugirt-imaginäre und also rechtseitige Ebene u, entspricht dann dem 
umgekehrten Pfeil, in Bezug auf den sie linkseitige Tangentialebene ist. 

Man bestätigt das durch leichte Rechnung mit Hülfe der Formeln (55), (56). 

‘Schliesslich ergiebt sich noch eine weitere wichtige Folgerung. - 

- Jede Tangentialebene u, der absoluten Fläche enthält zwei Erzeugende X, 
und X dieser Fläche, und diese haben auf den beiden Zahlenkugeln genau 
dieselben Bilder £, und £, oder X, und X, wie der reelle Speer oder Pfeil X, 
der zu u, gehört, nach’ der früher ausgeführten Zuordnung. Unterwirft man nun 
die Ebene u, einer beliebigen Bewegung mit complexen Parametern, so werden 
die Erzeugenden Xu, X, in allgemeinster Weise linear transformirt. Die 





*) Ist die absolute Fläche nicht in der von uns vorausgesetzten Form .dargestellt, sondern durch eine 
nieht-speclallsirte quadratische Form gegeben, so tritt an Stelle dieser Grösse die Quadratwurzel aus der negativ 
genommenen Diseriminante dieser Form. 
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Parameter Eu: £, und &,: E unterliegen jetzt der allgemeinsten linearen Trans- 
formation. Die Bildkugeln werden eigentlich-collinear transformirt, und, die 
Speere oder Pfeile X werden dadurch einer eigentlichen cyclischen Transfor- 
mation unterworfen (S. 143). 

Die eigentlichen cyclischen Tranaformationen der ea (Speere oder) Pfeile 
können also auch in folgender Weise erklärt werden: 

Jede Tangentialebene der absoluten Fläche, hat nach Obigem ein eindeutig be- 
stimmies Bild in dem ihr zugeordneten Pfeil. Unterwirft man nun die Tangen- 
tialebenen.den œ” reellen und complexen Bewegungen des elliptischen Raumes, so 
werden die zugehörigen Pfeile entsprechend vertauscht, und zwar durch die. œ! 
reellen eigentlichen oyclischen Transformationen. 

Die 2. © ° reellen und complexen Schiebungen liefern auf diese Weise die beiden 
Arten cyclischer Schiebungen im reellen Pfeilcontinuum. (Vgl. 8. 143). 


Bis hierher haben wir den gelegentlich verwendeten Begriff „complexer 
Pfeil.‘ nur durch ein System von zweimal vier oder viermal zwei homogenen 
Coordinaten, also formal erklärt, während wir für den verwandten Begriff des 
complexen Speeres eine Zurückführung auf bekannte Begriffe der (complexen) 
Nicht-Euklidischen Geometrie zur Verfügung hatten. Nunmehr ergient sich 
eine entsprechende Deutung auch für den Pfeil. : 

Setzen wir nämlich in die Formeln (54) - (57) statt der conjugirt-complexen 
Verhaltnissgrossen 7:0, und 4:4, 7,:7, und 7:7, beliebige Verhältniss- 
grössen ein, so erhalten wir statt der conjugirt-imaginären Ebenen u, u, und 
Punkte 2,, x, irgend welche in bestimmte Reihenfolge gesetzte Ebenen und. 
` Punkte der absoluten Fläche, die in der angezeigten Weise durch ein auf dieser 
Fläche verlaufendes Vierseit Xy, X, Xi), X, von nunmehr ganz beliebigen 
Erzeugenden verbunden sind. Zwischen dieser Figur und den Pfeilcoordinaten 
besteht eine eindeutig-umkehrbare Beziehung. Wenn wir wollen, können wir 
daher sagen: Diese Figur ist der Pfeil. 

Da die Anordnung- der beiden Punkte Tı, %, auf dem Pfoil der Anordnung 
der übrigen Figuren wn, u, und Xp, An, Xo, Xn vollkommen bestimmt, so 
wollen wir— mit Rücksicht auf die in einer späteren Arbeit zu behandelnde 
hyperbolische Geometrie —nur von diesen Punkten reden. Auch scheint es uns 
zweckmässig, die Punkte x, x, statt durch die Worte links und rechts, die sich 
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auf den Fall reeller Pfeile des elliptischen Raumes beziehen, allgemein durch die 
Worte Anfang und Ende des Fe (oder Speeres) zu unterscheiden. Dann 


können wir also sagen : 


Ein (reeller oder complexer) Seams kann in der Regel aufgefasst baden als eine 
gerade Linie, deren beide Schnittpunkte mit der absoluten Fläche bekannt und als 
Anfang x, und Ende x, des Speeres in eine bestimmte Reihenfolge gebracht sind. 

Fallen jedoch diese Schnittpunkte zusammen, oder sind sie unbestimmt, so fällt 
der Begriff des Speeres zusammen mit dem Begriff einer Geraden (nämlich einer 
Minimalgeraden oder insbesondere einer Erzeugenden der absoluten Fläche.) 

Ein (reeller oder complexer) PFEIL dagegen ist ein Paar von Punkten der ab-` 
soluten Fläche, die als Anfang x, und Ende æ, des Pfeiles bestimmt geordnet sind. 

Der Begriff des Pfeiles fällt also niemals zusammen mit dem einer geraden Linie. 

Fs ergiebt sich nunmehr die gegenseitige Beziehung der Begriffe Speer und 


Pfeil, die.wir in folgender Tafel darstellen : 


œ? Speers „allgemeiner Lage,“ 
darunter. die © * reellen Speere des 
elliptischen Raumes. 


œ? Pfeile ‚allgemeiner Lage,“ 
darunter die œ+ reellen Pfeile des. 


` elliptischen Raumes. 


Je zwei solche Speere ‚oder Pfeile gehören zur selben Geraden, die nicht 
Minimalgerade, nicht Tangente der absoluten Fläche ist. 


. 08 „,Minimalspeere allgemeiner 
Lage.“ 

Zu jeder Tangente, die- nicht 
Erzeugende ist, gehört’ ein solcher 
Speer. 


2.0? Erzeugende der absoluten 


Fläche, deren jede ein u 
Minimalspeer ist. 

Die beiden letzten Classen bilden 
zusammen den Complex aller Mini- 
malspeere. l 


1 ‚Punktpfeile,‘‘ das sind Pfeile, 
T jeder denselben Anfangs- d 
Endpunkt z,=a, hat. Sie ent- 
sprechen auch den Speeren der 
nächsten Classe. i ue 

2.0° , accessorische Pfeile‘, näm- 
lich Punktepaare &,, x, die durch 
(mindestens) je eine Erzeugende der 
absoluten Fläche verbunden werden: 
können, darunter die zuvor ge- 
nannten Punktpfeile. 


Im Pfeilcontinuum gibt es also, an Stelle des einen absoluten Complexes, der 
von den Minimalspeeren oder Minimalgeraden. gebildet wird, zwei accessorische 
Complexe, die (wie .die Erzeugenden der absoluten Fläche) durch die Epitheta 
links und rechts zu unterscheiden sind. Diese beiden Complexe durchdringen 

. 21 
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einander in der absoluten Congruenz, die von allen Punktpfeilen gebildet wird, 
und in der Speermannigfaltigkeit kein Analogon hat. 

Alle diese Figuren bleiben in Ruhe beiden œ! complexen Bewegungen. 

Das achtdimensionale Continuum aller complexen Pfeile hat, im Sinne der 
Analysis Situs, eben denselben Zusammenhang, wie das Continuum aller Quadrupel 
reeller Punkte, die' man einzeln vier reelen Kugelflächen entnehmen kann. 

Es ist selbstverständlich, dass es algebraische Punktmannigfaltigkeiten giebt, 
die vollkommen eindeutig, umkehrbar und stetig auf das Speercontinuum abge- 
bildet werden können, und andere, die ebenso auf das Pfeilcontinuum abgebildet 
werden können. “Wir werden (in der folgenden Abhandlung) solche Mannigfal- 
tigkeiten nachweisen, die noch weitere bemerkenswerthe Eigenschaften haben. 


Natürlich kann man die Reihenfolge unserer Betrachtungen umkehren. - 
Man kann mit der Parameterdarstellung (51) der Erzeugenden der absoluten 
‘ Fläche beginnen. Von.dieser kommt man dann sogleich zu dem Begriffe des . 
Pfeils. Die Gruppe aller eigentlichen cyclischen O der Pfeile 
wird dann wie folgt zu erklāren sein : 

Eigentliche cyclische Transformationen der Pfeile sind adii die Anfangs- und 
Endpunkt eines jeden Pfeiles dem Anfangs- und Endpunkt des entsprechenden 
Pfeiles durch irgend zwei (complexe) Bewegungen zuordnen. 

Die so erklärte nach der üblichen Terminologie zwölfgliedrige, in Wirk- 
lichkeit vierundzwanziggliedrige Gruppe hat vier paarweise vertauschbare . 
sechsgliedrige invariante Untergruppen, und daber im Ganzen vierzehn invari- 
ante continuirliche oder sogenannte gemischte Untergruppen, von denen aber 
hier, wo die reellen Figuren im Mittelpunkt der Betrachtung stehen, nur zwei 
zur Sprache gekommen sind. Es-sind dies die folgenden: 

1) und 2). Die beiden Gruppen mit je-zwölf reellen oder sechs complexen 
wesentlichen Parametern, die links- oder rechts- syntaktische Pfeile‘ in eben- 
solche überführen: Die beiden Gruppen cyclischen Schiebungen. 

Ausser diesen kommen noch besonders in Betracht gewisse nicht- invariante 
Untergruppen, nämlich: 

3): Die Gruppe der Teteringen selbst, die von zwölf reellen oder sechs 
complexen wesentlichen Parametern abhängt. l 

4). Die Gruppe der ©” cyclischen Transformationen, bei denen Anfangs- 
und Endpunkt eines jeden Pfeiles conjugirt-complexen Bewegungen unterworfen 
werden: Die Gruppe der reellen eigentlichen ayslischen Transformationen. , 


Die Begriffe Links und Rechts in der elliptischen Geometrie. . ` 159 


Man sieht, dass ein solcher Entwickelungsgang, der natürlich ebenfalls 
zu den Speeren und ihren sphärischen Bildern führt, seine systematischen und 
vielleicht auch pädagogischen Vorzüge haben wird. Indessen schien es uns 
doch angezeigt, die Einführung gar: Figuren so lange als möglich zu 
‘vermeiden. 


Das nächste Ziel dieser ln Abhandlung glauben wir nunmehr 
‚erreicht zu haben. i 

Eine besondere wichtige Folgerung, die sich unmittelbar ergiebt, ist die, - 
dass die cyclischen Transformationen der Pfeile (genauer eine zu dieser Gruppe 
_ ähnliche Gruppe, und übrigens noch viel umfassendere vorläufig unberührt 
gelassene Gruppen von Transformationen) auch aus der Geometrie des 
hyperbolischen Raumes abgeleitet werden können. Dieser Gegenstand soll, mit 
Anwendungen auf Differentialgeometrie, in einer folgenden Abhandlung darge- 
legt werden. 

Eine andere Erweiterung der vorgetragenen Theorie wollen wir wenigstens 
noch anhangsweise erwähnen. . 

Der Verfasser bezeichnet mit dem Worte Soma. die Lage eines starren 

Körpers. Es kann nun das Soma im elliptischen Raume durch Coordinaten 
- dargestellt werden, die völlig analog sind denen eines Linienkreuzes (nämlich 
durch die doppelt-homogenen reellen Parameter a, und 6,), und ebenso das Soma 
im sphärischen Raume durch Coordinaten, die analog sind denen einer Geraden 
(dieselben Parameter, verbunden durch die quadratische Gleichung N(d)=N(b)). 
Endlich: können die Somen .im hyperbolischen Raume durch ebensolche 
Coordinaten dargestellt werden, wie die complexen Punkte eines projectiven 
' Continuums, abgesehen: von einer gewissen Ungleichung, durch die die o* Funky l 
einer Fläche zweiter Ordnung ausgeschlossen werden. 

Das Soma aber ist der Grundbegriff der Kinematik. 

Die Nicht-Euklidische Kinematik kann also in allen Fällen aus Begriffen 
entwickelt werden, die nur durch die Dimensionenzahlen sich unterscheiden von 
‚solchen, mit denen wir es in der vorliegenden Abhandlung zu thun hatten. 

Wie das geschehen kann, darüber findet der Leser Andeutungen in des Ver- 
fassers Geometrie der Dynamen (§40, und Anhang, S. 535-594), wo der (ziemlich 
viel verwickeltere) Fall der Euklidischen Kinematik nach solchen Grundsätzen 
` behandelt worden ist. 
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-W | 
Schraubenflächen als Extreme. 


In der folgenden Mittheilung sollen in aller Kürze einige Sätze über 
_ Schraubenflächen abgeleitet werden, die eine einfache Anwendung der in der 
vorhergehenden Abhandlung II entwickelten Theorie darstellen. Einer dieser 
Sätze besagt, dass man der üblichen Abbildung der Geraden des Plücker’schen ` 
Liniencontinuums auf die Punkte einer quadratischen Mannigfaltigkeit eine 
Beziehung zur N icht-Buklidischen Geometrie geben kann: 


Das Continuum der reellen Geraden im elliptischen (oder sphärischen) Raume 
lässt sich auf eine reelle quadratische Mannigfaltigkeit, die im elliptischen Raume von 
Fünf Dimensionen verläuft, derart abbilden, dass den ‚Sohraubenflächen die geo- 
datischen Linien auf dieser Mannigfaltigkeit zugeordnet werden. 


. Eine solche Abbildung erhalten wir auf eine sehr einfache Weise. Wir 
| deuten erstens die homogenen Liniencoordinaten X, . . . X, als homogene. Punkt- 
coordinaten im Raume R;. Aus den Bewegungen im ‚dreidimensionale ellipti- 
schen Raume geht dann eine projective Gruppe G, im Raume R, hervor. Die 
Gleiohune der quadratischen Mannigfaltigkeit, die wir mit Mj bezeichnen wollen, 
wird: 


X+ ži + =+ nR 0) 


Zweitens wählen wir unter den quadratischen Mannigfaltigkeiten des Raumes Rs, 
die elliptische Maassbestimmungen definiren (und: also keine reellen Punkte 
haben), irgend eine aus, die bei der Gruppe G, in Ruhe bleibt. Alle diese lassen 
sich leicht bestimmen. Sie haben ‚Gleichungen der Form l 


HR Xi) + o (X$+ X+ =, (2) 


worin die Constanten c, und c, von Null verschiedene positive Verhältnissgrössen 
sind. rn = 
Benutzen wir also jetzt die Mannigfaltigkeit (2) als absolutes Gebilde einer 
Maassbestimmung vom Krümmungsmaasse Eins, und bedienen wir uns der in - 
der vorausgehenden Abhandlung II eingeführten Bezeichnungen, so erhalten wir 
` für die geradlinig gemessene MU [Y, Z] zweier auf M} ‚gelegener Punkte 
Y, Z die Gleichung 


(i + o)sin’+[Y, Z] = &. Bin? $ HY Zito. sin? 4 (7, 2). | | (3), 
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| Für entsprechende Bogenelemente dS und ds, ds, arobi sich herang 
(o + c, ) dS? = cda + 0, da. (4) 


Lassen wir also die beiden .Punkte X, und: X, auf den zugehörigen Bild- 
kugeln mit constanten Geschwindigkeiten 20; und 201, deren mindestens eine 
nicht verschwindet, in geodätischen Linien (also auf grössten. Kreisen) sich 
bewegen, so bewegt sich der Punkt X auf M? ebensfalls in einer geodätischen 
Linie mit constanter Geschwindigkeit 20', die man aus der Gleichung 


(+ c,).O0®=¢,. 9% +¢,.02 l (5) 


erhält. Zugleich ergiebt sich die Länge LY, Z} irgend eines geodätischen 
Bogens zwischen zwei Punkten Y, Z von Mł: 


(a +a). {¥, ZP=4.(¥, A+e¢,(¥, 2%. - (6) 
Andrerseits durchläuft, im gewöhnlichen elliptischen Raume Fz, der Speer 


-X eine Schraubenfliche mit constanter  Drehungsgeächwindipkent 23’ und 
Gleitungsgeschwindigkeit 2Qy!: 


23 = Of +.!, ty =O + Ol. ie oO) 


Hiermit ist unsere Renz erwiesen. 

Es ist leicht, den Verlauf der geodätischen Linien auf m i zu übersehen, 
und sich überhaupt die Einzelheiten der benutzten Abbildung deutlich zu 
machen. . 

Die Bilder der reellen parataktischen Congruenzen sind zwei Schaaren von 
' je'`œ? Kugeln. Alle Kugeln derselben Schaar sind zu einander congruent (und 
im Falle c =c, auch die verschiedener Schaaren). Zwei verschiedene Kugeln 
derselben Schaar schneiden einander nicht, zwei Kugeln verschiedener Schaaren 
aber schneiden sich immer, und zwar unter constantem (im Falle c,= c, unter 
rechtem) Winkel-in zwei Punkten, die Bilder der Geraden eines Linienkreuzes 
sind, und auf beiden Kugeln einander diametral gegenüber liegen. Durch jeden 
Punkt von M3 gehen zwei solche Kugeln mit Durchmessern, deren Längen ein- 
ander zu 7 ergänzen. . 

Wenn nun zwei Punkte Y, Z nicht auf einer solchen Kugel liegen, so haben 
sie in Bezug auf die sie verbindenden geodätischen Linien allgemeines Verhalten. 
Das heisst, es giebt zwischen ihnen keine Continua von gleichlangen geodätischen 
Wegen. Insbesondere tritt das auch ein für die œ Punktepaare, die geodätisch 
durch gerade Linien verbunden werden können. 
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Solche Punkte Y, Z Aalen. ‘die durch eine der genannten Kugeln ver- 
bunden sind, und also auf dieser einander nicht diametral gegenüberliegen, 
verhalten sieh wie wir etwa sagen können, im ersten Grade singular in Bezug 
auf. die geodätischen Linien. Es giebt zwischen ihnen eine isolirte geodätische 
Linie, die ein grösster Kreis auf der zugehörigen Kugel ist. Auf ihr liegt der 
‘absolut-ktirzeste Weg zwischen Yund Z. Ausserdem aber giebt es noch unend- 
lich viele Continua von je’ ' gleichlangen geodätischen Wegen zwischen je zwei 
solchen Punkten. Punktepaare der Art sind. ©° vorhanden. Im zweiten Grade 
. singular verhalten’ sich dann die œt gepaarten Punkte. Solche Punkte Y, Z 
' werden:erstens durch zwei Schaaren von je œ! geodätischen Wegen verbunden, 

die auf je einer der zwei Kugeln verlaufen, und die constanten Längen 











haben. Unter diesen Wegen befinden sich die absolut kürzesten Wege zwischen 
Y, Z. Ausserdem aber giebt es noch unendlich viele Schaaren von je ©? gleich- 
langen geodätischen Wegen zwischen Y und Z, 


-. Das angewendete Verfahren liefert noch mehrere ähnliche Sätze. Ja, es 
liefert deren unbegrenzt viele, und es wird keine sonderliche Schwierigkeit 
haben, sie alle zu ermitteln. Wir wollen uns jedoch mit einigen charakter- 
istischen Beispielen begnügen, um diese Art von Ueberlegungen | nicht über 
Gebühr auszudehnen. i 

Wir betrachten Jetzt als Raumelement den reellen Pa Wir gelangen dann 


- sofort zu einer Bildmannigfaltigkeit vierter Ordnung, M$, die in einem projectiven . 
. Punkteontinuum von sechs Dimensionen verläuft: l l 
BEN KHNEHHNH XG. | (8) 


Man sieht, dass M{ auf Mj zwei-eindeutig bezogen ist, was weiterhin die - 
Folge haben wird, dass die Punktepaare F, Z auf Mt, denen in Bezug auf die 
noch zu erklärenden geodätischen ‚Linien eine Sonderstellung zukommt, ein 
verwickelteres Verhalten darbieten als in dem eben betrachteten Falle. 

Auch Mt gestattet nun, wie M}, eine zu den elliptischen Bewegungen 
isomorphe continuirliche Oollineationsgruppe; und überdies erweist sich diese 
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Gruppe ach — abweichend von-dem Falle der Male durch die Mannig- 
faltigkeit Mj selbst schon bestimmt. 

l Invariante quadratische Mannigfaltigkeiten, die. zu u elliptischén Maasabe- 
stimmungen führen, sind jetzt ame: 


| i+ d (X+ X+ X) +o (A ++ m=0 0) 
wofern ci > 0, cl >0, of >0. n í SORR ae 
An Stelle der Gleichung (3) tritt jetzt die Gleichung = 


(c re + c) sin® $ [7 Z] =q. 810° 4 (Y, Zh + & ‚sin’} (Y, Z), - (10) 
und hieraus ergeben sich’ ähnliche Folgerungen wie zuvor. . Aber die geodätischen 
Linien auf Mt sind hier Bilder von Schraubenflächen, die als Oerter von Speeren 
aufgefasst werden (S. 140). Auf‘eine Erörterung der verschiedenartigen Punkte- , 
paare Y, Z auf Mi darf wohl verzichtet werden. Doch wollen wir bemerken, 

' dass als Bilder der syntaktischen Congruenzen nunmehr 2. ©? Kugeln erscheinen, 
_ von denen zwei verschiedenartige einander in einem Punkte schneiden. 

Leicht sieht man, dass man in diesem Falle statt einer elliptischen auch eine 
_ gewöhnliche Huklidische Maassbestimmung benutzen kann. . Man deute zum - 


_ Beispiel die Grössen _ ee 
Ni & Xx, N or I 
ato X ate X. 


u. s. w. als rechtwinkliche Cartesische Coordinaten. Man kommt dann wieder 

` zu.den Gleichungen (4)... (7). Aber die Bedeutung dieser Gleichungen ist nun 

. eine andere, da ein Zeichenwechsel der sämmtlichen Coordinaten einen von dem 
. Punkte X verschiedenen Punkt der Mannigfaltigkeit - M: liefert. Durch Pro- 

jection aus ‘dem Anfangspunkt der Coordinaten kommt man zu dem zuerst 
behandelten Beispiel zurück. T 





Wir betrachten jetzt als Raumelement den Felle Pfeil. Aus Pfeilcoordinaten 
“erster Art bilden wir die folgenden Producte: i l 


- Cotro; Coti, tole, Coke, 
Zi bro; Ti be, Ti May Ui Ze, 
te Eros Late, Esas Us le, ` 
Es Ero, Us be, Esta, Us Es 





*) Vergleiche die Anmerkung auf Seite 121. 


164 Srov: Beiträge zur Nicht-Euklidischen Geometrie. III 


‘Diese deuten. wir als homogene Punktcoordinaten H, (i =-0, 1, 3, 5, 
x = 0, 2, 4, 6) in einem projectiven Continuum Ry, von 15 Dimensionen.. Dann 
erhalten wir eine Bildmannigfaltigkeit der Pfeile, deren Ordnung mit Hilfe 
einer im vorliégenden Falle einwandsfreien Continuitätsbetrachtung = 24 
gefunden wird. Diese’ Mannigfaltigkeit Mr gestattet und bestimmt eine 
(sogenannte halb-einfache) reelle continuirliche zwölf-gliedrige Collineations- 
gruppe*), das Bild der eigentlichen eyclischen Transformationen der Pfeile. Die 
Bewegungen im elliptischen Raume aber bestimmen eine sechsgliedrige Unter- 
gruppe dieser Gruppe, und eine Schaar von o° invarianten quadratischen 
- . Mannigfaltigkeiten ohne reelle Punkte, 


ee ee, = 
+ 7+ (Bite + Bly + Bi) + yr S LO (12) 
1¥0s, Yis Yrs AA i= 1, 3, 5, x= 2, 4, 6}. 
"Wählt man irgend eine von diesen als. absolutes Gebilde einer’ elliptischen 


Maassbestimmung, vom Kriimmungsmaasse Eins, so ergiebt sich für die (geradlinig 
gemessene) Entfernung zweier Punkte H, Z auf M% der Ausdruck: 


(ya +y: + Yr + Yr) cos [H, Z] = 


; : 12 

=y +y cos (Y, Z), + y, cos-(Y, Z), + yr cos (Y, Z),cos (Y, Zr. (2) 
Hieraus folgt für entsprechende. Bogenelemente : - 
(yo + NA yr + Yr) U = (yı + ie) AH + (y, + Je de. (13) 


Man sieht, es ergeben sich wieder ähnliche Holgctunges wie zuvor: An-. 
gemerkt zu werden verdient jedoch: 

- Die beiden Mannigfaltigheiten M$ und M* sind zwar beide Frei von Singulari- 
täten, und sie sind birational, und überdies im reellen Gebiete vollkommen eindeutig 
‚und stetig, ausserdem auch geodatisch, auf. einander abgebildet. Im complexen 
Gebiete jedoch ist diese Abbildung mit singularen Stellen behaftet. 

Die Einzelheiten a sich aus dem Verl der Begriffe Speer 
und Pfeil. (S. 157). 


‚Schliesslich kann man die Schraubenflächen auch als Oerter von Linienkreuzen 
ansehen (8. 140). Deutet man dann die Producte g; g, {t= 1, 3, 5, x= 2, 4, 6} 
als homogene Punktcoordinaten Z,, so kommt man zu einer Punktmannig- 





% Im complexen Gebiete gestattet (und bestimmt) M34 vierundzwanzig eontinuirliche Schaaren von 
je ©“ Collineatlonen, von denen acht Schaaren reelle Transformationen enthalten, (Vgl. 8. 143.) 
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faltigkeit M$, von der sechsten "Ordnung, die von zwei Schaaren von je oo? 
Ebenen beschrieben werden kann — den Bildern der beiden Schaaren para- 
. taktischer Congruenzen, die man aus Linienkreuzen bilden kann. Diese Mannig- 
faltigkeit gestattet und bestimmt eine (halb-einfache) continuirliche Collineations- 
gruppe mit sechzehn Parametern; und in dieser liegt wieder eine zur Gruppe 
der Bewegungen im elliptischen Raume isomorphe Untergruppe. _ Die einzige 
invariante quadratische Mannigfaltigkeit ist jetzt 


zB, =0, (1 4) 
und diese führt zu den Gleichungen l 
- cos [H, Z] = cos (9, 3); cos (9, D | (05) 
und l 
dS = dè + dè. . = (16) 


Das Weitere ergiebt sich von selbst. 


Als Ausdruck für die geodätische Entfernung zweier Punkte Y, Z auf irgend 
einer der betrachteten Bildmannigfaltigkeiten hat sich stets eine Grösse der Form 


| (Y, Z} =v m (Y, HM (17) 


_ ergeben,. Wo u > 0, wu, > 0. Wir wollen nun die, einfachste Annahme y= f= 1 
machen, was entweder ‘schon von vorn herein zutrifft, oder (in allen Fällen) da- . 
durch bewirkt werden kann, dass man ¢,=«, c;=¢,, yı=y', setzt, und das . 
_ Krammungsmaass oder die Längeneinheit des. benutzten höheren Raumes auf 
geeignete Weise abändert: Unter dieser Voraussetzung wollen wir die mehr- 
deutige Grösse | Y, Z} schlechtweg geodatische Entfernung der reellen Speere oder 
` Pfeile) Y, Z nennen. 

Betrachten wir anderseits irgend eine die Sees oder Pfeile Y, Z verbindende 
Schraubenfläche. X sei eine Axe dieser Fläche, so dass Y durch gleichformige 
Schraubung um X schliesslich in Zübergeht. Irgend ein Punkt von Y beschreibt . 
dann eine orthogonale Trajectorie der Erzeugenden der Schraubenfläche, eine 
Schraubenlinie (zugleich asymptotische Linie der: Schraubenfläche), die zwischen 
.Yund Z eine bestimmte Bogenlänge hat. Unter diesen Schraubenlinien giebt 
es zwei ausgezeichnete von gleicher Bogenlange, die nämlich, deren erzeugende 
Punkte von X und von der Polare von X den Abstand = { mod. § 5 haben, also, 





#) Oder nach Umständen, der Geraden oder der Linienkreuze Y, Z. 
- 22 _ 


o 


166 Sruor: Beiträge zur Nicht-Euklidischen Geometrie. II. 


wie man sagen kann,.von beiden Geraden gleichweit abstehen. Dies Schrauben- 
linien wollen wir etwa die mittleren Schraubenlinien zwischen Y, Z nennen. 

Es gilt nun der einfache Satz: _ i 

Die geodatische Entfernung zweier reeller Speere Y, Z ist. bestimmt, ak 
dem man diese durch eine Schraubenflache verbunden, und nöthigenfalls über den 
Weg, auf dem Yin Z übergeführt werden soll, entschieden hat*) Sie wird dann 
gleich dem Doppelten der entsprechenden gemeinsamen Länge der beiden mittleren 
Schraubenlinien zwischen beiden Speeren. 

In der That, schreitet bei der gleichförmigen Schraubenbewegung, die Y 
schliesslich in Z überführt, der Schnittpunkt x von Y und X um die Länge 2dy 
fort, und der Schnittpunkt # von Y mit der Polare von X um die Länge 2d 3, 
so schreitet, wie eine leichte Rechnung zeigt, irgend ein Punkt auf Y mit der 
Gleichung = ; 

Í u (ux) ~v (ur) _- i 
Te Fa) s (18) 
um eine infinitesimale Strecke fort, deren Längenquadrat gleich ist dem Ausdruck 


2 
ak: dy + v . dX l | ig 
tot (19) 
Ist u= v, so durchläuft der genannte Punkt eine der beiden mittleren. 
Sshrsubenlinian und der letzte Ausdruck reducirt sich auf 


H(Y, V+ avyi+ (Y, r+ary). (20) 





Natürlich kann man auch das Vorzeichen von {Y, Z} von dem Sinne 
abhängig machen, in dem die Schraubenfläche durchlaufen wird. l 


In der hyperbolischen und in der Euklidischen Geometrie kann man zum 
Theil entsprechende Entwickelungen vornehmen. Die Schraubenflächen er- 
scheinen auch hier als Lösungen eines Problems der Variationsrechnung, das 
‘sich aus der Bildung gewisser quadratischer Differentialformen ergiebt. Sie 
haben indessen in diesen Fällen nicht die Eigenschaft, Extreme zu sein. Auch im 
‘ elliptischen Raume selbst treten solche Erscheinungen schon auf, wenn man die 
von uns mit o, c, u. 8. w. bezeichneten Constanten verschwinden und in 
` negative Werthe übergehen lässt. 





*) Wenn die Schraubenfläche algebraisch Ist, so sind verschiedene Wege möglich. 
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Dagegen können sich unsere Ueberlegungen vielleicht i in anderer Beziehung 
als nützlich erweisen. a ng Entfernung 


IH Z=EN(r Z} + (Y, Z 00) 
zweier Speere z. B. wird eine ähnliche Behandlung zulassen, wie der gewöhn- 
liche Entfernungsbegriff.. Die Geometrie der Speere liefert so ein Beispiel zu - 
der auf Differentialformen gegründeten Mannigfaltigkeitslehre, und zwar zur 
Theorie der Mannigfaltigkeiten von nicht-constantem Riemann’schem Krüm- 
mungsmaass. Die Probleme der gewöhnlichen Flächentheorie können auf diesen 
Fall übertragen werden und liefern dann neue Gesichtspunkte fir die Behandlung 
der Liniencongruenzen und anderer Figuren. - 

Schliesslich verdient es wohl noch bemerkt zu werden, Age die zu Aus- : 
drücken der Form (17) gehörige a auch in einem anderen Ge- 
 dankenkreise auftritt. 

Der Verfasser hat mit Hülfe dér Theorie der Honea shen Formen aus 
der gewöhnlichen elliptischen und hyperbolischen Geometrie allgemeinere Arten 
der Maassgeometrie abgeleitet. (Verhandlungen des Heidelberger Mathematiker- 
Congresses, Leipzig, 1905, S. 312-321 und Math. Ann. Bd. 60, 1905, 8. 321). 
In ähnlicher Weise und zufolge dieser Theorie- lasst sich auch die sphärische 
Geometrie erweitern. Die Geometrie auf einer Kugelfläche insbesondere führt 
dann zu einer Maassgeometrie in einer vierdimensionalen Mannigfaltigkeit, die 
ihrem logischen Inhalte nach nicht verschieden ist von der hier besprochenen 
Maassgeometrie im Continuum der reellen Speere oder Pfeile. 

In der auf Seite 159 erwähnten Geometrie der Somen im elliptischen ode 
sphärishen Raume giebt es ebenfalls Sätze, die den vorgetragenen ähnlich sind. 

Born, im März 1006. 





Certain Triply Orthogonal Systems of Surfaces. . 


By L. P. EısenHARr. 


In a former paper* we have discussed the surfaces which have the same 
spherical representation of their lines of curvature as pseudospherical surfaces, 
and for convenience of reference have called them the A-surfaces. This paper is 
devoted to the study of triply orthogonal systems in which all the surfaces in 
one family are A-surfaces; we shall refer to them as A-systems. 

In §1 we recall the general equations of condition for a triply. orthogonal 
_ system, first found by Lame, and the formulas which give the expressions for the 
fundamental functions of the surfaces of a system. These are applied in $2 to 
the special case of A-systems, and it is found that there are three conditions to 
be satisfied by the spherical representation of the A-surfaces of the system, and 
three others by the coefficients of the linear element of space in terms of these 
surfaces. From the definition of A-surfaces it is seen that given a surface of this 
kind there is a pseudospherical surface with the same spherical representation of ` 
its lines of curvature ; we shall say that the latter is the associated pseudospheri- 
cal surface of the former. Given any A-system; the spherical representation of 
the associated pseudospherical surfaces evidently satisfies the three conditions 
mentioned above, and one finds that the coefficients of the linear element of 
space in terms of this new system satisfy the other three conditions identically ; 
hence when one has a family of A-surfaces satisfying the conditions of Lame, the ` 
associated pseudospherical surfaces form a family of Lame. This shows that 
all A-systems can be obtained from pseudospherical systems by the transforma- 
tion of Combescure.f A study of this transformation as applied to A-systems 
is made in §3, and several particular cases are discussed. i 





vas 


*Surfaces with the same spherical representation of their lines of curvature as pseudospherical surfaces, 
American Journal, vol. 27, pp. 118-172, 
+ Bianchi, Lesioni, II, p. 490. 
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_ In the previous paper* we established certain transformations for A-surfaces 
which reduce in the case of pseudospherical surfaces to the well-known transfor- 
mations of Bianchi and Backlund. In §4 we determine the conditions to be satis- 
fied in order that a set of transforms of a Lame family of A-surfaces shall consti- 
tute such a family. It is found that when such a transformation is known for 
one system it can be applied to all systems with the same spherical representa- 
tion. It is likewise shown that these transformations admit of a theorem of 
permutability reducing for pseudospherical systems to the theorem of Bianchi.+ 

“ Weingarten was the first to consider a pseudospherical system in which all 
the pseudospherical surfaces have the same total curvature. The representation 
upon the sphere takes a form of special interest for this case; it is considered in 
$5 and all A-systems with this representation are referred to as Weingarten 
A-systems. The moulure surfaces are A-surfaces, and §6 deals with systems in 
which all the surfaces in one system are of this kind; it is found that in such 
systems a second family also is composed of moulure surfaces. 

In §7 we consider the A-systems for which the orthogonal trajectories of _ 
the family of A-surfaces are plane curves. It is shown that so far as the spheri- 
cal representation is concerned this problem is reducible to the systems with i 
circular trajectories; a large class of the latter are treated at length. One 
_ passes then to the consideration of A-systems in which one system of the lines’ 
of curvature on the A-surface are plane curves; this occupies §8. §9 deals with 
systems for which the trajectories of the A-surfaces have constant curvature; all 
of these systems are. found to be pseudospherical. 

In another place{ we have considered at length the 4- or with spheri- 
cal lines of curvature in one system. Now we study the A-systems in which all 
the A-surfaces are of this kind; the general discussion of this problem and the 
solution of several particular cases form the substance of §10. In §11 those 
A-systems are discussed in which the surfaces in one family are spheres. © 

We have shown before§ that certain surfaces discovered by Bianchi are 
A-surfaces, In §12 we find the conditions to be satisfied in order that all the 
surfaces in one family of a triple system are surfaces of one of the three types 
given by Bianchi, and we determine the forms of the linear element of space 
when such a system is parametric. l 





*], c p. 148. - tL c., p. S41. 
tOertain Surfaces with Plane or Spherical Lines of Curvature, Americal Journal, vol. 28, pp. 47-70. 
§ Surfaces analogous to the surfaces of Bianchi, Annali, Ser. II, vol. 12, pp. 118-148. 
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$1. General Triply Orthogonal Systems of Surfaces. 


“ Consider space.referred to a triply-orthogonal system of ‘surfaces and write . 
the linear element in the form 


(1) . ds? = Hidu + Hpdid + Hdd. 


Lame* has shown that the functions Hy, ar H, must satisfy six equations of 
- condition, namely 

H, _ 1 0H,0H,, 1 0H,0H, 
Ol Hr Ous Oty Hs Om Ou’ 
(2) l | H, _ 1 0H,0H, , 1 OH, 3H, 
| Gugdu, Hy Guy I * Hy Ow Ou,’ 
OH, _ 1 0H, OH, , 1 0H, 0H; 
Judu, H, Ous En H, du, Guy’: 











and 
ae oF) 2 OH, 1 3H 3M o 
du,\ H, d Oly Bau) "T ou Tee 3 
1 oH 1 0H;\, 1 0H, a; 
(8) Bus Bu) + Such + He Bae Bue = 
| l 1 OF, | 0H), 1 3m 3M o 
m nt Baty Ou) 2 H? Oty Ou 


Moreover, it can be shown} that these Nananey conditions are also sufficient so 
that when three functions are known which satisfy. them Teraa is a correspond- 
ing triply orthogonal system and it is unique. 

In the future discussion it will be necessary to have the expressions for the 
principal radii of these surfaces, and also for the first and second curvatures of 
their curves of intersection. If we denote by pa the principal radius of curvature . 
of the surface u, = const. meee the curve w = const. and similarly for un others, 

-we have! 





1__1 ðm 1__ 1 eee 1 OO, 
(4) Ps HHB, Õu, f Pes HH; Ou, i Per Sn, us’ 
a 1 OF, ES Z 1 OF, 1. 1 OF 








ps HH, Oy’ pm HH Om’ pe HH, Our’ 





* Leçons sur les coordonnes curvilignes, p. 76; Bianchi, Lezioni, II, p. 479. 
+ Ib. Bianchi, Lezioni, II, p. 482. 
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are if F and second curvatures of the curves of parameter u, are denoted 


“by = T and A it is found ae 
1 1 1 1 1 1 1 1 1 
N = _.; = + ’ > = + 3 
o TOATA ATR R ATR M 
. To 1 2 tan~! fa ES J tan—1 Pi pease 9 —1 Ps, 
T H, ðu, Por’ T, H; Ou, Par’ T, ~ Hy dus Pis 


32. Systems with One Family of A-Surfaces. 

We have seen that for a surface S, whose linear element is written in the 
form . . 
de = Ad? + O°? 
and the lines of curvature are parametric, to be an A-surface it is necessary and | 
sufficient that the following equations be satisfied l 


, 100__%@ 104 a Fo Fo 
(6) I ee Ti To ag a ao ee 
In this case the linear element of the spherical representation has the form 

do = sin? o dv? + cos’ o dv”. 

For such a surface to. belong to the surfaces u; = const. of a triple system o must 
involve u, and from (6) it follows that A and O are determined only to within 
the same factor Us, a function of uw alone. For each surface of the family this 
a e respec- 
> U; 
tively, this function would be made to disappear. Hence, the necessary and 
sufficient condition that the surfaces us = const. be A-surfaces is that H, and A, 
satisfy the conditions 


function would be a constant; and by replacing du and dv by — 


i) _13Ħmņ_ 3. 1 0H _ da 
H, dn Om" H, Bu Su 


where o is a function of u, j Up, Ug, Satisfying the equation 





(8) l Io Io Sin o cosa, 
| ur 


U being an arbitrary function of us, and those A i of condition (2) and (3) 
which are independent of the above. 





. *Bianchi, 1. c., p. 484, 
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The spherical representation of the lines. of curvature of the surfaces 
Us = const. Is 


(9) od = ee dl + Ee ae, 


From this and (1) we have the following expressions for the principal radii of 
the surfaces Us = = const. : 





i 1 sın Q 1 COS Q 
10 =a am , = ` 
(10) m UGE mw UA, 


When these expressions are compared with (4), we find that we must have 


__.0 0H, _ U, 28, 
(11) i= Bro Om aa 


so that the following condition is to be satisfied 


(12) | cos o GË + sin o St = 02 


In accordance with this we introduce a function defined by ~ 


I “IM a co Of, __ Jo 
(13) au p ein o B F Per: 


so that by quadratures and from (11) we have for the fundamental coefficients 
the following expressions 


H, = 9 008 0— feos o 5? duy + Bilun, ta), 


(14) RE: H, = BE Ja + Ale Up), 
do 
Us =, 
ur 
where the functions F, and F, do not involve ug. 
The first of eqsstions (2) can be put in either of the ioh 


'ð /1 ðM, ı 0H, 0H, 
Jus H, Ou) HyH, Dug dt” 
0/1 0H)\_ 1 0d, 0H, 


dus H; dus — HAs Jus Ou,” 





EIsenHArt: Certain Triply Orthogonal Systems of Surfaces. 173 


If. the preceding expressions be substituted in these equations, the former 


reduces to 
je) | 12m _ 0, o 
(15) H, Ot, sin o Ou, du,’ 





and the latter vanishes identically. Again, the ne of equations (2) takes 
either of the forms 

N__1 aM aH, 
Bu u HB, ou, dug’ 








a(S 1 OF, Im 1 ƏH OH, 
Ou\H, o HH, 9% Ou,’ 
of which the latter is satisfied identically in consequence of (11) and the former | 
is reducible to 





(16) 108 _ U, Fo 
E H, th COB @ Ou,Otig j 


The third of equations (2) can be written i in either of the forms 


; AEE OH\_ 1 OH, 3B; 

aw Py \ H, Oy) HH, ey Dm’ 
l ð T r OH, OH, 
Ou\F, Ou/” HH, du, Ou,’ 


which by means of (15) and (16) can be given the forms 
1 ðo Fo 





: . nen @ du, oa u) dina sin o Ou; tye,’ 
(18) i = 1 ‘d Fo 
R E o iat) ~~ COB o Ous ul 


The first of equations (3) reduces to (8), and the second and third become 


` -in consequence of (7), (11), (15), and (16) 








əf 1 Fo \_ 12 sin me) + I do 9% 

= cos Q Fu U; = sin @ Oty Augluz 
ae )= — 1 cos m) 1 do A 

Jig \sin w noe U; ee COB A OU, Ou OU,’ 


either of which is a consequence of the other and (8). We see then that œ must 
- satisfy three equations, namely (8) and one ‘each of (18) and (10) 
23° 


(19) 








f: 
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From the preceding discussion it is seen that when o satisfies these equations 
the only other conditions to be satisfied are equations (7) which become in 
consequence of (14) l 

dp do ð$ 5 __ OD: OF, 
TER dus LE e + Zu 


+ 52[ r- fein o S? au |= 0, 


(20) 

= 0» en OF, 

Ehe — | cos on” — f sin T Tor 
o f On, Us fs o I 
Oa a 
| af — f coso 5È ? au |= 0. 0. 
If these equations are differentiated with respect to %,, pe become 
% 20 fn, 
sin oon ou = Fy fen u se. 


(21) 
l cos @ = sf Info} o P din | oe 
which are merely equations (15) and (16) in another form. 
Consider the particular case where & is a constant which may be taken equal 
to unity. Equations (21) are satisfied if F, and F, are zero, and equations (20) 
vanish identically. The linear element (1) reduces then to 


: da? 
(22) ds = cof o dui + sin? o dug + Use) dus, 


from which it is seen that the surfaces = constant are pseudospherical. 
Bianchi has shown* that, when o satisfies equations (8), (18), and (19), the above 
linear element defines the most general triply orthogonal systems of which the 
surfaces 4 = const. are pseudospherical. Hence the theorem: 

When one family of a triple system is composed of ‘A-surfaces, the eh 
cal surfaces with the same spherical EIN as the latter form a family of 
another triply orthogonal system. 

Also, 

Systems of lines on the unit sphere which are the images of the lines of curva- 
ture of pseudospherical surfaces forming a system of Lame, and these alone, are the 
spherical representation of the lines of curvature of A-surfaces forming such a system. 

Such a triply-orthogonal system will be called an A-system. 





*Lezionl, II, p. 581. 
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. When then there is such a family of lines, there is a great number of corre- 
sponding A-systems and their determination requires the solution of the equa- 
tions (20). 

As an example of the foregoing we inquire whether there is an A-system 
‚formed of parallels of pseudospherical surfaces. We have shown* that the 
parallels of such a surface are given by ; i 


H, = coso —asino, H,=sino +acoso, 
where a is a constant determining the various surfaces. For the case under con- 


sideration a may involve ug. If the above expressions be substituted in equation 

(12), it reduces to 
: = do = 

= uty 

From the expression (14) for H; it is seen that @ must involve ug, so that the 

‘above equation is satisfied only when a is zero, that is, when the surfaces u, = 

const. are pseudospherical. 


. §3. Combescure-Dar boux ef Partieular Solutions. 


From the foregoing discussion it follows that the determination of all the 
_ A-systems reduces to the finding of all pseudospherical systems and all systems 
related to the latter in such a way that the normals ‘to the surfaces of the system 
are parallel to the normals to the corresponding surfaces of the pseudospherical 
system. Combescure and Darboux} have considered the problem of finding 
surfaces of Lame which have this correspondence with a given system, and we 
shall apply their results to our particular-problem. We shall refer to it as the 
Combescure-Darboux Transformation. 
With Darboux we put for the sake of brevity 


ee | 
(23) By Se 
where’ i and i are different and assume the values 1, 2, 3. If we denote by X, 
Yi, Ži; Xs... -; Xs, Fz, Zz, the direction-cosines of the tangents to the curves 
of parameter Uz, Uz, Uz respectively, it can be shown thatf 
Go = Auf, 
(23') ax 

E= — af; 7 Bud, 








* Surfaces with the same, etc., L-e. p. 123. 
_} Sur les surfaces orthoğonalea; Annales de L'Ecole Normale, ser. 1, Vol. 8, p. 114. 
tLame, l. o., p. 74; Bianchi, Lezioni, II, p. 404. 3 
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‚where i, %, l are. different and take the values 1, 2, 3. In terms of the functions : 
8 the equations of Lame (2) and (8).are expressed as follows: 


pa = Babus 
Pr + u 
aga 4 CPi + Babn = 0. 


If a triple system is given, the eae functions 8 are given by. (23) and - 
the determination of the transformation requires the solution for M, H, H of: 
the six equations (23) after the functions 8 have been given the calculated 
values, When the system is’ pseudospherical, the forms of H,, H,, H, are as 
given by (22), so that the determination of the Combescure-Darboux transforms 
of a pseudospherical system requires the solution of the equations 

‘1 0H, _ % ‘10H; U, o 10H, sino 

H, Ou, om M, du win @ dudu H, Ou,” 














4) 13m _ æ ET 1 3mp U, 2o 
H, 0u, du,’ H, du, U’ H, Ou, cos o Judt 


These are the very equations of condition which we have found by the first 
method. 
If we eliminate H, and H, from the above equations, we are brought to the 
following triple system to be satisfied by B;: 
eH, _ V 2 ƏH, W a 2H, 
Out dug E Ou, Ou V dug Ov,’ 
. i OH, 
(25) . udn Be log (UM) — sin o WER, 
OH, ə oF, 
oad oa E (Uz Von + COB Q VH, 
where for the sake of brevity we have put | 
l | 2a BR Fo 
(26) pa BIN O Ugg ’ ` Wars oO" 
In consequence of the equations (8), (18), and (19) the conditions of integrability 
of the above equations are satisfied, and it is readily seen that the general solu- 
tion of this system involves three arbitrary functions. The only question then 
as to the existence of A-systems comes back to the question as to the existence 
of a function o satisfying equations (8), (18), and (19). This problem has been 
attacked by Bianchi in seeking to establish the existence of pseudospherical 





E1sennart: Certain Triply Orthogonal Systems of Surfaces. 177 


systems of Lame and he has not only proved that they = but has given an 
idea of the degree of arbitrariness in the expression for o.* 

When a solution H, of equations (25) is known, the corresponding functions 
H, and H, are given directly by (24). When the values of X,, Y,, Z, are known, 
the cartesian coordinates of space referred to the system corresponding to a 
given set of solutions of (24) are found by quadratures; namely 


- dæ = > HX, du, dy = 5 H, Y, du, | dz = HZ, du. 


If we substitute the expression for H; given in (14) in equations (25) , they 
can be reduced to 


do du do = 
v.w. Dun Suda, +” (sino Wu 00 
ner + Že 22) 2 % _ 0, 
Jo 
ao 3 ,- Ou Op , cosa W 3 
(27 hon. On CW du + So eh 
Jug 
Jo 
Ou, ð$ , sinaV dp _ 
uno T Ju, B V dy. + do dy T’ 
Jus 


These equations can be derived readily from equations (20) and (21). We 
` shall consider now several particular cases for which equations (27) take more 
simple forms: 
It is seen that the above Pe are satisfied when ¢ is a constant, and it 

‚ was seen thatif F, and F, are zero at the same time the system is pseudospherical. 
We inquire whether the latter is the only solution of this kind. For 9, a 
‘. constant, equations (21) reduce to 
Feat nmn” 

lee 


h 
From (18) it follows that it eae is zero so also is Du" Be The former 


leads by means of (19) to 
i CO8 @ - sin @ 


a a = 
Guy u Ou Us? 
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from which we have: 


cos a = U; f (a, %), sin o = U; Ja (w, ug); 
where the functions f and /, do not involve w.` This shows that U; is a con- 
stant and then œ would be independent of u,, which we have seen:to be im- 


possible. The only other possibility then is that F, and $e are zero, in which 


case F, is an arbitrary function of u, alone, as is seen from (20). Hence the 
theorem : 

The function & is ; constant for pseudospherical systems and for certain systems 
for which F, or F, is zero, and F, a function of u, alone, or A a function of “i alone 
respectively ; and these are the only cases. 

We inquire now whether @ can be a function of t alone. From the second ` 
“ and third of equations (27) we see that in this case we must have 

Fo Ca) 
Sit; Dus Oly Ji T | 
This has been seen to be impossible, hence. the oe 9 must involve one of the 
parameters U, Uy or be a constant. 

This suggests finally the inquiry as to ar ® can be ne of u. 

From the third of equations (27) we have 


Io 


in consequence of which the first of these equations is satisfied identically and ® 
‘must be an integral of the second. We have seen that the above condition is 


equivalent to the vanishing of so. The converse also is true, so that we have 
the theorem : . 
` If one of the functions p and o is independent of u, or uz, 80 also is the other. 

. §4. Generalized Backlund Transformations of A-Systems. 

In our previous discussion* of A-surfaces we have established a transforma- 
tion of these surfaces which reduces for the pseudospherical surfaces to the 
. Backlund transformation. It may be defined as Tilo: Given an A-surface 
and a solution 6 of the a 


sin o (2 In = sin 6 cos œ — cos 0 cos 6 sin a, 





nd = cos ĝ sin o + cos ø sin 6 coso, 








* Surfaces with the same eto., lc. p. 148. 
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where o is a constant. In the tangent plane to § draw the line through the 
point of contact which makes the angle 0 with the tangent to the curve 
u = const. through the point. The plane which cuts the tangent plane along 
this line and under the angle ø envelopes another A-surface for which the 
spherical representation of the lines of curvature is l 
do} = sin’) dui + cos") dag. 
We are now going to consider an A-system and determine the conditions to be . 
satisfied in order that the transforms of the A-surfaces form part of.a second 
triple system. 

Just as equations (6) had to be given a more general form, namely (7) and 
(8), in the case of triple systems, so likewise the equations for the.determination - 


of 6 take the form oat 

x a F = sin 0 cos a — cos 0 cos 6 sin w, 
(28) f 
(+) = — cos 6 sin o + cos ø sin 6 cos o, 


where we have pu 
here we have put PE ane 


from which it follows that at most x is a function of u. We en by a Yi, 2 
the coordinates of the point of tangency on the transform, by « the distance from 
this point to the line of intersection of the two planes and by à the distance 
from the foot of this perpendicular to the point of contact of the given surface S. 
From the expressions for à and u as found in the case of the transformation of a 
single surface* we have for the present case 
j a= x (H, cos œ + H sin a), 

u =x (— A, sin o + A, cos o). 

Hence we have for the coordinates of the transform 
x = æ + (A cos 6 — u cos c sin 0) X, + (Asin 6 + u cos o cos 0) X,—psin oX, 


and analogous expressions for y, and z, X,, Xs, X, having the interpretation _ 


previously defined. From (23’) and the expressions for the functions 8 given by 
(23) and (24) we find readily 





0X, _ do sin @ 0X, __ 2o of, 1 2H, 

By T a t T o Gn TOn DE Da i 
OX, da 0X, do oe Q 0x4, 1 0M, . 
Duy Bag “uy uy tO Stay H Steg “8 
OX, __ sin @ > OX, _ 180 y OX, _ 1 2H, y -1 OF, 
Ou, U O duy mr Guy, Ou, i F, du, 
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If we make use of these relations in-our calculation of the differential quotients 
of x, and for the sake of brevity put 


ðH, da _ 0H, _ % 
PT Zu TR Au u Ta Coe 


eS [p + a cos 6— p cos asin 6 || (cos 0 cos o + cos o sin 0 sina) $ 

+ (sin 6 cos o — song one sin a) X, + sino sin o X, ; 
fat | eq + asino + u cos 0 cos 8 || (008 sin o — cos sin 6 cos a) X, 
+ (sin 6 Gave + coso cos 0 cosa) X,— sing cosa x|, 


= | (sin 8 cosa + u cos 6) $2 — x coso sin 0 -PÈ 


x 


(29). — (Asin 6 + u coso cos 6) = + (à cos 0 — u cos o sin 6) ð log x 


: H S H, 
4 using oa |x + | — @-co86 cose — usin 0) <2 + x cosa cos 97, 


1 


+ (A cos 6 — u cos o sin 0) = + (asin 6 + 1.6080 cos 6) ee: 
sing OH, aH, 


+ a 2 |%+ ee ee 
+ (asin 6+ u cose 0086) a 5 Masino Du en | 


From these expressions it is readily found that 


Ox, 9x 


= 0, 


and by direct calculation we find that 
i Ox, ð 00 — sing cos 0 OF; 
SEM ner aac] Aoa + A, Er 
sinc sin 0 3H; H,9logx 
B; u H dus | 
sino cos 0 IH, 


ax, 2 s osin 0) | 2° 
Yoga Da =— (g + haint + ucososin O)| 3p — coso gi H Zu 


sing sin 0 04, er] 
H, Ou, ' Hy 0% J 
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~ From these expressions and the above for 9 Oi 2 und ae it follows that for the trans- 
formed system to be triply. orthogonal it is necessary that the expressions in the. 
Backen vanish. These equations lead to 


dlogx _ 5 
Oly = 5 


from which it follows that x is a , constant, and io 


‘06 sino cos# dA, sing sin 6 2, 
Se a dt DD Sin tu 





which must be satisfied by 6 in- addition to (28). By means of equations (15) ` 
and’(16) this equation can be given the form 


- 06 _xcos6 Aa cia Fa do 
(30) B: coso Ou, ~ coso Judu T sin @ e 





It is important’ to note that equations (28) and (30) involve only o, o, x, 
and hence 6 does not vary with the Combescure-Darboux transformation. We 
have then the theorem: 

Whenever a function 0 is known which tranaförme a given A-system into a simi- 
lar system, the same function determines a like transformation for all the Combescur e- 
Darboux transforms of the given system. i; 


In consequence of (30) the N for Be be reduced to 


Fo - 
zi Q oh 


J= [nine tome 


0° 
+ 20080) sin @ een 


For the linear element of space roferred to the transformed system we find from 
the above . a 








+ (Asin 6 cos o 











Jinenn ta + sino cos 9 X, + cosa Xa). 


ds, = -y ay ep + ae OP dui + Zr eg + Asin 6 + u coso cos 0)? du. 


U, Po ; 
n as cos @ du, 1% 6 
U; . 
sin Q ar, a dus, 
which gives for the surfaces u = const. the expression for the ‚linear. element 
which we have found before. 
24 








u + a 
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The. ae (28) and (30), which must be satisfied by 6; can be replaced by 
the total differential equation 





jp. (#29 eose — cose cosb sino _ ) du, 
\ cos 9 sin o — cosc sin O cosa , da 
:(31) a ) u 








x ee Go ‚sind da A =) 


+ Gos o \eoso Ju, du sino St, ug x ug 


* Since o ziehen equations (8), (18), and (19), the conditions of integrability of 
this equation are satisfied, so that for each value of x there is a general integral 
involving an arbitrary constant ; hence corresponding to each value of x there is 
` an infinity of transformations of a given A-system into similar systems. 

Bianchi* has called attention to the fact that if we introduce a new depen- 


dent variable in (31), defined by 

tan u =A, 
the equation in A is of the Riccati form and consequently when a particular 
integral is known the equation can be integrated by quadratures. From this it 


- follows that if a transform of a given system is known, all the transforms can be 


. found by quadratures.: But the latter admit the given system for a transform, 


and hence when the-transforms of a given systen are known the transforms of ` 
the former are given by quadratures. We shall find furthermore that e even these 
quadratures are unnecessary. 

We have'shown that if a surface of Bonnet S is transformed by means.of 6, 

and c into Á; and by means of 6, and o, into &, there is a function $ given by 
0, +0 

o—-O __ 2 2 
tan a tai ees 

2 01 — 0 2 

At sin ew ; T 








by means of. which and c, the surface S, can be transformed into a surface S}, 


and S, can be transformed into the same surface & by means of @ and op. Con- . 


sider now an A-system > and the associated pseudospherical system P. Let 6, 
be a particular solution of equation (31) foro =c, and 6, a particular solution 
for o=0,. The former enables us to transform = into another A-system 2, and 








-* Lezioni, D, p. 540. 
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P into the caii pseudospherical system P}; in like manner we pass from 
> by means of 6, to an A-system S, and from P to the associated pseudospheri- 
cal system P,. If the surfaces of 5, are transformed by means of @ and: o, we 
get a family 3, which is the same as is obtained from >, by means of @ and oj. 
In a similar manner we get from P, and P, the same pseudospherical system Py. 
- But Bianchi has shown* that the system P, is a family of Lame, and we have 
shown that the function which transforms one family of Lame of A-surfaces into 
` a family of ‘this type leads to a similar transformation of all the Combescure- 
Darboux transforms of the given family. Hence we have the following theorem 
of permutability for A-systems: 

If =, and X, are two triply orthogonal A-systems badii to a system & by two 
transformations of Bäcklund of constants x, and xz, there is a transformed system of 
B, of constant x, which coincides with a transformed system of. B, of constant x. 

From this result we pass at once to the following theorem: 

If one knows how to find all the transforms of an A-system Jor all gilia of x, 
the determination of the ae of the latter requires only algebraic processes and 
differentiation. 

l $5. Weingarten. Systems of A-Surfaces. 

- When in particular the function U; is a constant, which without loss of gen- 

erality can be taken as unity, the en (8), (18), and (19) reduce to 








Fo a 
oe Oa = = sing cosa, 
De a7 1 ye do 1 d Fo | 
(32) uy COS @ zu a ra + sino ou, Ous dug’ 
2, 
3 (gi en REN ; 
BIN @ Oty OUy ee CO8 O Ot, du 
Fo - da ðo Fo 


Judu 0%, mca pe no rd‘ 
Bianchi has shown that this system may be replaced b the equivalent s stem 
y P y q y 
| En, = sin Q COBO 
out Ou ~ 
1: . 


(83), 
l \cos @- ou, sch) + see (A) S- = F (us), 





*# Lezioni, II, p. 541. 
+ Bianchi shows, 1. c., p. 528, that the total curvature of one of the surfaces u, = const. is m. 


t Lezioni, II, p. 550, 
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` where F (w) is a function of us alone. .Three cases present themselves accord- 
ing as this function is positive, zero, or negative. As no restriction has been 
placed thus far upon the parameter ws, it follows that it can be so chosen that 
we have the three cases 
(34) P(u)= +1, Fug) = 0, Fü)=— 
From (4) and (22) it follows that, for all of these cases, when the surfaces 
uy = const. are pseudospherical we have 

| En tano, en ‚= cota 

Pat Paz 

and consequently all the surfaces u, = const. ‚bave the same, total curvature. 
Since Weingarten was the first to discover the existence of pseudospherical 
‘systems with this property, Bianchi has called them the systems of Weingarten. 
In consequence of this we shall refer to all systems for which U; is constant as 
Weingarten A-systems. 

Bianchi* has shown that a Backlund transformation of a system of Wein- 
garten of any one of the three types (34) leads to a system of Weingarten of the 
same type.. Since all of this refers only to the an en we have. 
` the theorem : 

Backlund transformations of an A-aystem of any of the Weingarten types give 
. systems of the same kind. , 

If we denote by 6 the angle which the ee oral to a curve of para- 

meter u, drawn in the positive direction, at the point where it meets S makes 
with the positive direction of the tangent to the curve = const. on S through 


the point, it is found that Rs 
cos 0 = > 2 210g H, 


sin e i H, 


which, in consequence of (15) and (16), become for the case where F(u,) is zero 


in (33) al er nn Os T 
a COB @ du, Im’ = =, Oty, Ouz- 


Since œ must satisfy equations (18),.we get that 6 must satisfy the system 


Sar + Bay = — 008 8 sin o, 
1 . 
= + = sin 9 oos o, 


- (34') 











tIb., p. 562, 
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and from the preceding we have 

cd Go „sind a 

cosa du rn Sin @ OU, du, © Oty = 
But these are the forms which equations (28) and (30) take for x equal to unity 
‚and c'a right angle. Again, since F (ug) is zero, the second of equations (33) is 
of such a form that there is only one value of 0 satisfying the above equations. 
Hence the theorem: 

The osculating planes of the curves of parameter uz, at the. intersections of the | 
latter with the surfaces ug = const., envelope complementary transforms of the surfaces 
U = const. and form the only system of Lame composed of such transforms of the 
given system. 

l Since it was seen that x in (28) is a constant, it follows that for o u be a 
right angle U, must be constant. We have just seen that when F' is zero there 
is only one transformation of this kind. In a similar manner it can be shown 
that when F is positive there are two transformations, and none when F is 
negative. 


et 


86. Systems of Moulure Surfaces. Lines of Equidistance. 
We have seen that, when œ does not involve ugs, @ also is independent of ` 
this parameter. We shall now consider this case. 
Equations (8), (18), and (19) which determine o reduce to 


Co. oa sgin @ coso ` 








, k oo = moe, 
1 COS @ 1 da F% 
U; fe T ai CO8 Q a Ou, Aug 9; 





ð 1 -)= 1 sin T)» 
du, \cos o mi Big Us Se 


of which the last is a direct consequence of the Arsh two and Hs can be 
replaced by . 
oe 

(85) ae = 
where c is a constant. 
The general integral of this equation is 

cos o = sn (t, x) 

where i 


r=- +A) =T 
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"the functions f and U, being arbitrary functions of u and a an arbitrary con- 
stant. From (7) and (15) it follows that H, and H are independent of u, and 
hence from (14) it is seen that A, is a function of u, alone. The first and last 
of equations (27) for the Sn of & are satisfied identically and the 
second reduces to ` 





ae dw . 18a vo: 
36 o 2 

K i Ton bt a (34) Lena. 
- For each integral of this. equation the corresponding functions F, and F, are 
given by (20) and-(21) and then the.triple system is completely determined. 

Since o does not involve w, the spherical images of the lines of curvature 
u, = const. on the surfaces % = const. are great circles with a common diameter. | 
and consequently the latter are moulure surfaces, and for the surfaces the curves . 
u, = const. are geodesics, which is evident analytically owing to the fact that A, 
_ doesnot involve us. Moreover, the functions M; are independent of u, and conse- ` 
quently the lines of curvature w= const. on the surfaces w, = const. are 
geodesics. Again, from the general expressions (4) for the principal radii of the 
surfaces U, = const. it is seen that the latter surfaces are planes—the planes of 
the lines of curvature ‚in one system on the surfaces us = const. and u, = const. 
From this it follows that the latter surfaces also are moulure surfaces with the 
same cylindrical generator as the surfaces ug = const. Since the most general 
_ moulure surface is generated by a plane curve whose plane rolls without sliding 
over & cylinder, ‘it is evident that the most general triple system with a family 
of moulure surfaces is obtained by tracing a family of curves and their 
orthogonal trajectories in a plane and rolling the plane over the cylinder, thus - 
generating two families of moulure surfaces which together with the different 
positions of the plane form a triply orthogonal system. 

Consider now the case of Weingarten systems of moulure surfaces; without 
loss of generality we can put U, and c equal to unity in (35), in which case the 
latter reduces to l . l 


` Oo j Fi 
(37) Du = sin a, 
“which can readily be integrated giving l 
wm o htsa . 
(38). : tan -> =e s 


where f isan arbitrary function of %; but as no particular choice has been 
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‚made of the parameter u, in deriving the general equations (8), (18), and (19), it 
follows that in all generality this function of us. can be replaced by u, alone. 
When this value for is substituted in equation (36),.the latter becomes 


ur 020) == 0; 
p= fr) dus +.) (uy), 


BIN Q 


of which the integral is 


where x and 4} are arbitrary functions. When this substitution is made in the 
second of equations (21), it is found that 
| oy 
i= Bi 


and from the first of equations (20) it follows that F, is an arbitrary function of 
u,. Gathering together these results we have the following expressions for the 
fundamental coefficients of a general: Weingarten system of moulute surfaces : 


= cs x, dit + yn +y, 


l Bin @ Bin @ 
: ; d l ‘ 
(39) Ay sin o | 2 +y |- Sram + FF, (up), 


m= | fee a 


where 4, F,, and x are arbitrary functions of t4, %, and ug respectively, 
We have shown elsewhere * that the linear element of a moulure surface ` 
` can be given the form 


de = Wid + [U,— FU co0m dry] de, 


where U, and U; are functions of u, and u, respectively and the function cos w 
arises from the choice of the spherical representation. At the same time it was 
found that the function U, determines the character of the cylindrical generator 
and U; the form of the generating curve of the surface. Comparing this result 
with (39), we note that the functions x and y determine the families of curves 
generating the two families of moulure surfaces and F, fixes the form of the 
_ cylinder. 





*Surfaces whose lines of curvature in one system are represented on the sphere by gient circles. Amer. ` 
Journ.- Vol. 25, p. 859, 
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In consequence of equations (15) and (16), the second of equations (33) can 


.be put in the form 
l 1 aH, 1 am a, 
FA 3) + + (az a =F (us), 





or, 
Gy ss nee = Plu) + 5 

where AH, fisietes the first Beltrami eet parameter formed with respect 
to the linear element of the surfaces ug = const. 

dè =H du? + Hd. l 

Upon these surfaces there is a family of curves, defined by the equation H; = 
const., which have the property, as is seen from (1), that along such a curve the 
distances to the next surface of the system are constant; on this account they are 
called the curves of equidistance. From the theory of geodesic lines* and equa- | 


tion (40), it follows that the curves of equidistance on the surfaces u = const. 
are: geodesic parallels when ® is a constant or a function of H,, or what is the 


game thing as the latter when ¢ is a function of 20. Consider now the case 
> . 3 $ 


it > 


: whereupon équations (21) become 
. 0o Fao p . 2 Io 

BIN © Zu, Madu ua (RS sine zu di EIER 
Ow l Op 2o 

cos @ Ja; z= C= ff eos o Ju 1w) PET 


8 $ : l 
If neither 2 o nor r -is zero, these equations reduce to forms from which 


(41) 





J' can be eliminated giving 
l . A 
| tana(¥,—f cos a2? dy) = Fi, — el o Fu ts: 
Differentiate with respect to u,; this gives 
soo ge (— f cos of? du) = 0, 


which is possible only in case @ is constant and -F} is zero, which leads by the i 
former equation to the necessity of the vanishing of F, We have seen that 








. Bianchi, Leziont, I, p. 198. 
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these conditions characterize the pseudospherical systems of Weingarten. We 
2 : Oe a ae : 

have seen that Pos oi: and TET cannot be zero,'so it only remains to con- 


„sider the case where the latter vanishes ; then $2-vanishes, and consequently the 
~ surfaces % = const. are moulure surfaces. The second of equations (41) becomes 


do y Ä op 
cosas, Sf =F— f coso 5? diy. . 


Differentiate with respect to us; the result may be written 


i r 00 
Fo PtP Tu un Oo 
Oe pee = tano gs? 


where primes denote differentiation with respect to the argument. This equa- 
tion can be integrated with respect to u with the result a 


g (22 = — log à coso, 


_ where the form of the function ¥ is not essential and 2 is a function independent. 
of us; this N may be written 


` (42) l | = F(A cosa). 


; Since o is independent of w, 4 also is independent of this parameter. Express- 
ing the condition of integrability ofequations (87) and (42), we get 


cosa F= (E coso—sin! 02) F'. 


As F' cannot be zero, we write this equation in the form 
F_ 9 sin 





(43) PT u cosa”? 
_ and differentiate it with respect to ug; this gives 
. u 
(44) | ro. 


Now differentiate (43) with er to u, and in the reduction make use of (44); 
_ this gives ` 


2 un A 
i = COB Out ` 
25 
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Since o must involve Us, this oe can be satisfied only when A is constant; 
hence equation (42) can be written 


See = F (cosa), 
in which case equation (43) reduces to 
F'__ coso 
FT sinto’? 


. from which it follows that in the most general case F is equal to sin o.. . This 
result and (37) gives for o the value 


tan T = te, 
which has been seen to be the value for all Weingarten systems of moulure 
surfaces. Hence the theorem : : l 
The lines of equidistance in a Weingarten system are geodesic rate Hia 
the surfaces Us = const. are pseudospherical or moulure, and only for these systems. 
§7. A-Sysiems with the Curves of Parameter u, Plane. 


It has been seen that when the surfaces u = const. of an A-system are mou- 
lure surfaces the curves of parameter us are plane curves. We seek now for the 


. other A-systems having this property and shall exclude from the discussion the 


former systems, that is, we assume that o involves all three parameters. 

From the expression (5) for the torsion of the curves of parameter u, and: 
the fundamental equations (15) and (16) it follows that the necessary and 
sufficient condition that these curves be plane is that o satisfy the equation 


(45) 





ð 1 2o 1 j= o: 
Ou, \cos O OU Ou / sin @ oid “7 
This equation can be replaced by the system 
1. Fo 
COB O OUy 0% 
1 ə _ si dw 
sin o duydu, PIA Duy? | 
where a is a determined function of u, and t4, and A is an auxiliary function. 
` ©. Ribaucour™ was the first to show that if one considers a surface S of one of 
the families of a triple system and constructs the osculating circles of the 


Jw 
ae. 


(46) 


- *Bianchi, Lezioni, II, p. 487. 
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orthogonal trajectories of 8 at the points of intersection with the latter, the double 
infinity of circles form a cyclic system. Moreover, Bianchi* shows that, if the 
orthogonal trajectories of S are plane curves, then for the triply orthogonal sys- 
tem of which the surfaces orthogonal to the cyclic system constitute one family 
the lines of curvature have the same spherical representation as for the given 
triple system. From this it follows that if the condition (45) is satisfied there is 
a corresponding A-system for which the curves of parameter us are circles. We 
proceed to the consideration of this special system. 

From (5), (14), (15), and (16) we have for the radius of principal curvature 
of the curves of Bee ug the ae 


, 1 ae | 
(ar) m rye da al cos © Oty 3 a) + ee o he au) | 
which by means of E (48) can be written 
1 ie 
Ky 9 


Hence the necessary and sufficient condition that curves sof: parameter % be 
circles is that @ be of the form 

(47) pHa, l 

where 4 is a function of w and w. Expressing the fact that this value of @ must 
satisfy equations (21) and making use of equations (46) in the reduction, we get 


ee [a pf sin og di |sin a, 
48 
( 8) E+ Z= | A vf cosa ge du | cosa. | 
Differentiating with respect to us, we get for the equations to be satisfied by a 
Oa a log a Fa ð log a _ o l l 
(49) Oig Ol Op: Ol Oy? 
l l Jo ` F log à Fo dloga _ 
. Juz Gu, ðu, | Gu, dw Quz =N; 
which’ are readily found to be compatible by’ means of equations (18). : If the 
values of à given by equations (46) are substituted in the above equations they 
are satisfied identically. Hence whenever o satisfies (45) in addition to the 




















`  #* Bianchi, Leoni, II, p. 498. 
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fundamental equations (8), (18), and (19), it only remains to determine y from 
equations (48) and then the A-systems with the given representation and with 
circular curves.of parameter ug are known. The compatibility of the system (25) 
of which (48) is a particular case, has been established and from the form of the ` 
latter it is seen that ẹ can be determined by quadratures. 

Equations (49) are satisfied identically when A is independent of wu. We 
shall consider this particular case at length. Now equations (18) reduce to 


Ca 5 1. əð3 ` i 
50) Oi ee ina em en : 
( 20 F ae ee 
tn SL OF COROT cog g Ou, sna), 


and equations (19) can be put in the form 


Z er a oa + cos o (x ~ m= == waar)» 


Of 1 i cosa © 

Se a de + in (#-m)]|= te Cr): 
Multiply these equations by cos œ and sin o respectively and add; again by 
sin œ and — cos o and add; this gives 





coso OA sino OA 


cosa u, Tsina du, T Bq) =0, 
1 


sino OA cosa OA 


(51) 
i cosa Ot, sin a us -H a aaa) = 





Expressing the fact that @, a8 given by (50), is a solution of (8), we are proven 
to the equation . ’ 


sino OA coso OA sA , 
cosa Ou, + sin a Ou + (x —n) sin @ COS @ 


+ gun (Kain Sap 08 a) + 3 (saeco reina) =o. 


Since a is independent of us, for the expression A? — T to be zero, both a and U, 


must be constant in which case equations (51) and (52) are satisfied. “Assuming 
this function to be different from zero, we eliminate it from the first of “0 and ` 
(52) and get 





(62) 





ginto. 3A coso da fa] of 1 2 i ae 
cosa du, tsina ou, T Ma J (Kos aa > n a)=0, 
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which is an impossible equation as @ cannot be independent of us. Hence 
when % is independent of us, it is a constant and the corresponding A-systems 
are Weingarten systems. Without loss of generality equations (46) can now be 
written 





l o = cos a ĝo: 
or COB @ OU, Oty — Er ’ 
(53) 1 Fo l 





sin @ Fie bu, tin a Se, 


' and equations (50) reduce to 


i a Bu, + Big = om a sin a 
(54) du, ' Quy i 
ae 0a Oa 


ut Bu, = — sin a CO8 O. 
- Now the expression for Fe, reduces to 
| y=, 
with ĝ a function of u, and t. Conversely for to bea function of u, and tay it 
is necessary (27) that 


a a a 1. Po 
COS @ Ou, du, ln, %) ‘Olly? sin @ OU, Oly =f (i, 4) $2, 


where f, and f} are independent of us, which reduce as we have seen to cos a 
and sin @ in (53). Hence the theorem: | 

Where @ is a function of u, and u, and independent of us, the curves of para- . 
meter u, are circles. 

In arriving at this result we excluded the case where either u, or u, does not 
appear ind. It was shown earlier that in this case the surfaces of two families 
of the system are moulure surfaces and the others are planes. To get the 
systems with & independent of t and us, in which case the curves of parameter 
u, are circles, it is only necessary to draw a family of circles in a plane and their 
orthogonal trajectories and rotate the plane about a cylinder. - l 

It remains to consider in this connection the case where &. is a constant. 
We have seen that the surfaces us = const. are moulure surfaces, which need not . 
be considered in consequence of the above remarks, or pseudospherical surfaces. 
From (47') it follows that in this case A does not involve w, and consequently 
both A and 4 are constants, so that A, is a constant. When equations (53) hold, 
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the second of (34) is verified; and when the latter obtains, the curvature R, for 
the corresponding pseudospherical system is constant, so that Bianchi refers to 
such a system as a system of Weingarten of constant curvature. We have then the 
following theorem : 

The only pseudospherical yelini for which the orthogonal ee of the 
pseudospherical surfaces are circles are systems of Weingarten of constant curvature 
and all the circles are equal. 

Now the equations (54) define the pseudospherical surfaces u = const. as 
the transforms of the pseudospherical surface whose linear element is 


dè = cosa du? + sinta du. 
Hence the theorem : 


l Every Lame system of PR | surfaces whose orthogonal trajectories 
are circles is composed of the Bianchi transforms of a pseudospherical surface. 


We have shown* that all the transforms under angle x of an A-surface S are 


arranged in such a manner with respect to S that the points on these transforms _ 
corresponding to a given point on S lie on the circumference of a circle whose 
axis is normal to S at the given point and consequently the circle cuts all the 


transforms orthogonally. Hence the transforms of an A- surface under angle 7 = 


form a family of Lame with circular orthogonal trajectories. . 

It has been shown} likewise that if an A-surface be transformed so that the 
tangent planes to the transforms make the same angle o with the tangent plane 
to the given surface the points of contact of the former corresponding to the 
similar point for the latter lie on the circumference of a circle whose axis is 
normal to the given surface at the given point. It is evident that for this case 
the curves of parameter u are not orthogonal to the surface, where we have 
denoted the transforms by % = const., unless o is a right angle. 

It remains to be seen whether there are families of transforms for ø a func- 
tion of u; such that they form part of an A-system. From our previous discus- 
sion it follows that all the pseudospherical surfaces associated with these trans- 
forms are the transforms under the corresponding angles o of the pseudospheri- 

‚cal surface associated with the given A-surface. Moreover, the ‘A-surfaces will 








Tr un 


* Surfaces with the same ete. 1. c. p. 188, tL o. p. 152. 
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not form part of an A-system unless the associated pseudospherical surfaces form 
such a system. It has been remarked that the points of contact of the trans- 
forms of a pseudospherical surface of whatever angle o lie in the tangent plane 
to the given surface at the corresponding point. Hence for the system under 
consideration the curves of parameter u, lie in the tangent planes to the given 
pseudospherical surface and hence cut the tangent planes to the transforms under 
an angle different from a right angle. Hence we have the theorem: 

The only family of Backlund transforms of an A-surface forming part of an 
A-system is the family for which o is a right angle. 

This result suggests the inquiry as to whether all A-systems with circular 
orthogonal trajectories and with & a function of u, and u are obtained in this 
way. For this case o is given by (53) and (54), and equation (8) in which U; 
has been replaced by unity. Equations (54) give a transformation of angle 
‘a + 7 for each of the surfaces u, = const. such that the lines of curvature on all 
these transforms have the same spherical images, the linear element of the sphere 
being - . 

oa do? = sin’a, duf + cos’a duž. 
The linear element of.each of these transforms is of the form* 


OH, a . 
Sa + Beg -— 2.0080) du + co Hee asina ) du, 


d? = 
where à = H; coso + H, sino. Itis evident that H,, H, and o are functions of 
ug. But by means of (12) and (53) it is readily found that the coefficients in 
the above expression are independent of us, so that all the transforme coincide. 
Hence the theorem: 

The A-systems for which & is a function of uj and u, are composed of the trans- 
forms of an A-surface and their circular trajectories. 

And since equations (53) are a consequence of (54) we have the converse 
nenn 

` For all A-systems Smed of the complementary transforms of an A-surface the 
Junction > is independent of ug. 


$8. A-Systeme with the Curves of Parameter u, Plane. 


We have seen elsewhere} that the lines of curvature`in both systems are 
plane for moulure surfaces and that there are certain A-surfaces on which the 





* l. e. p. 131. +Certain Surfaces with Plane and Spherical Lines of Curvature, l..c: p. 50. 
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lines of curvature in one system are plane. A-Systems with a family of moulure 
surfaces have been considered so that we propose now a study of those A-systems 
for which the curves, of parameter u, are plane. For this we must have* 


do, 
(55) I, sine, 
where u is independent of ù, or the equivalent condition 
l , da : | 
(56) ; i Su Asino, 


where X does not involve u. If these values be substituted in equation (8), the 
latter becomes l 


. Au Ws or 
(57) cos o = 2 M 2 i 
22 — y — 


Eliminating o from this equation and (55), we get 


l FA . 
c9, re 


` which upon differentiation with respect to u, becomes 


|" a ee oe) — Big = 


If Ot ig equal to zero, it follows from (57) that œ does not involve us, and conse- 


ug 
quently we should be dealing with a system of moulure surfaces. Equating to 
zero the expression in the parenthesis and differentiating with respect to u, we 
get . 





fOr l 
a LEN. 44 2% 0 os 
“Ou, OA fo Ou ze 
ou 





* Certain Surfaces with Plane and Spherical Lines of Curvature, l e. p. 50. 
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Upon integration this becomes 


(Ey h 2a +b, 


where a and 6 are at most functions of u. If this value be dubsiitated in (88), 
it becomes upon integration 


i i 7 1 2 1 
! en ee ec 2 
(68 let + 20 ( + py) + 
It is readily found that a and b cannot be zero at the same time. : 
For the second of equations (18) to be satisfied when o is given by equations 
(65) and (56) it is necessary that A be independent of 4, hence a and b are con- 


stants in the above expression. Noting this fact, we make a similar substitution 
in the second of equations (19) and get 


do ə . 0 N 
2 du, I + sin Den) = 0. 
If o be eliminated from this equation and (57), the result is 


[ee i) + B+ DIE Oe 


er 


which equation is found to be satisfied identically when a and oe are replaced 


by their above expressions. Hence given two solutions A and u of the above 
equations in which a and 6 are arbitrary constants and U; is an arbitrary func- 
tion of w, then o given by. (57) determines the spherical representation of a 
whole group of A-systems in which the curves of parameter u, are plane. 

By means of 02 the second of equations (21) can be reduced to 


(59) Fe = (Fin f cos of? dy)a. 
If this equation and (56) be differentiated with respect to u and cos o eliminated 
from the resulting equations, one gets 


do 0% 


dp Fo 
OU Ou,0U, 


i Ou, am =. 





+ 
26 
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“of which the general integral has the form 


where fisa function eres of w, and ẹ} does not involve Up. When 
this value is substituted in (59), it is found that 


Kaas 

and from the second of equations (20) it is found that F, is a function of t alone. 
Since @ must satisfy the third of equations (27), one finds at once that the func- 
tion f(u, u) is an integral of a partial differential equation of the second order 
of the Laplace type. The functions ẹ and F, are determined by the equations 
-of condition (20); it is readily seen that the equation for the former is reducible 
to the form of an ordinary linear equation of the first order. Later we shall 
find particular A- -systems of the kind which we have here considered in general. 

In the A-system of which the surfaces t= const. are moulure surfaces the 
curves of parameter u, and of parameter u, are plane. We inquire whether there 
are any other A-systems having this property. Now œ must satisfy equations 
(46), (55), and (56), of which, as we have seen, the last can be written 


1 2o 
ae n 


where U, is a function of u alone. If this value of Sebe substituted in the first 


of (46), oùe gets 
A cosa = U, 


from which it follows that A is independent of u and consequently a constant; 
and moreover « is a function of u alone. Again, since A is constant, the system 
is a Weingarten system and hence from (58') we have that u does not involve t. 


From the second of (46) and (65), we get 
- w= Asina tana, 


which is an impossible equation, since œ must involve u. Hence 
Moulure A-systems are the only ones in which the orthogonal trajectories in two 
systems are plane curves. ` 
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$9. A-Systems with the Curves of Parameter u, of Constant Curvature. 

We have met with pseudospherical systems for which all the curves of para- 
meter u, have constant principal curvature. We seek now all A-systems which 
have this property and without ORE of generality can take the radius of principal 
curvature equal to unity. 

For this case we have from (47) 


+ (60) = ad ine (ts @ By- ® (= 
In accordance with this relation we introduce an auxiliary function a defined by 
1 Fa cos a 22 
(61) . CO8 O Ou, dug =® “en: 
1 w: 


ain o fuu, P 8M un 
In consequence of these relations equations (18) can be put in the form 


pota fe 4 32) — 9° cosa cosa, | 
(62) 3 


ie = o tan a( se + Zo) — 9’ sin a sina; 


“and in place of (19) we have 





| . mt) 
£6 — .o tan ia e) H? cos a coso + i 
u, u Te, 
(63) l z) 
ee T u) 
psina gen 


Equating the above expressions for: 3p and 9 ug we et 
q 5 du, 8 


fies a "bu sin DI. 
8 m ; 
2), nae ou, 2 hi 
+ — = 
Siy 


o Gta; T du) 
(64) 
oita t Ou, 
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It is readily shown that these equations are consistent when the former conditions 
are satisfied. By means of these relations the equations (62) can be put in the 
form l 


COS a Ar 
2 w U, — 9° COS a COB a, 
Ui (A) 
U; ou, 7 H 





_ 3 : f 
g me oe 810 a SID Q; 


and these equations are consistent from what precedes. When these values 
are substituted in the first of equations (27), the resulting equation can be 
reduced to 


a, 15 3 ı j 
(aloe T) + 2cot 20 A bet, U, 


el Fo N 1 
+ | O OU, a) + au O OU; OUy an) e |=0 
Differentiate this equation with respect to u, ; the result can be reduced by means 
of (18) and (19) to 


(sin n Fo do ge =0 
81 @ COB og Oty Ou, 9) Ju 


In like manner differentiation with respect to u leads to 


(si a do do dU; _ 
a TRY Ju, Oi) Ju, T O 


Unless U; is a constant, the quantities in parenthesis are zero. For the latter 


case we have upon integration with respect to u 


=a tanto, at Je =b cot o, 


(65) 





where a and b are independent of us. For these equations to be compatible, we, 
must have 


= tant o + dab tan o see o — 3u = 0 
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‘which is impossible, for @ must depend upon t. Hence U; is a constant and 
(65) becomes 


(en) + ee (de 2) = 


so that & is equal to unity in. (60). Hence the theorem: 

Pseudospherical systems of Weingarten of constant curvature are the only A-sys- 
tems for which the orthogonal trajectories of the A-surfaces have constant principal 
curvature. l 


§10. A-Systems with Spherical Lines of Parameter u.. 


In a former paper* we have considered A-surfaces whose lines of curvature 
‘in one family are spherical. We shall apply certain of the results obtained at 
that time in considering A-systems for which the curves of parameter u, are 
spherical. 
"One must have} 





(66) l H= a sin o + 8-5 
where a and @ are ET of Uy and U. From ne first of (7) it follows that 
a Fo 
l = og, 07 +8 Gut 
(67) A,= — weton Tr , 
and the second of ou be m 
BCE a ne — sin O a a 
OM [2 Po Fo Pa Mi 
Oily du, Ou Sed Sey dp T 50 (Su a) e= 


Differentiate this Sgio with ‘respect to t4, and eliminate 5 and 8 from the 
Poeun equation and (68); this ae 

ee oe dw Jo Po 2o Fo 
u By O a Dun Sty, 0 an 


AE 


= 0 
F Fo 09 no 
7 [wet Fe Fin | | u Oud x Su Oy 


Sn (Su) | 


(69) 








* Certain Surfaces with Plane or Spherical Lines of Curvature, 1. c. p, 60, 
tib., p. 61. 
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an equation which œ must satisfy. From the first of equations (11) we get 


u da do 1 da 08 B a 
(70) . m= tse te tom + aa Bu, I, T sina Oty di; |. 





If theng expressions for H, and H, be substituted in equation (1 6), it becomes 


(71) [eoso nu ao de sin o TE — tano > do do 0. 

Ou, du, wa, Bi Jus u, dug Ou, Su, | 
Differentiate this equation with respect to u, and eliminate a and aa this gives 
the following additional condition for o 


(coso do Jv E >) E Fo Fo Fo 
Ju, Quy u Ou, OU? Ous Ou Ou, Oty 


(72) | ane (Sa) Stuy u 
8, 
= (sog 0 2 _ sin ose a) ao Bit Bar Ou, +; a Al 


It je readily seen that if œ satisfies (69) and (72) in addition to the indama 
equations (8), (18), (19), it remains for H, and 4; to satisfy (12), which by means 
of (68) and (71) can be brought to the form 











a B sin o a nn a tan o a + Atsina 

a inte 
. = ee dus T coso A) I 
where 


Q= Fo cot + tan A a 
u dug ode J =O © Gilg Itty Ug 


By means of (68) and a differentiation with respect to u,, the functions a, Ê, 


and ae can be eliminated from (73) thus giving another equation of condition 


for o. When all of these conditions are satisfied equations (68) and (71) can be 
written . 


; ð ed 
| (74) = aĝi, ar = Bos, 
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where œ, and œ, are known functions, unless the lines u, = const.-are plane, and 
equation (73) is of the form l 


TE 
Ad +ua= o0, 


with A and u known functions. Hence unless A is zero, a is given by a quadra- 
ture and 8 directly from the second of (74), but the values so found must satisfy 
the first of these equations. When A is zero, the determination of a requires the . 
integration of a differential equation of the second order and 8 follows directly. 
Several particular cases of the foregoing problem can be solved and are of 
interest. 

Consider first the. case where 


doa Fo Oo an (Se 
du, du, ow cn no 


~ which by integration with respect to u, becomes 


1 F% Jù 
ue Cosa Anden ~ P Bay? 





“Babi, 


where p is a function independent of u. If this value be substituted in the first 
of equations (18), one gets i 


1 Fo . do 
aino yOu, ` Ot Se 2 st + Pad 
For these values the second of a (18) becomes 





= Zo Po Fò P (ee 2 do _ 
Ou Orc d audi 
Then equation (72) is satisfied and also (69), as has been seen before. It is 


readily found ers for this case Q is zero. Hence when a is such that the ratio of 


Lay 
<= m a3 Bu, ande is independent of w, there is a double infinity of A-systems 





for which the curves of parameter u, are spherical. From the investigation* of 
pseudospherical surfaces with spherical lines of curvature it follows that: for the 
pseudospherical systems associated with the above A-sysiems the curves of para- 
meter u, are spherical. 


un 


* Certain Surfaces with Plane or Spherical Lines of Curvature, L c., p. 62. 
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If we have . 


(76) cos oe so -sino gp pg ® 0, 


that is, if the lines U, = const. on the surfaces ee are ‘plane, na this 
equation is differentiated with respect to u, it can be reduced by means of (18) to 


do i Fo 
(77) cos o gu me anog de N 


By means of (76) it can be shown that this equation satisfies the condition (75). 
Moreover, the above equations can be written 


a (ain ou) =o 3 Gite 3) = 


from which it follows that 





(78) | tan = F (u) +4 (w, w), 
where F involves only u, and 4 is independent of this parameter. From this we 


have l 
1 Oo ay ` 
(79) Bin @ Ouy = Duly ? 


and recalling the discussion for curves. %= const. oa we remark that must 
satisfy the condition — 


(aa) = G atn] layer 


where a and 5 are arbitrary. constants which cannot be zero simultaneously. 








Again we have 





so that for the determination of F we have the equation 
| Fi? = FA 4 oa FP 4b. 
Enneper* has Raven the first integral, of this equation in the form 


—=Ma—Acosh 2F F Bsinh2F,. 





* Göttingen, Nachrichten, 1868, p. 258. 
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aher A and È are constants bound by the elato - 
a nn Fa Bi AP b+ 30. 


For‘ this value of o Statens (68), (71), (73) vanish identically 50 thit aand 8 . 
are arbitrary functions of us arid uw. From (7 9)-it follows that the expression. for - 
l H, can be reduced to l 


min (ara ay, =. 


consequently the linear element of space for me ann can be written i in the 
‘ form > 


. de =a? sin? a a ie (e on o + sina th ec + m [i + acota offa dug. 
en f Ju, | | 
Hence we rave the theorem: >, Rade ie Je i 


: A function o “given by (78) EBENE the spherical representation of an infinity i 
' of A. systems for which the curves of pormal i are circles. 


$H A Systems sith the Sore hy = const. Sra f 


one the definition of the. function a. in ( (66)* it follows that. ‚the vanishing 
of q is the necessary and sufficient condition that the spheres, upon which-the ` 
-curves of parameter ` u, lie, cut the ‘surface’ orthogonally. , From the theorem of 


Darboux } that, when the surfaces in two families cut one another orthogonally - ` 
in the lines‘of’ curvature of both’ they form part ofa triply orthogonal system, it . 


follows that the ‘vanishing of a is the necessary and sufficient condition that the 
- surfaces w = const. are spheres. 4 ne 
For ı á to. he:zero it is necessary in (68) that 








ue . 20° Ba a: Pa l 
KOR T Be a Oy, Er out Dun di T oe 2 (22) me Dé out te 
and from (a i) it is seen that either 8 must. be on of tu, or the lines 

= const: be plane on the surfaces th = const. Let 8 be independent of uj; the - 
i only other equation of condition to be satisfied i is a . which reduces to, ' 


"Jo Ba Po Oa 5t oy a ; 
"Bia On BH BH > taz O ls 








Ale » P: 69. 
t Bianchi, a p. 454. 
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and an integration with respect to ly gives . l 
5 ae l 1 Fo - æ ` í i l on Aoi 
6D DRE T i -Sno Ou dug Dig? l 

where c'is.a function independent -of Une. Proceeding with ($ 1) in a manner 
analogous to the treatment of equation (75), we are bronght to (80). -We have 
- then the theorem : ` 


l Him the: a representation f an Aesyetem ig aon that the ‚ratio 0 of “en 


1 Fa 


‚Sin O Ouz Og 
“the same spherical representation and the eur "faces. Uy == const. are spheres 


The linear: element of these systems i is reducible’ to . 


% \2 ie = 5 
p Oo 
By vr ags Ui ee >) ia, x, 





and ei independent of Ua. there exist an- infinity of A- -systeme with 


t ` ¢ 








De 


`. where JU, isän arbitrary funetion of Us, ‘alone and the prime denotat diferentia- , 
tion:- ‚From the expression for the principal radius pg in (4) it is found: that po, - 
is. equal to. U;. ‘Consequently when. U; is given a constant value all the ‘spheres 
have the same radius, - 

‘It can be shown that the condition that the lines of parámeter u, he Dane; i 


a fi oe 
D nandy I cose so) = = 0, satisfies (81) ; in a manner similar to that followed i In’. 


‚the discussion of, equation (78); and. the form of @ can ‘be detérmined ` in’ an 
analogous manner. Hènce:-- >. 2 2 
„Among all the A-systems with the lines of parameter. Up ‚plane and having the - 


- same spherical repr esentation, ihere ts an n infinity for which the « sun, faces U, = const. 


3 are spheres. 


The linear eloment of these oo is reducible to (82). For this “case 
. l ` EA R x = g peo : : ` 
COB G Q on = fa. Pe oa i . 
“where J isa function of u, alone. When Ù; in GE is replaced by the reciprocal oF 
of h the linear element becomes l 


_ de = cos? edi + to d+ U3 Dae, i 


BD ati 


ps 4 
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` that is, ie corregpondiag a is ee Biaichi has. ‘considered * 
_ these systems for Uzia constant and has shown that the surfaces ’u, = const. i 
` are surfaces of Enneper with the same axis. ‘When in particular Uj is a constant, 
these surfaces “a= const, ‘are surfaces of oe they have been „discussed by. i 
Bianchi. poo ; ; , i 

Having thus ae the case where B is independent St Uy. in (71); a 
` remains to discuss the case where the lines.of parameter u, are plane. . Since par . 
must be a “function of u alone, it- follows for this case also that B is- a func- - 
4 tion of u, alone. ` Hence: ; : ZZ 

‚Among the Asyana having the same s ilera representation , and HR the 
Rea of parameter a circular, there is an infinity, for which MR su Jaces y= const. 
are spheres. 


§12., P Systems with One Family r Sun ‚Faces of . Bianchi. 


We have shownf that among a group of A-surfaces with the same spherical i 
representation there are certain surfaces which have- the property that the 
` spheres described.on the segments of the normals comprised between the centers 
‘of curvature as diameters cut a fixed sphere in great circles, or orthogonally, or 
` -all pass through the center; these we have called the surfaces of Bianchi of the -~ 

elliptic, hyperbolic, and ‘parabolic types respectively. - We seek for A-systems in `` 
i which all the pariaan in-onẹ family are surfaces of Bianchi of one af the theag ` 
types. i i 
ger a pseudospherical surface S with: the linear element 
(83) DE Bees ge = ds "= cost dui + sin’o dig, 


where o is a particular solution , of the last of equations (6). . By X, Y, AF 

_ X, Yp, Z we denote the direction- -cosines of the directions of the lines of curva- 
., ture ty = const. and u = const. on this surface, and we define two >, functions a 
~ ‚and B by. the equations . | 

da 











: cda ee 
ot fy, Ja ne n "0 Esin sino, 
(84) 2 f ; 
` ( ) ` : 7 = ` "aB 
a chs = sin 8.009 0}, On =— e 0059 sino, 
f “Annali rol 14, p.115. u i ; ee. eas ai ' A 


` +Annall, vol. 13, p. 52 : 
HEUER. with the same ete., 1. c. P. 130, 


ka ta 
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hen 0 is a aE of the: system. (34'). “Following. the method of Bianchi we l 
N found nat a ‚surface of the. parabolic type, 2, with the spherical rn u 


; do? = cos? 0: en + sin? 6 dg 
` is given by 


(85). = = (eooo 46 sin 8) ET, sin 0 — cos 0) X, 
and snalogous expressions for n and- ce “The linear element i is 
, (88) + So dè. = (e* cos + Bain 6) di + (hin 8 — 8 cos 0) de. 


iaai solution 0 of equations (34) gives a corresponding surface > and now 


we inquire under what conditions all of these sur faces constitute’ a family of Lame. > . 


It is clear that the. pseudospherical surfaces having the same spherical represen- i 

tation as these surfaces are the complimentary. transforms of the surface S by. 
. means of the function 6. Consequently ‘this function satisfies the equations of 

éondition (8), (18), and (19), and since H and H in (86) satisfy ‘equations (7), | 
the: ‘only remaining condition is. (12), which | in’ consequence of LED can be 
. reduced.to 


(8 D 


\ 
N 


ehren fae nam 


{ 


ee Brom this it is seen: that, when. a is known, Bis: given. directly: and it is readily oa 
shown that this” value ‘satisfies: (84). Since o in (8 3) i is independent of Ug, pana- 
tions (34) become IOR differentiation with 2 tO Ug, o PS . 


GPs nk 1 = nat, 
BB) De, 
Be 1.89 ab. 


„sin in 6 Judu. = J? 
l so that the first of equations (84) may Þe replaced by 
' es OO 
st ' Ou,du; Oa, Otgutg 
Bu 00.7» a. 


"From whigh i follows that pe Nt te oP 2 ie Bee Ge 2 


' 1 
ate? 
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vi Uz i is an aibitrany f fanotion of“ ge. ‘Then from (87). we are F a 


pele 
TE BE Ben de s 
+ . A p os i Ow i a ` oe pe. 3 


where the prime. denotes, differentiation. ' By` means of (11) the: coefficient 4, i 


-i8 ey found, so that- we get for the linear element of the pe 


(09) dA (4 cos 0+ Bain OP ak 4 snd Betas (02 7 Sr che. 


) From (88): it follows that the lines of parameter. u in this aysiem are plane 
Lto Curves, =. | - - i z . 
. We consider now a a pecindospherin system of Weingarten, ih the linear Er 


element‘, 


(90) BERN de ooto de sinto at + (2 a, 7 


and i inquire Inden what conditions: ‘each of the pseudosphorical surfaces din a 


complimentary: transform. with which i is associated a sutface of Bianchi of the” a 


i _-pařabolic type in such a way. that ‘the latter. surfaces form a family. of Lame. 
From the results of the general discussion of Backlund. transformations it follows 


that, @ for the. transformed system must. be a solution, of equations Gy) and AS”) 


\ 


u or which the latter. reduces to 


en a a e E iO Fo. sind Fo ' w Prd = 
KO ts wW cóso Dun Om t aino du, dus +2 = . 





We have remarked, that such. a solution i is impossible when: Fu) in.(33) is nega- - 
+ tive and subsequent developmenta will show that for the case under discussion - 
F(u) cannot, vanish. Moreover, it was seen that 6 so determined satisfies equa- 
“tions (8), (18), and a 9), s0 that only i) and ua a): remain 1 to. ne considered, . But. 


. the former. is satisfied by - rer ae 

| H= ecos 6 + Bin, i e Boss | 
: and then is latter reduces to: (8 7). ‘Differentiate thé latter with eee to Un; 
T by, means s of (34) and (84) this can be reduced to 


er ge | Fo „oa 
os ee mt le sin de = 


E i Fi vor 


a š a i 


A 


a, 
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Biiminatibg 6 between iin equation and: t87), we. get i l 


A >o af 1 0" a. 
| (88) i CETT Go Er 


If the expression i in ce. were zero, equation (91) mould reduce to 








Sino, en, 


and consequently ihe original peeudospherical aystem would. be one of constant 

. curvature, which has been excluded: .Hence a is given: by (84) and (93) to, 
"within ‘an additive, constant and @ directly. by (87). All the’ conditions. of: 
integrability are found - to be satisfied and consequently we: have a family of 
surfaces of Bianchi of. ‘the parabolic type with the linear element (89) where 
a and B have the above values. The above results were -obtained by. Bianchi * 
by a straightforward treatment of triply orthogonal systems, but we have seen 


. fit to‘deduce them in a. different. manner as an example of- the general theory of 


transformations of A-systems“ and especially as. they furnish the basig’ of an 
l investigation of the possible existence. of systems , of surfaces of Bianchi of thé | 


,. - elliptic and hyperbolic types. : 


‘In order: to make clear our ‚procedure it is necessary to RE a “theorem of 


Bianchi: + If one takes any surface X of the ‘parabolic. type and a sphere & 


with center at: the origin, the circles normal to 3 and which cut. the sphere in dia-". 
metrically . opposite points, or orthogonally, admit an. infinity “of normal surfaces 

_ "which are in every case surfaces of the parabolic type and. the axes of these circles. 

© are ċut orthogonally by a-family of surfaces of the elliptic ty ype in the. former ` case ` 
= and of the hyperbolic. type in the latter case ; when Sy reduces to a point the surfaces 

normal to the aes aré~of the ‘parabolic aie. ‘Hence: with every surface of the: 

parabolic type we can adjoin a surface of the pls, pypetbolie or Beer x 


= type after the above manner. 


Let the given parabolic surface = be defined by (85): Then the en golat 
coordinates of the adjoined surface aret | 


ER 


0) w= [hfe er Haet} oos -+ Bain 0] X, + [die erden 
ee Ne ae a an ia 








“* Annali; ser. 8, vol. 24, p. 876. 
+ Annali, vol. 24, p., 367. 
‘ | + Annali, ser. 8, vol, 24, p. 868, | 
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and similarly for 4 jand Z, whai is given: bys Mo o = : 2 


E =p A (PH it} oost Baa ina, oe 
- (95 
u = je + se} sind — p cos] oma, 


where x being constant. which is positive or ‘negative according as “the surface i is 


- of the elliptic or hyberbolic type; and vanishes when it i is of the parato type; 


and o is given by (34). For this case we have’ : 
(9) rae O, H=} Fie + (B+ x) e~t} coso + taina, 
oe 24 - A, = 4 je‘ ++ xem }sin o — t cosa. 

We consider now the parabolic system whose linear elementi is given by (89), 
the function a being determined to within an additive constant by (84) and (98) 
- and 8 directly by (87), and determine. the. conditions. ‚under, which the surfaces 
` associated with these parabolic. surfaces in the manner mentioned above form a 

‘family ¢ of Lame.. These adjoined surfaces defined by (94), have the same spheri i- - 


7 _ `cal.representation as the pseudospherical surfaces (90) and consequently o: satisfies 


' -alb of the equations (8), (18), and (19). The expressions for H, and -H, given by 
(96) satisfy equations C) a the remaining condition (1 2) can be reduced to 


on ened yet} epee Bie Ele 


When the value fort ‘obtained’ from this aoa is ‘substituted in (95), the 
: latter become i in consequence of (87), = and (96) _ . 


“Oa. a \ Ox... y 
‚(eos a t 5080 Bee) 9 0, 
an f . "Be Ox. we er | 
i „(sin Ta He Da j Ouz = Š 
’ The quantities in the parentheses cannot vanish unless the original pseudospher- 
ical.system has constant curvature, which is contrary to hypothesis. ‘Hence x is . 
a constant, and when a and @ are determined in the manner remarked: above E 
_ there i is.a system with the linear element i 
e 7. 3 = [4 ë + (E + xe }oosa + tsino]? dug 
(98) She ee 


> +| HEEF) ACE 


"where t is given directly by (97) and all the surfaces of the E are of the 
etleptic, parabolic, or Ayperbolie types according as x iB positive, zero, Or negative. 
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Th our previous, discussion of surfaces af. Bianchi it was shown that thë com-:, 
` plementary transform of. the ‘surface, defined: by, (94), by means of the. fanction | ee 
= appearing in- these expressions ‘leads to ‘the surface (85) where `a, ß, O: are ‘the a 
same as in‘(94). It follows therefore, that the parabolic system with the linear 


‘element. (89).is one of the two A-systems: which are ‘tlie complimentary, tr ans- 
' forms of the system (98). ` The. other transformed system also is. parabolic, as we 


"have shown in considering individual surfaces, and the. linear elements of. the. 


transforms are given bye ," 2% ve Sa is eye. Shas 


a= fF} e (Be EIEEE (Bayer fend E 
ee ee (BH xem “jino — B cosb + 5 EREDA E 


ech 
- 1 np a, ; ; 
where # denotes the second solution of (91). ` oe = auge 
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Concerning a Certain Type of Continued Fractions N 
Depending on a Variable Parameter. 
By THOMAS B. McKinney. 
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\ Every system of continued fractions is based on a-defining equation related ° 
to a partitioned field with each part of which and as ‘its representative is associ- 
ated a particular number. 

The field may be any provided it be precisely defined, 4. e. it shall be pos- 
sible to determine by means of a finite number of operations if any given num- 
ber belongs to the field. The manner of partitioning is ‚subject to the single l 
limitation that every number of the field shall appear in one and only one part. ` 
The representative number associated with any part may be any number of the 
field; the relation, however, of representative number and corresponding. part is 
unique. The defining equation relates any number of the field and its represent- 
ative number uniquely. Otherwise expressed, the given number and its repre- 

-sentative in conjunction with the defining equation serves to define without 
ambiguity a third number of the field. 

28 
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In the process of developing a number into a continued fraction’ it is con- 
ceivable that the parts and their corresponding representatives and the defining 
equations, any or all, may change. It is sufficient if at every stage of this pro- 
cess these elements are determined without ambiguity and in accordance with 
the restrictions imposed in the preceding paragraph. 

Every system of continued fractions thus defined assigns to every number 
‘of the field a definite, determinate continued fraction. The effectiveness of a 
system so defined depends when the field is given largely on the particular 
choice made of the parts, representative numbers and defining equations with 
respect to the ease with which the operations involved may be carried on and 
with respect to the simplicity of form in which the results may be stated. 

A satisfactory and complete characterization of the defining equation, the 
field, the parts, and the representative numbers is the first fundamental problem 
‘in every system of continued fractions. A second fundamental problem arises 
in the attempt to define the numbers of the field in terms of the representative 
numbers, i. e. to assign to every number of the field a definite continued fraction. 
It is, perhaps, loosely analogous to a fundamental problem ‘in function theory, 
viz., to define the numbers of a system in terms of numbers of an assigned 
character. l 

An important- problem in the theory of quadratic forms is related to the con- 
tinued fractions arising when in a continued fraction in a given system the 
partial denominators, barring the first, are taken in reverse order. _ 

More fundamental is the grouping of the numbers of the field with respect to 
the properties of their developments; as, with respect to ultimate identity as in , 
equivalence, with respect to periodicity, or, more generally, with respect to the 
properties which serve to characterize the numbers of the field as algebraic or 
transcendental. : 

The system of continued fractions studied in this paper refers to the field of ` 
real numbers. This field is partitioned by means of a parameter A, the parts 
being termed intervals. The role played by this parameter suggests the name 
4-developments for the continued fractions of this system. This parameter not 
only affords the means of giving a wide scope to the investigation, but also 
throws light on certain fundamental phenomena which appear only in a subdued 
form in the systems hitherto studied so that their real significance has not been 
generally remarked. 

The element of symmetry has been introduced by a suitable disposition of 
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the intervals in the positive and negative portions of the field, — so that given 
the A-development (A=) of a positive number the like development of the 
corresponding negative number may be immediately derived. -The representative 
numbers are the integers lying in the corresponding intervals. This holds 
without exception, though an apparent exception arises when in the process of 
developing a number into a continued fraction it becomes necessary to subdivide 
the interval: In this case the representative number of the partial or special 
interval is the integer lying in the corresponding normal interval, whether that 
integer be within or without the special interval. 

With respect to genetic relationship this investigation. has its origin in a 
paper by Hurwitz.* The system of A-developments here considered is a direct 
generalization of Hurwitz “Die Kettenbruch-Entwicklung zweiter Art,” here- 
. after referred to as H,,. Save the lack of symmetry in the interval system “Die 
Kettenbruch-Entwicklung erster Art,” or H,,is to be classed with H,. The 
plan followed is substantially that of Hurwitz. His methods have been 
employed and his results incorporated whenever they served the purposes of this 
paper. Acknowledgment is made in foot notes. But the nature of the indebt- 
edness is such that a precise formulation and acknowledgment in all cases has 

not seemed practicable. l . 
For this system the A-development a= 2!) of X is fundamental. It-is 
_determined directly by means of the interval system and the defining equation. 
On this A-development taken as known is based the characterization of the 
A-development (A = 2’) of every other real number. A study of the A-develop- 
ments (A = X) of certain simple functions of A’ is made in §2 preliminary to the 
‘treatment of the general case of any number of the field. . 
In §3 a finite A-development (à = 2/) is assigned to every real number and 
a criterion is set up for deciding whether a given finite continued fraction equal 
numerically to a given number is the A-development (4 = 4/) of that number. 

In the characterization of infinite A-developments (A= A) it has been 

necessary (§4) to study the question of the convergence of these developments. 
It is shown that every infinite A-development (A= 4’) is convergent and that 
with exceptions completely specified every infinite A-sequence (à =A’) defines a 
number of which it is the A-development (A = 4’). 





—— 


* Hurwitz: Ueber eine Besondere Art der Kettenbruch- Ge Reeller Grössen, Acta Mathematica, 
Vol. 12. 
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Out of the study of the denominators of successive convergents of H,- 
emerged H,, as the reverse development to H,. With an exception specified by 
Hurwitz the relation is reciprocal. In the general case of reverse A-develop- 
ments (4 = 2’) aside from the instances remarked by Hurwitz there is but one 
other in the continuous infinity of systems here studied and this with an excep- 
tion—for which reversion in all its generality holds true. 

A comparison is made in §6 of several different systems dependent on a 

parameter A, so that the results of one system may be transferred in certain 
` cases to another system without the labor of an investigation ad inttio. 

In §7 the relation of A-developments (A= 4) of numbers properly equivalent 
is investigated. The result is to divide equivalent numbers into two classes: 
1.° Equivalent numbers whose A-developments (=?) are ultimately alike ; 
2.° Equivalent numbers whose 4-developments (A = 2/) are not ultimately alike, 
but are so related that the A-developments (A= A’) of the one from elements 
of a certain rank on may be transformed into a corresponding position of the 
- a-development (à = 2’) of the other by a very simple rule. The obvious exten- 
sion of these results to improper equivalence closes the section. 


§1. Notation and Defining Equations. 


To explain the notation* of this paper let f and g be any a iiae Ë < g. 
Then the expression 


fiz 


is equivalent to 


When, however, the greater number comes first, as 
rea of BO 
the interpretation is - - 
3g, oraz. 


We say that f and g determine an interval and, indeed, are its limits. To 
indicate that the relation of equality does not exist between x and a limit 
number f, or g, i. e. to exclude this number from the interval it is inclosed in 





* Hurwitz, Zoo. oft. 
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parentheses. Thus, the expression, or as we may sometimes say, the interval. 


equations ' 
l RR : a=f..--(9) SF<Y 
are equivalent, respectively, to 
l I<erg 
fiag. 


From the defaition of the symbolic equation (1) it a: that when % is 
any real number 


s+k=f+R....g+k (8) 
ke = kf ....-kg, kO, | (4) 
ke = kg .... kf, k<0, (5) 
k k k l 
— es... 0, - 
= 5. 620, (6) 
k ke k 
| zer he (7) 
From equations (4), (5), (6), (7), are derived the following 
w= fag, | (8) 
aeg... | (9) 
1 “1 1 
ent gO š (10). 
1 - 1 1 
ep gs l an) 


- An analogous system of equations follows from the definition of a (2). 
When eo 


| =f.. g = a . (12) 
an interval not containing zero, and 
GH he cost, (13) 


an interval not containing infinity then for - 


[ALA Lgl > Alt ll | 
aty=fthe...g+l. | (15) 
2.° Adopting the usual representation of real numbers by points on a 


right line, in fact, a closed line passing through infinity so that + œ and — œ 
are represented by the same point, we may interpret equations (1) and (2) 
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geometrically. The positive direction on the line is that of increasing numbers, ' 
in accordance with the usual convention, from left to right. Equation (1), or 
(2) now defines that interval which lies on the positive side of the first limit 
number, ¢. e. for equation ay to the positive side of f and. for equation (2) to the - 
positive side of g. 

In the immediate sec brevity of statement will require the Kronecker 
symbol sgn. x. This symbol is defined by the equation 


on == 


where x is real and not zero. When occasion requires a value will be da 
arbitrarily to sgn. x, x = 0. i 

3.° It will facilitate the treatment of the general case to have a notation 
which changes readily the order of the limit numbers. To do this we inclose the 
interval limits in parentheses with the proper sign prefixed. Thus: 


sgn.ef{a....b}=a....b 

when sgn. œ = + 1, and 
sgn. vja....b} =—b....—a 
when sgn. s = — 1. . 

We shall have occasion to refer to the interval limits a and b. a will be 
called the left interval limit and b the right interval limit. 

The notation of this paragraph will be.employed chiefly in section 3. 

4.° Now divide the series of real numbers into the intervals 


| (15) 


(MN... 1a; (IR)... al A) 
(PAD; AL (LAs IHR... (AHA) 
where A’ is defined by the interval equation ; 
a = (0) ....1. i . (16) 


- Every real number lies in one and only one of these intervals and every 
interval contains one and only one integer which is called the representative num- 
ber or integer of the interval. When x lies in the interval of which a is the 
representative number we pay that a represents x, or that x corresponds to a and 


write - 
ra 
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The satora of intervals (15) may be exhibited ania on a right line, 
thus: 


ee fix N l 
The interval limits are written in the intervals to which they belong. 
5.° Let a be any real non-zero number and on the basis of the interval 
system (15) form successively the equations 
: A 1 1 S 1 
D = h — —, =a —-—_, Ti = le a Bn S a? (17) 


Ti T3 Tg 
where 


t~a, . i=0,1,2,....,n—1. (18) 
Eliminating a, a,.-.-, 2, from end. equations the results may be 
' expressed as a continued fraction 

Lo = ag — a 1 


ay 7G 


ka T 
In- 7,’ ; 





or, according to the notation we shall adopt 


A (ao) = (do, Gy) ++ ++) yay In). co (19) 

Continued fractions of the type (19) whose interval system (15) depends on 

a parameter A we call for brevity A-developments, and when we wish to specify 

the particular value of the parameter 4 on which the interval system depends 

we shall write A-developments (A=). In §6 a fuller notation a) be used 
but there is no occasion to explain it at this point. 

When it is desired to assert merely numerical equality without affirming 

that the second: member of the equation is the A-development (4 =’) of the first 

we shall write 


x= (4, Qis». 5 Qn -1) Xa). l : (20) 

When the distinction between partial and complete quotients is not impor- 

tant do; di,- -, @,_1; a will be referred to as elements* of the a-development 
(A = 2) of a. 

For a given a and a given A, say 4’, the elements a), a,,----, Gn—1, En are 








uniquely determined so that the A-development (A= 4%’) of x, is unique. 


* Dirichlet, Zahlentheorie, §§ 28, 80. 
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$2. a-Developments (a =X,0 <N Z1) af Certain Functions of X. 
1° In this section as a basis” for the treatment of the more general case of 
any real number the A-development (4 = 2) of A’ and of certain simple functions 
of X are derived. The A-development (A = 4’) of every real number is limited 
in a very real, though untechnical, sense by the A-developments (A= A’) of two 


of these functions ; viz., er a), and (Fr) . While it is possible in 
af . a 


“any particular case to derive the A-development (à =A’) of a real number by 
means of the defining equations and the interval system (15), §1 directly, yet a 
general description of such developments involve the partial and complete 

: 1 1 bake ae A 
quotients in Ary) „and a=), That this description may refer ulti- 


mately to the defining equations and to the interval system (15), $1 alone, to 
these are referred the partial and complete quotients in question. Now ‘in the 





i = q is a complete quotient in A (A), this is done by find- 
ing A (A), directly by means of the defining equations and the interval system 
(15), §1; in the second instance by showing how from A (A), to derive 


first instance since 


(Fr), . In the further consideration of the subject the partial and com- 


; te Jame 1 1 : . 
plete quotients entering in “G=a) „and a(— ar will be poneidered as 
known. 
‘In the types of caahna fractions hitherto studied fee wa and 


a(— =r) do not play a conspicuous part. ForX=1, which is the case corre- 
sponding most closely to ordinary continued fractions 2 >) Ka 
a7 
Ga) = 2, 4 (77), = — 2; for X = Ae, e. for Hır. 
2) = & 3) 
a(— ).= EE PEE NEE TS 


a 1 1 3 
* The idea that A (m) and” (- wy should first be derived and that their partial and complete 


a(— sr) =—1; for nv = 4, which with very slight modification gives H,, 
a f 











quotients be considered as known, which effects a treatment of the general case, is due to Professor E. H. Moore. 
a = . 1 
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where the real significance of these developments is veiled somewhat ‘by their 
periodicity. . nn 

2° Since 0< 221,2» 1[81, (15). When Y=1, the a(a’), = 1 and 
this case is disposed of completely. When 2’< 1, then & is determined by the. 
equation 


ı=1— B= (5 6) : | (1) 
Hence l 
a (Aly = (1, &), i (2) 
` where , , . 
=pl HNA. DLHA (3) 


When £, is an integer œ, then 2(a/),, cannot be extended further than in 
equation (2). When £, is not an integer its corresponding integer a, is deter- 
mined by reference to the interval system (15), $1. Then £ is defined by the 
equation . = 


& =a, -E = (a, E) = A (6i). © (4 
‘From the correspondence of £, and. a, . 
a eT ee | 6) 
Es 
whence 
1 1 . 
; Bea (ar): : (6) 
Now by equations (2) and (4) 
2 (a)y = (1, Qi; Es). . , (7) 


When & is an integer a,, the process of development terminates with č. 
When £, is not an integer then its corresponding integer is determined directly ` 
by reference to the interval system (15), $1. &, is then defined by the equation 


eu; (8) 
For &>0, 
Ten, (9) 
and 7 
1 1 
b= pag a) . & 3 


29 i ' 
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for E< 0, 


E Em... 18, ow hell) 


and 
b=(q)-~ : — ö (12) 


In the more general notation explained in $1, 3.° Equations (10) and (12) 
may be briefly written 


& = sgn. alz aay (HI (13) 
Cooma equations (7) and (8) i S | 
3 a (A), = (1, Qi, dg, čs). l (14) 


| Again, when £, is an integer the process of development necessarily termi- 
nates with &,. When £, is not an integer it may be replaced by 


Am py 
where č; ~ a, and 


1 1 1,83 1 
= wel ah (15) 
. Equation (14) now becomes 


l (A), = E (1, Gy, Ag, Ag, É (16) 
This process of successive reduction may be continued as long as the last 
_ complete quotient found is not an integer. The result stated generally is 


2 (A), = (4, Oy, Agy- +++, %—Iy E.), (17) 


1 
z and 


8.41 sgn. a a (= ee t=0 En (18) 


+ & positive integer equal to or greater than one. 
. By equation (18) 





when u, ~ a, &— a, = — 


id h léi >L 
and, hence 
£ i lauılsı, t50, 1, do. 


When &, for any value of i i, say i=h, is identical with its corresponding 
integer, say a,, we shall uniformly write the à- abrelopment (A=) of A’ thus: 


AA) = (1, a, Qey. +++) Qx). i (19) 
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Applying the process just,employed in the case of 4’ to £, we have 
X (Es) = (Oty Me piys +++ tt, 1, 2... -i — 1, (20) 

where, for t= 0, a, = 1, and £,=%. u 
3.° To derive 4(—A’), from à (A); we appeal to the symmetry of the 


_ interval system (15), §1 with respect to zero. We have only to change the sign 
` ofall elements entering equations (1)—(17) to make the investigation apply to ` 


the present case. Obviously, this involves no change in the form of equations 
(13) and (18). Hence 


ee — Oy +++, —&_1 — &), : ; l (a1) 
where ai, ag,--+-, 01, &-have the values assigned: in equation (17). In like 
manner it follows that 


A(— Ee) =(— a, — His - 1, — &), t= 0, 1, E) i— 1. (22) 
4.° When &,>0, Ozt<i,andma positive integer, aoe. then, since 


£, — m corresponds to a,— m 


A (Ee — m)y = (yp — M, Og gy +++) iy £,), j (23) 


and for a like reason when m is any positive integer 
A(E + m)yv = (a + m, Qipi o Uai Eib , (24) 


When &,< 0, 0OZt< 4, we have, Ba to equations (23) and (24), 
respectively, the following equations :- 
l 2 (E + m)y = (a + m, tiste ta Wis E.), : (25) 
m an integer, OF m< |ë; : 
a (E; TS m)y = (u — Mm, +1) oe y %-1, E) (26) 


. m any‘ positive integer. 


5 To derive A (7) from 2 (A), grant that 


AA. (1, 21, 2,-- ty ny Enta) 
: . = (1, 21, g,- 2, Oegay- es Qi —15 Eu), 
where Ah is some positive integer and &,,1# 2. i 
By equation (27) 


(27) 
a E (28) 
A+ DE 


Fahrt (29) 


and 
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Equation (27) is a special case of the following: Let 
% = (a, Yis Ya .. "s Yas En+1), 





where - 
Then ees Samet ae 
ay == a Pa —1 (y) Eni Pn—s (y) 
~ p (Y) Be Pens (y)? 


where 
$ a k 


a= $ (DETIT 
Oo (y) = 1 and (y) = 0. 


a) aN — 1O. 
In this case 
—1+v5_ | 
. a ET, l (30) . 
and - 
1 pi 
Toy 2+. © (81) 
Consequently for the values of A’ now in question, the condition On +2 
is- always fulfilled and under the hypothesis of equation (27) 


| er nn ar i en 
Also, it is true that 
SIZ oe oe | (83) 


‚and, consequently, that a, > 2, which is consistent with the oe in equa- 
tion q2 only when h= 0. Hence in this case : 


í T 
fri =y O, l ; (34) 
and, consequently, 








RS gph te (35) 
Therefore, o 
u 0 
and | | 
ala m= =(h+1, En Det, —(m4—-), | (37)- 


. — g; - : yO -13 mih TKN 
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b) O< Wer 
Bearing in mind the hypothesis with respect to a,,,, we have 
1 
TELE LRN CES) ' (38) 


~ and consequently, 
2 — ay 1 


Bir ey Tg: (39) 
Hence : 
EEE REEE a(t ep) WH 
ry Ena I z BY I+% ad 
pe 1 
=(h+ 747). + Popa 
Now, for X = 7, 
1 
ht page tta ~ (41) 
and : . F l 
. i 
E ss Gunes . (42) 
Hence for the values of X under consideration a corresponds to A+ 1 or 
toh + 2. 
1 
by) a +1. 
Then 
(Zr) = (+1, 0 (43) 
and l 
l 1 
À (Zr) > (A + 1, —(%41— 1), — Gn 495- sey Oy E £). (44) 
at 
by) gr wh +2. 
In this case ; . l 
Ay a ee 
n ee (46) 
Since 
1 = 1 
h+it g 5h+1 +2, | (46) 
then 
1 
O< arti. (47) 
Now 


A+ ee a Ä 
el BEE) rnit (60) 
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ih order that 


. it is necessary and sufficient that 


j A A. ee «(1 + a), (49) 
or l 
1 1 
an= Gatt) et k. 60) 
By equation (47) &,4, is less than the greater limit of this interval. Again, 
since : i 


Entis any LEN, (51) 
then for 0 < A’ Zv, and for kZay4ı — 2, &,4, is certainly greater than the lesser 
interval limit in equation (50). Hence by equation (48) 


ae 2 ; 
% au, u) = (2 22, NER are 2.8 En Gaga + 2 : (52) 


Erti h+1- RET En 41 — Ong +1 
By the equation 


1 
io Br HE, 
. equation (52) becomes Atl 
y (ui ( 1 
ey ds, 2 + = 7! 53 
En+1 — PaaS ay Bay eas Fi + a ï) (53) 
. The further discussion of this equation presents two cases. 
1 
2+ ——m 2. 
b, J 1) + Ente 1 
_ Equation (53) now becomes l 
Enyi = u 
(ET) ge ay Če 


. Combining this with equation (45) 


1 PO 
a(sr) = (A+2, 2,, 22, REIT 20-39 22, (949 1), zen 4). (55) 


1 
De, a) 2+ baat j does not pormespone to 2. 
-= Then 
1 £ tal 
en 1, ar42 > 2, . (56) 
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and the further reduction of the last complete quotient 2 + En in equa- 
` 2 7 © Su E 4 


‘tion (53) presents precisely the problem of equation (29) for 0< A’ =¢, which 
has been partially solved under b), b,) and b). It may be included in the 
following: 


Let apps = arpg = -e aa — kann h, & positive integer. 
Then © m . 
EEE een E gee eG DER ee ee (57) 
Enpe — I Ente — LEA Enemy — 1 ; 


In this case equation (53) reduces to 
a (Er +1 
2 | a | 5 
a (Gris) = (22 wen cay hy EE: Boi): (89) 
© Ot may be remarked that for 17 =0 this equation includes the case specified 
under equation (56). 
` Now, when 


AE 1= (Fr A oi we oe | | (59) 
‚then by equation (58) 


& 
a( pun) = (2, Bjs oy ht 2, — (Enim+2—1)), (60) 
and the further extension of this development i is immediate. 

When, however; ` 


1 1 
Ssemta=pogtl----gth | (61) 
it is readily shown that 
2 Er m 3. 62 
Ar Tann ht x ) 
In this case equation (58) becomes 
fngi— a +3 
AGES Er = (2 2y,- : Sg 2.8) 3 +A, hasz), (63) 
Applying to p the process employed in the reduction of an, 
Rh+hh+3 A+17_ 
we have at once 
(u) = C 2z,- 2 en ori 2,. 2,» = 
Enta ar (64) 
9 eet — a A 2 f 


ahs Erta ian a + 1 
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By the equation 
; “I 


Ent m+2 Ohtat = a ae (65) 
equation (64) reduces to . 
(au) = (A, 2g- -3 2. 3+ A, 2, 2, .. ty 
aa i (66) 


E E +z) 
ari Ra aa <= 1 


-Hnough has been done to indicate the process by which the development in 
equation (66) may be carried to any desired extent. The result in general form ` 
-may be written l Cia 


a (gat) = - = (2, %, ER B A 83 3 + h, 2, Baze eg 2,8) z 
eee yf ee ie x) 





l I 
3+ Ås 3 + Ais 21, Dayerery 2.35 


2 =] 
R+Nit eres tats Ehtmt... phere rT: 


where, as in equation (27) .A-is the number of successive plus twos immediately 
following the first element in A (AN),; A, the number of successive plus twos 
immediately following a,,,; A, the number immediately following 41,48; --- -; 
h, the number immediately following a, 42,4144 ut ; 1; and where 


1 i 
t= a Rg eR as +h,1+s. (68) 
When Er 
1 
Een mG fue (- a) | (69) 
saata (67) may take the form i 7 
Erta 
C Cee - yai SE May iya By Eeee 


kimt? . : (70) 
3 + 1 21, 29, eg 2.-2, en (Ertmt.. thtt 1 1)). , 
a a~l 


Returning now to equation (45) it may be written in the form 


GE CA ee ee ee en ee 


B+ nis u, Ms, 2+ ei aa 
l Dib tA ta Ehtärh enter 


(n) 
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where condition (68) is satisfied. When in addition to this condition (70) is also 
satisfied, 8. e. 


1 1 
Ernten (A +1) tees (— ar) (72) 
then equation (71) takes the form 


i be | 
a(i) =(h+ 2,2, 2g, eeey Ba; 3+h, By ey 2. —8) 
N. 3 k+l EE (73) 


3 hy, 8h ~i; Qyeesey co Ca race thet ~~ — 1) 
; TAH 


In equations (69)-(72) h, h,,..--, A,_ı preserve the meanings assigned under 
equation (67). . 

6.° Every case which may arise in the A-development (A = 4’) ofr has 
now been considered. The results are contained in equations (37), ay (55), 
(60), (71), (73). From these equations may be drawn the following proposition. 


THEOREM I. A(A), and a (5) from elements of certain ranks on differ in 
a’ 


and only in the signs of their elements; or in A (Mi Berg By +1, 


1=1,2,....n—1,0<X2rauda (77 „is derived from 2 (X) by the rule 
embodied in equation (71). l 

7.° Asa convenient notation not only for this section but also for the fol- 
lowing let us write 


a (— 7,0 Bs, eg sn n), (74) 


ia positive integer not zero. 
` Let: y, denote the complete quotient corresponding to @,,t=0, 1, 2, i— 1. 
When ⁄: 18 an teger let equation (74) be uniformly written l 


en T m) 
Since a (— oe because of the symmetry of the interval system with respect 


to zero, is derived from 2. (Zr) simply by changing the signs of all the ele- 
P a 


ments in the latter it follows at once by Theorem I that 
. 30 =. i 
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TurorEM II. a (-) and à (A), are ultimately alike or nA (A) Errı <9, 
A nw 5 


1 1° : . : 
er Sra g tha 0, 1,.:--,n—1, 0< Al Ec, andthe elements in 


a (— a) differ from those in equation (71) only in sign. 
a’ 


In theorems I. and II. note that n may be taken as great as we please, or, 


if not, that the element in A (A), following a, is œ. 


8, i a) Xn (1 en Ay N 
There are two cases for consideration. 
a) 1N KN. 


In this case 1 — A’ ~ 0 and 
i a 
a (G — N, =0—- 1 = (0, = ry) = (0, Een £) 
, 1— A 3 i 


= (0, Bo oT Oa sty — Or- — Eade 


a) 1-NZAM. 
Here 1 — A’ ~ 1 and 


| a(L— ay = (157) =U, — Bi, — Bs, een — m) 


a . 
b) GE X 
2 1 
, za- fryt), 
and since £, > 1 formula (23) applies. Hence 
a! oe, 
(7), = (— (a — 1), — ag,- ve On—1) — En) 
a — 1 
925 7 
1 
a Gr- 1) 
1 formula oa again applies. Hence 
a! —1 i 
(AG) = C= Dy Ber Ben = Ma): 


In this case ` 





In this case 


and, since —; Be = 


(76) 


(77) 


(78) 


a) 


(80) 


(81) 
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9.° It will be convenient here to complete the treatment of the case 
partially dealt with under 4°; viz., à (£,— m),, m any integer. Because of the 
symmetry of the interval system we need consider in detail only the case 
m>£,>0. There are three cases: 


a) u — a = — 1. vos — X.. 
Now, since §,—a,~ —1 x 
E,—mSf,—a,— (m—a)-—(m— a, + 1) (82) 
Hence , 
re eee 
emmy =(— (me +1)— 1 
an Ka +1 (83) 
1 Se 
, == (— (m — l + N -E.H) 3 
Since ; 7 l i 
pan 
DER beng 
equation (83) becomes | 
i 1 
à (E; — m)y = (—(m—u + Dikya) (84) 


The last complete quotient comes under the case presented in equation (29), 


“go that we may say that A (ë, — m), and ali) are in the case under consider- 
ation ultimately alike. ; 
b) E — a = (— N)... 07 
In this case, since ,— œ, ~ 0, and &,—a,< 0 

i E — m E Er — a, — (m — a) ~ — (m — a,). (85) 
Hence : 
a en fH . | 
Em = — (m — a4) I = (— mn) (56) 


u 





Since 
TE 1 
E — uy = — En 
: t+1 
equation (86) becomes 


a (E — ty = (m), apis i Gena Éa): (87) 
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l c) &— a= 0... (V). 
This case is most conveniently treated under two sub-cases c,) and c,). 


¢,) &:—%—1~—1. 


Now : i 
bi — m = f, — a — (m— a) ~ — (M — a). (88) 
Hence - u ne 
aE — mw (- mn, )=- mo) (89) 

= (— (m— a), Ot 415 ie, ee | m En). 
c) &—a,—1~0. 

In this case , : ' 

£,—.m = £,—a, — (m— a) ~ — (m—a,—1). 5 (90) 
Therefore i ' 





EN i 1- z= = BEN: 
aE — m (m) mn): (02) 
It follows from the correspondence in equation (90) that 
| Ber 
Eri tl > 
Hence &,,;<.0. Now writing equation (91) in the form 


ak m) = (— (m-a + =p) (98) 


I. 092). 





-it is evident that its further reduction comes under the case considered in .equa- 
tion (29), where &,,, is to be replaced by —£,,,. 

As already pointed out A (,— m)w, &:< 0, m >|£,| can be derived from the 
cases just treated by considerations of symmetry. This, then completes the case 
partially treated under 4.° Accordingly we shall hereafter consider A (&, + m), 
tany positive integer, m any integer, as known. 


83. A-đevelopments (à =X, 0< X Z 1). | 

.. 1.° The object of this section is to derive the A-development (à = 3') of 
2%, £o any real number not zero, to discuss certain properties of this develop- 
ment, and by means of these to set up a norm whereby to decide when a given 
terminating, or finite, development is a A-development (A = X’). In a finite 
a-development all the elements except possibly the last are integers. ‘The last 
element may be integral, fractional or irrational, but except when otherwise 
specified, as in the last section following theorems I. and II., is in all cases finite. 

2.° The finite A-development (à= à’) of a real number ay, (a 0), .is 
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derived from the equations arising when to + the values 0 to n— 1 are succes- 
sively assigned in the eqúation l 
i 1 





a ae x, ~ Qi, a, an integer, (1) 
by the elimination of a, %3, ----,&_ı- The result in the usual notation is 
A (So) = (Go, a, or, Anm) nF i ` (2) 


To examine more closely the values of a,, a, ----, An—1; % it is necessary 
to make explicit and precise the correspondence of x, and a. 

When the correspondence of x, and a, may be completely determined by the 
unmodified interval system (15), §1, always possible for 1= 0, then 





u — a; = sgn. xf (— 2’) e Ce nea ern, (3) ° 
Li — a; = sgn. | Tara: (AN lal Sa, Ozin. (4) 
Since l 
; 1 
Ti — l, = — 
C44 


equations (3) and (4), respectively, give l | 
1 Be 
U4 = 880. SCOE (ap) p lal<a, ia; . (5) 


1 1 
mpi oem J... (Ir) lel w,ozi<n . (6) 


The intervals in equations (5) and (6) are composed of normal unit intervals 
and two special or end intervals. Each end interval has one limit number 
coincident with a limit of the interval under consideration in equation (5) or (6), 
The end intervals may in certain cases considered: later. be identical. In the 
discussion of equations (5) and (6) two cases present themselves according as 
normal unit intervals or end intervals are concerned. It will be convenient to 
consider first the case involving only normal intervals. 

3.° Normal intervals —When | x | = A’ and all complete giant T t 
= 1, 2,...., n, lie in normal unit intervals, then equations (4) and (6) are 
satisfied for i = 0, 1; 2, ...., n — 1. When |z| < A’ and all complete quotients 
xı t= 1, 2, ...., n— 1, lie in normal unit intervals then equations (3) and (5) 
are satisfied for i= 0, and equations (4) and (6) for i= 1, 2,....,n—1. Since 
for |x| <A Bgn. %41= —sgn.a,, then every a, a, %4, satisfying equations — 
(3) and (5) satisfy also equations (4) and (6) in the sense that x,, a,, 2,4, will be 
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found in their respective intervals as assigned by equations (4).and (6). Adopt- 
ing the convention that for |x,|< 4’ sgn. a, = sgn. x,, an equation necessarily 
true in all other cases, equations (4) and (6) may take the form 


X a = sgn. a, |— 1—2.... (a')} ea 1,2,....,n—1l, (7) 
| 1 
%rı = sgn. a | ay (m nal; i=0, 1, 2, ‚‚n—1, (8) 


where x; and 2,,, lie in normal unit intervals. l 
- 4.° The general case.—To dispose of this case we begin by sntablichtäg the . 
following equation : 


; ey { Yung e Leah th, f+ 1,...-,n—1, (9) 
where r is the number of successive elements belonging to the left end interval ` 
.and immediately preceding x,,,, 8 the number of successive elements belonging 
to the,right end interval and immediately preceding x,,,, 2, corresponds to a, ` 
and lies in a normal unit interval, and the left and the right end interval limits 
are to be interpreted by the following rules: for the left end interval limit 


= ER TR ee, 
DEO = ies} when sgn. dy Sgn. ua = SE 1 t (10) 


for the right end interval limit 
| (1441) {+ i | 
Zams = + when sgn. ay BEN. di nr=] | Pal et (ate (11) 
—En+1 
It should be remarked that r and s are simultaneously different from zero 
when and only when the left and the right end intervals are identical. 
Let equation (9) be satisfied for ¿= ù, then it is to be shown that it is satis- 
fied wheni=7,+1. For? =ù, equation (9) becomes 
C41 = sgn. ay { Yans au Auth i (12) 
E ee for i= 4,- 
-a) Let æ, +: fall in the left end interval and not in the a 
Then, to work out the equations for sgn. a; = + 1, 


Tei — Agar = Enpi yar (A), . ai > 9; (13) 


Da1 a4 Mm 41 Ma) A), CO. (14) 





"an and M41 Dave the meanings assigned in $2. 
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The corresponding equations for x, , are, accordingly, 


a) 1 5 3 N 
eM +43 Ente SENA (5) since ` ni~ anti an4 > 0; (15) 


1 S A s 
ul nne) +++: Ign SR An Y M41) 410. | (16) 


In view of the symmetry of the interval system the complete result may be 
‘at once written 
Ta + a = 8BD. Qs Yarınany urn (17) 
This i is identical with equation (9) for «= i+ l,r=en+1le=0. 
b) Let a, fall in the right end interval and not in the left. Then 


ey +1 — My +1 = BBD. Ap {— 14 A... Zo py, 4. 18D. Ay}, Qs 4, >0; (18) 


Ta ti — Anpi = BED. Ay] (X) oes Zam — An +1880. Ar}, Ay yr KO. (19) 
Since Aus af ~ % +1880. a, we have from equations (18) and (19) 
En Yayra gite runs (20) 


an equation identical with equation (9) for i = ù +1, r=0,s=3, +1. 
c) &,.+ı lies at the same time in both end intervals. Then 


Pi +19, +1 = SEN. ay { Yi, rf an +1880. Ar. er Zus: +++, +1880. ay} (21) 
and : ; 
% + s = BEN. af Vi cangase + Satna cysts . (22) 
since . . i 
Yun — % 41 a re (23) 
and i í 


El BER ga T, 27 
1 ‚9 


Equation (22) is identical with equation (9) frri=4, + 1, r =r, +1,s=8+1, 
d) x, + falls in neither end interval but in a normal unit interval. Then 
the correspondence of a, +1 and a, ,, is completely determined by the interval 
system (15), §1. Hence (cf. equation (7)) 
2,41 — My p1 QD. a, {— IV... (AN (25) 
i nr = BBD. Vas nare ++ Zarnort (26) 
The last equation is identical with equation (9) for i = ùh + 1; r=8= 0. 
Now it has been shown that if equation (9) holds for i = ġà then it is true 
fort=4+1,fzizn—1. Fori= f, equation (9) is identical with equation 
(8) and therefore a valid equation. Hence equation (9) is true also for i= f+ 1, 
f+ 2,....n—1, 


and 
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a, lies in a normal interval certainly for f=0 and consequently equation 
(9) defines completely every complete quotient xı, 2,-..-, 2, in A (zo), in terms 
of preceding representative integers and the complete quonent in A (A), and 


* 
ina (5), 


When in equation (13) a, +1 = @x, or, in equation (14) a, ,1=— B; then 
“4 l i 
Zaps = œ (a); (27) 
1 
©, 4g7=(—o)..-. <q oa? (28) 


Equations (27) and (28) may be derived directly from equations (15) and 
(16) by the convention Erti = 1=™41=0.f A like remark applies to equations 
(17)-(22), inclusive. 

Let Y; n y correspond to 4, , ‚and Z,„,t0 Bin r- Then corresponding to 
equations (10) and (11) we have 


Add 


í . 1 

Aus = fg) when sgn. a, SED. Qia = ss ifs (29) 
and A 
Bm Der) when sgn. a, 8gn. an [Tip oaa<i, (30) 

— O41 
where r and s have the meanings assigned under equation (9) and x,, correepond: 
ing to a,, lies in a normal unit interval. 
Hence, corresponding to equation (9) we may write 


941 8BD. {Aus Berns i . (81) 


Equations (9) and (31) completely solve our. first problem; viz., that of 
assigning to every real number x, a A-development (à = A’). They are the fun- 
damental equations of our theory, including equation (8) as a particular case. 

The preceding results may be resumed in the following theorem : 

Turorem I. For x a real non-zero number l 


a (Tor = (a, %, nr, nz Wn), n >0, 





*And herein, by way of remark, appears the fundamental importance of 4 (A)ar and a(— 7h” every . 
A-development (A =’). an 
- tCf. 31, 2°; also remark under theorem II, $2. , 
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where | E 
1.° Ta ~, A i un x A. 
9.9 . Oy 44 = 89n. td el, i=0, 1 2, ae es, 
3.° sn. {Yun ir Zunot- j 
the expressions in the interval limits Being interpreted by equations (10), (11), (29) 
and (30), with the addition that when i. takes the partiduan value n, r ands take 
respectively the particular values r, and s.. 
5.° Employing the notation of theorem I we state the converse proposition: 
Tueorem II. _ Conversely, when for a: continued fraction - 
ty = (a, Ais +o ey Ani, B Lp), n>, a; i=0, 1,2, reep n — 1, an integer, 
the following conditions are satisfied : l er 
"41° men jAi no- m l i= 0,1, 2,..-.,n—2. 
2° og gn. ao] Vino +> Zao - l 
A pote A (So) = (ap , yy + +++, day Dy). 
The proof is as follows: 


a) n=1. 
‚ Condition 2° asserts the correspondence of ay— Z anda Ay. Therefore, since 
1 wan a 
Ha, on A (xo) = (ao, a)... - Ä (32) 
= b) ‘n>. . 
The nterva! assigned to a; in accordance with theorem II. is: 


. La = sgn. af Y, n—2,7,0* 2 Zn- 3, mel : (33) j 
where To and s, are the values of r and s fort =n—1.° 
-= By condition 1° for è =n — 2, 23 





f a1 = sgn. Ay { A, 2,450 as Baa, of o (34) 
and hr condition 2° for i=n pS pa n ai = 
nr —— t L 2 (35) 2 
Pa Fisun o COO auno go He 


l -= b) nO, 8 $0. 
Therefore, 7, = r; + 1, Aut 1. 
_ Hence 5 u & ; i 
. ij Ans, ; (a a Be i l - a 
oy mr BERG | Ana, ra 0 Yoni ee u 1,04 (86) 
| x = BED. { Yn, ra Qe 4-2, 505 & & 
‚3 ER 3 


238. - MoKinney: Concerning a‘ Oertain Type of Continued 


‚this last reduction being made by means of the correspondence of Y,_»,,9 and 
Anaro On. the one hand and of Z,_,,,0 and B,_»,,9 on the other. Since — 
Ly = By ; Let lies in the interval required by equation (33). 
0. bh) n>0, 3, = 0. 
In this case r) = T341 and a,_, lies in the left end interval, equation (24), 
and.not in the right. Under this hypothesis Eo n . 


j ER a . 
= — = ; — = n OS 37 
: Tn sgn md Ya-yn0 Zu 1,00 a f ( ) 
` and, consequently l Zr : 
ae un An. a er .... Anm Zu, ; L, (38) : 


where An—s r 0 18 to be interpreted by equation (29). 

~ The left interval limit in equation (38) reduces at once ‘to the left interval 
limit in equation (33). We proceed to show by evaluating the right’ interval 
limit that the interval in equation (38) always lies in or at most coincides with 
the interval in equation (33). Since a,_, lies in the left end interval of 'equa- 
“ tion (33) and not in the right, the right limit number must certainly lie without 
the normal unit interval associated with a,_;. We now show that the interval 
in equation (38) conteins at most one normal unit es 

For.the right interval limit we have . 


. (41 +7), when a,_,=a,,1580.@ and sgn. % = BED. nn PBD. dai; 
Oni + 1—A, when dp —1 = dn +1 88D. a, and sgn: Ay = SEN. Ap s-r = — SED. An 

(Banti t 4),  whena, -1 = n41 8BD. a, and sgn. dy =— BEEN; Ap 3—r = BEN. a 

Ba; + 1— 24’, when a, _ 1 = Pn+1S8n. a Qo = — BED. A, sn ` 

i = —BEn. An) 

In every aeie right interval limit in equation (33) coincides with 

. one limit of the normal unit interval represented by a,_ ,. while the left interval | 

limit, as already pointed out, is identical with the left interval limit of equation ` 

(33), which always lies in the normal unit interval associated with a,_1, or 

coincides with a limit number of this interval. Hence the interval in equation 

(38) is at most coextensive with a normal unit interval and is included in the 


interval in equation (33). Hence in this case 1 (=a,_1) is in the 
: : . n AR 


‚required interval. 
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bs) n=0, & > 0. 
Hard 8, = 8 + 1 and @p__1 lies in the right:end interval and not in “dhe left. 
This case differs so slightly from the preceding that it is presented in merest 
outline. The interval equation for an ji corresponding to equation (38) 


will have its right limit number identical with the right limit number in equa- 
tion (33). The left limit numbers save as to order are identical with the right 
limit numbers found in the preceding case. . Hence the conclusion in this case as 


in the preceding that a,_,— = (=2,_,) lies in the interval.of equation (33). 
| b) n=a=0. | 


In this case a, _,lies in a normal unit interval, ¢. e., the interval assigned to 
2,1 by equation (38) contains in this case certainly one normal z interval; 


viz., that associated with @n_1. ` Itis to be shown that 1 lies in this 


normal unit interval. 
For this case 








ai re en 
Sn i ee bile ee ne ee RER: Ln- 1,0,0 


l Wen BED. dy BED. An 1 = #1, equation (39) becomes - 





1 See 
@,_1— 7, = sgn. a, {a nai TFX Sgn. djen. (an— 1+ 2) sgn. ay}; (40) 
a SEN. dy SEN. An ı=—1, equation (39) becomes | 


1 ee > 
nay — = SED. ay { (dy i A)egn. dy. ++ ya 1— A! agaat. (41) 
Hence by equations (40) and (41) Oy ei) lies in the normal unit 


interval associated with a,_,, -and hence, also, in the interval. of equation: (38). - 
‘Having considered the several cases df our theorem, which may arise under 


-b), we may now conclude that 
= - i 1 
(do, 1, -> zn, Eni) B= aaay 


satisfies the cote l 
1° a, 41 = sgn. ai Oo" 33 of, i= 0, 1, 2, ET .,n—8, 
2° Tu = BEN. a Fi n0 - -e amot 
This reduction may be noma applied until we have Bay 


== (oy 2), 
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t 


& case considered under a). The result of this investigation is that T a a, 
4=0,1,2,....,n—1, San, when æ% is calculated by the equation l 





A ‚u +1 x ow N 

This correspondence proves that the continued fraction in question is. TA 

‘a-development (4 = 2’) of a and, therefore, establishes theorem II. 

: This completes: the second problem proposed ; ; namely, to establish a 
criterion: whereby to decide E g given finite continued notion be ı & R ARIETE ley: 
ment (à = 2’). l 

6.° A few properties of T EETA a= = 2) implicit i in the. preceding 


~ formulas are here made explicit; for the Be of the further discussion of our 


theory. : 
Since the end intervals are at. iosi coextensive with. normal unit intervals 
then when ma and lies on the zero side of a, 


a a,|21— 23 we (42) 
and when a, lies on the infinity side of a a 
|ay— a |< A i= 0,1,..:.,n—1. — (43) 
Hence, for the corresponding cases, . a f : 
. i li Bate l (44), 
lan >= [nol | Es (45) 


l Now when z lies on the {infinity f side of a, Sgn. %41= ea BED. 2, and, 
zero 


unit side of: a sgn. Mya 


 conyersely. Evidently, also, when a, lies on the j 


- =f+ + tagn, di, and conversely. Further (cf. §2, punanen (3)) 


. &D>1F E. © (467 
and, hence 
HS 2. 
Therefore, Zr BR: . 

" Turrorem III. When sgn. a %, |%41132,°= 0,1,2,....,n—1. 
Since aa 
Inl = = T > er 

then 


THEOREM IV. Wien sgn. 4,1 =— sgn. % al, $= 0,1, 2,....,n—1. 
And, consequently 0 
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. THEOREM V. Whien la |= 1, sgn. di +1 =— agn. t, i= 0; e a ds 
When - s i l 





=- 14+V6_ 
Ne. ar =F. 
then ee | 
=r I. 
ar > =1+9%; 
and, when l 
>t, 
th ` i , on - 
se att 


In: consequence theorem V may be stated thus: 

_ Tueorem VI. When sgn. Os 1 = — agn, a then fer „> la+,|21 Ar 
for X zrnla4ıl32 . 
l When in equation (17), $2, 

a = q = Be = y= 2, 
then a E _ 1—jN 
; mS A 

Now for , l ; 
. ie HT Yale, Ya... 
equation (9) becomes je t = 
Meg = OEM. Oy Vag re oe eas hi=f+i, (47) 


or u 1— jA 1 ' 
ay 41 agn. ohagi (- 22) 5 (48) 
When j< -$ 5 er BEN. 4.1 = — BER. a Hence | 


Turora VII. The maximum der of syn. a, . 8 immediately Be 
by a,, the representative integer of a.normal unit-interval, and followed by an element 
with the same sign as a,, which may enter a A-development (A = 3) is j—1 where 


j<- i PS 


When the convention is. adopted that sgn; © = sgn. ay; then the maximum number is j. 
hen 4 

a oar = +i, 

then l 

: a a) = (1; 23 5. Bey sees, 2). 
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In this case we may say l 

Turorem VIII. When in A (zo)x, or =J + 1 there enters a maximum num- 
ber of successive Xe having the sign of a, then they are immediately followed by an 
element wiih the opposite sign or by. œ. l 

For those values of 4’ which permit +3 to enter a nn as KX) 
preceded by a positive element the sequence 

(4, 21, 2oy -eeey Yoj 8y Dy, By, +--+) Boy 8 2, My: Bo, 8,.%) (49) 

is a A-development (A=A’), where a, > 0, 8 = ag + 1, a, the minimum positive 
integer which may follow 7— 2 successive plus twos without requiring an 
immediate change of sign, 7 is defined = the inequality 


j< =r er So Fl; 
and 
5 mE: (m) 
The truth of this Staen is evident from theorem II. 
l §4. Convergents of a-developmenita (A = 2’). 
1.° . When Pii; Pis Pini, and %-1, Gy Q+: Satisfy the equations 


Piti = %41 Pim Pe-ay P-=1, DTM Zr (1). 
G= Uy t-n 9-79 ml i=0,1,2,2....,n— 2 ` (2) 
where a,+, is an element in the continued fraction i i 
: a (2o)x = (ao, a, eg An—13 2); . ` (3) 
then it may be shown that l -F 
Pi i= 0,1, 2 nl, = (4) 
i 


is the (r + 1)™ convergent of the anini fraction G 
Directly by equation (1) follows 
Lemma I. When | p| > | P1 ae then sgn. Peat = 99h Aiti + SM. Di, 
4=0, 1, ‚n—1. ’ 
And, N l 
Lemma II. Wren eea leled in „l then | pe 215 Ipil, i=0, 1,....,n—8. 
For, when |a,49|= 2, the conclusion of lemma II follows at once sdua the. 
hypothesis by equation (1). When |@;42| = 1, then sgn. dig = — BBD: Mga. 


d, lei I : 
and, lemma I, (Pisal = [Peril P] > peas 
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Now hy Bie _ I ) 

f Po = o, Pi = Py — 1, Pa = dg Pi — Pos +--+, (5) 
and in all cases -- l - : - 
| AR |pal>|p.|S pol. i l (6) 
Hence, by virtue of lemma II, mos 
Lemma II. - = 
 Iarlzlal, i=0%12,....,n— 2 
The inequality sign prevails in all.cases in the. lemma except. a8 indicated 
below. When A (%)y Or À (— X), takes the form 


d (0, a, 1 pe --) H<0 l ` Ze (7) 
the equality sign'is taken for ¢=(0, 1, 2, .... A, or when A (a)y or A(— zo), 
takes the form ` Kae). l | u (8) 
the equality sign is taken for <= 0, 1, 2,.... A, where A is the number of suc- 


cessive plus “ twos”? following idimedisidly the element one in.the continued 


. fractions one (7) and Oy, A does not exceed. i = f: where ` 


* 

j< Bests 
j (9) 
j+i=} : 


By precisely similar mE on equation a we have ii oi to 
lemmas I., IL, and III. 
; Laora IV. When |q] >l, then: egn. Yiri = egn. aan. q, i=0, 
A, a, + ‚n—2. ; 
Loari V. When|qsr15lalFlq—rl, then | qos] >l ktil i51, 2,. n—3. 
LeunaA VI: lalla] i = 0, 1, 2, n— 2.. 
In lemma VI the equality sign is to be tokon for i= 0, 1 when A AE or 
a g %)yv assumes the form E 





0,1, Dez = = (10) 
2.° Asi in the ee of simple continued fractions it can be shown that 

Piti tı Pi—i i 

a ne, een 11 

ar 417-1’ <* zn un 

hass To is given by i (8). . By aghation a 1) after a slight reduction 
ee 5 S 
% — a (12) 
er qi Mita E ce) . : 


*Cf. Theorem, VII, §3. i 
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When A (a), terminates with a complete quotient Ln = Ay, T4118 to be 


taken as infinite. In this instance, since Lig finite, equation (12) gives 
i A 
| a ee ie 
Hence S Qa i J o (8) 


l TuEoREM I. The value of a terminating MONTE. (à = A may be 
“expressed by a rational fraction. 
3.° When A (a), does not terminate with x, = a, however great n may be, 
` there are two cases to _ oe 

a) a/=(0)....{1). 


1 A estate 
When sgn. a,,;= sgn. a, |%4+1|5 Toyo i+ And, since 





. Ui-1= 4 
then by equation (12) - q 
jat |< ga i= 0,1,2, n= L (14) 
When sgn. di1 = — sgn. a, lanl >: Let X =1 —e. ‘Then 
1 i : 
goite 
Hence in this case by equation (12) ` 
1° r " . . 
Ia-&l<g;, Oziz (15) 
b) VEL. 


In this case sgn. t; 1 = — sgn. a, = — sgn. - “a 1 = (lemma IV. )and consequently 


[z — %- m alt le =|>1. oFtin—1. (16) 





Hence 





lc}, oil an 


Now since |q,| increases he limit with ¢, an immediate inference from 
lemma IV. and following remark, i may be chosen so great that the second mem- 
bers of the inequalities (14), (15) and (17) become less than any given non-zero 
positive number however small. Therefore i in all cases 


L mm, 2 . a 
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= 4.° Consider now the non- -terminating continued fraction 


- (ag, Ka PEIE As, Tiis esitan: e), u (19) 


whose first ¢ T n + 1 elements however great tand n may be satisfy for A= Al 
the condition 


a Bei tn, (00) 
i where r and s are defined under equation (9) and Ara Bao “under oe 


(29) and (30) of §3. Consider, also, the associated sequence of successive 
convergents. derived from the p 8 and q’s arising out of equation (19); viz., 


Po Pi Po Pe Pr Pin Sa (at) 
pH’ aA” h’? "47 G41? ER u 


This sequence, as will be shown, always has a limit. This limit will be taken by | 


definition for the value of the non-terminating continued fraction (19). The - 


development (A=4/) of the value so defined of this infinite A-development 
(A = X) is, with exceptions to be specified, identically so far as perk quotients 
are concerned, the continued fraction (19). 
It can be shown that 





Pan B] 1 a BER ae ee 
Jitn bi Ulia ons + i i : a (22) | 


d h), 
; EPE OE re mi 
and, consequently, that i l 




















Pitn a = 1 | 1 7 
rn i al . [gral Pigana" (23) 
l 1 
T (Gene I ara Fee: [Qianl , 
Hence, since for # > 2 the g 8 increase ‘in absolute value, fort >2 
Dive 
| Tin zwar two + i ; / 
1 1 DR | Fan 








T Ram) + WFn—i) WFAN NF w 
` where N= |g]. oes i may be chosen so great that for all values of n, 
1. “1 Í 
NT N#n =e 
39 
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where eis an assigned non-zero positive number. In truth when ¢ is 


so-chosen that W< e, then for all.values of n 
Pı+ +h Pi £ | <e. 


4 Gin 
_ ‘Hence the sequence (21) has a limit. “l us call this limit Bos Then by 
. definition, l 





else ae: nn (25) 
5.° It will now be shown, with exceptions to be noted that i 
A (2) = (4, a, or, Gi, M415 nn ta Trinta) l 28) 


“for all values of ¢ and n however great. 
By analogy to the definition in equation (25) ay is defined by the equation . 


my = (45, BG he ee: P= Oy 1, 2,.-.-,8+1, vey, (27) 
Let- be defined by the equation | | EN 
Fe (tay or (88) 
Now when a, satisfies the relation ba l 
ay = 980.0 {Ayano +: + Birao} (theorem IE, §3), (29) 
then E (do, Gy a). Ba f Bu (30) 


is the A-development (A = 2’) or .- Hence 
cee x 





Ps a l ; 
arg = „ Fir 
where cas eae 
; Su qs ag. 


-a) Let it now. be granted that there is no o integer n, such that for all values 
of i, è >, sequence (30) is not ‘the A (2 - J; ‘Then taking limits of both mem- 
bers of equation (31) for += o, we: have: u hs A 

. 32 
| ty = ya | (32) 
where, because of the correspondence of => z and ay ‚for certain values of + under 


me conditions imposed, ii 
2a ay 88 dof —1 A. aah o (88) 
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hen hy = Ay + A’ gn. ap, 2 
does not correspond to a,; in all other cases & Gy. 
When z~a, then it may be shown that either 2,~ a, or ay =ay-F 2! gn dy. 
ad, again, when x, ~ a, then a, ~ dy, or 2 = a, + A sgn. ag, etc. 
Hence ran (26) is true or else for some value of 7 
w = a, + A sgn. a, . 0=jzitn. (35) | 
b) Let it new be supposed that there is an integer n, such that for all 


lues of 2, © >n, sequence (30) is not A CS . In this case select a number 
f ifs l 


such that the sequence . i l 
: (do, Gr, + +++) + %) . (36) 


a A-sequence (A= A’). v; may at the same time satisfy the inequalities 
0< |r| Z1. 


l : ; 
Now let + be the (i +-1)™ convergent of the sequence (36). Then 
t . 


Ph Pi _ B-ıla tn) — PM 2% Pit piin Pi. (37) 
G& ae t r)— h-i k GEU-1% h 


Hence 





Ph Pi Vi . . 
Pe sd a ee : os ` 38 
a a a+ Hm) ee) 


Passing to limits for i= œ, we have’ 


-L2 


i = =. 39 
tao {i i= Q a Ms ) 
1 
Now by theorem II, 83, ~a. Hence. 
4 À 
ie ian ae a (40) 
d either æy ~ag or - BE 
| n= NE SEN. dp. (41) 


When a ~ @,. iiSi it a be shown as in the case of a either that 
~ aor 
= ay. A sgn. a. 
When x; ~ a, then, again, it may be shown that either a ~ a,, or 
| Gq == ag A’ sgn. ay. 
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By continuing this reasoning the conclusion is reached that mE (26) is 
true or that for some value of 7 
x; = a, + A'sgn.a,, OTjTi + n l (42) - 
Equations (35) and (42) are formally identical. Evidently . 
a (x)= (a; + sgn. dj, 0,820. aj, ag8EN. Aj, dg BED. a, ..--), (43) 
Therefore, when equation (26) is not true 
A (2) = (o, hy + +++) G1, F BZD. Gy, 1880. ay, Og BEN Aj, (44) 
' SEN. y, ....), OFJ. . 


It has now been shown that à.(æ%)x is identical with sequence (19) for as 
many successive partial quotients beginning with the first, as we please or that 
it.takes the particular form (44). 

` As an example of an exception consider the infinite soting fraction 


Bee (45) 
in which — 3,, f = 0, 1, 2, ...-, n, n finite, satisfies equation (20) for 
N= gat, . 


Forn=», however, by definition we have from sequence (45) 
H=2+7, i (46) 
a (æ), = (3, 3, 3, 3, Bp eee) (a7) 


5.° A method of approximate calculation should provide a ready means of 
finding a sequence of numbers approaching a given number, of determining the 
error made by taking one of these numbers for the given number, and, finally, 
of making the approximation as close as may be desired. 
© When in the decimal approximation to a given number, a certain number 
of significant figures are taken, then a number of significant figures greater by 
one, and then, greater by two, etc., in the sequence of numbers thus formed 
each is a closer approximation than the preceding and the error ‘committed 
_ by taking any term of this sequence for the given number is less than one 
` unit of the order of the last significant figure to the right in the term chosen. 
Finally this error may be made as small as may be desired simply by making 
- the number of significant figures: in the approximate value sufficiently great. 


whence `- 
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` To derive the RE G10 perbes of A- -developments (2 =X) we start 











from the equation Pi __ — 1 ) ; 
ge hh ES 48) ` 
l qi eo | (48) 
But ; 
Pisiy Pi (Paar _ m l 49 | 
a liyi q +1 a= = ge 48) 
.Now by equation (48), since also 
Gang (50) 
-we have E 
i+1 
Tome re. "Wen ta) 
(61) 
+1 Gyr l 
ne) ne) 
Since . 1 
Cp Ay — 149? 
the last equation may take the form 
i+l 1 — 1l 
=), Bigg’ 52 
ea È (21 — Zt (an a P) Hi na 
- Now 
l sgn. (2) en (e — ) 


and, consequently, the first factor in the second member of equation (52) is posi- 
tive. Hence by replacing i + 1 by å, ‚ equation (52) may: be written in the form 


aSa Ta , 


where A, is a positive number. Therefore 


Tueorem Il. When, ,1< 0, z > Pi and when ner 05 a : 
It is now to be Rown that 











on _ Pet 
[ang +a} (54) 
By equation (48) l 
— Pi+i— ema 
` 55 
Bar dias (an E a F : : ( ) 
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Now, on the other hand, . 
= 1 

8 (x eet gh Been (meh 








U4 % Tite 
: 56 
RICH a “= 
%+3 
Hence . 
Pi NE Ä 
To — m , i (57) 
2 ER (mer ZT, 
Since sans] 
— tite > ee an ; 
| | rs =r we) 
RL Cee isa Ghai (aes i+ 














By virtue of equation (55) this establishes N (54). Hence 
_ THEOREM III. In the continued fraction 


A (2) = = (ao, yy -eeey Anais La) 


Pi 


Pitts a closer approximation to x, than is»! 0Zi<n. 


Gi+i 
In A (2), we shall get a relatively close approximation to a by stopping 


with the element a; ı when both Bi 41 and Ti +a are relatively great numerically 
with respect to a,. l 

By equation (48) the error made in replacing xy by a convergent of a definite 
- order may be determined; by inequality (54) it follows that the higher the order 
of the convergent the closer the approximation to a; and from the convergency 
of A-developments (4 = 4/) that the approximation to x, may be made as close as “ 
_ desired by a convergent of a sufficiently high order. A-developments (A = A) 
are, therefore, well adapted to approximate calculations. l 


§5. Reverse A-Developments. 


TA The treatment of certain questions in the theory of binary quadratic 
forms and, in particular, those concerning A-developments (A =A’) representing 
the square roots of integers not perfect squares is simplified when based on a 
system of continued fractions permitting reversal. The property of reversal 
belongs to simple continued fractions, to H, and with a slight qualification to Hyr 
It is proposed to examine to what extent this property prevails in the system 
here under consideration. In particular it is desirable to specify what, if any, 
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values of 4/ exist such that for every 4-development (4 = 2/) there is a reverse 
‘development for at least one value of A, say A’, independent of the particular 
z le in question. It.will be found that the A-developments A, 
= 1), added to H, and H, completes the list of such er 
2.° Equation (2), §4, may be written in the form 


EN Piste Sm l 
a er ?=0,1,....,n—2. (1) 


Adopting the notation Q, = Be equation (1) becomes ° 
i 4—1 i 


lis ; | e 
Qiri = hys | 1=0, 1,2,....,n—1. (2) 
. Let ¢ take for the moment a fixed value n}. Then equation (2) becomes 
i | 
Om +1 = Am 41 On? I em<n—1. l (3) 


From the A derived from equation K letting ¢ take successively 


the values 0, 1, 2, ,m, eliminate Qe, Qs,» -+++,Q,,- The result may be 
expressed thus: 


Qe +1 = (am 41) & Any +++ +y Qg; a). (4) 


The second member of this equation i is called a reverse ee to the . 
' a-development (A = 2’) of a, where 


x (a) = (ao, Qi; sry pitts tp), : n> ny + 1, l (5) 


or, simply, a reverse development. When the second member of equation (4) 
satisfies the conditions under theorem II, §3, for =", it will be referred to as 
a reverse A-development (A = 4"). 

3.° The necessary and sufficient condition that the second member of 
equation (4) be a A-development (A = 2”) is, of course given by theorem II, 83; 
but for our present purpose it will be convenient to derive in another form a 
. necessary condition. 


When sgn. ,,,=sgn. a,, then by equation (2) 
| | Qaa lasl; 


and, when sgn. a, ,, = — sgn. di, 


= |a > lul, Obs Mm. 
When ¿i = 0, Q=% i i 
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Denote the maximum absolute value of oe , O< ten, when sgn. a4, 


= sgn. a, by Jx, and the like maximum of I 0< izm, when sgn. ayy 


=—sgn.a, by gl. Now since the extent of interval associated with any non- 
zero integer is at most unity and further since all normal unit intervals have the 
same extent on the zero side of their representative integers and, again, the 
same extent on the side toward infinity, in order that there exist a value of A, 
“say Al, for which the second member of equation (4) is a A-development it is ` 
necessary that u l = l 
; a Lo? Oe (6) 

This necessary condition being satisfied, does there exist a value of Ay, Bay 
x", for which A (a), has a reverse a-déevelopment (à = 2") for every value of a? 
The necessary criterion by which to answer this question may be derived from 
equation (6). Let a run through the whole range of real values and for every - 
such value of x, from the ee ee, gv and gy. Lety, denote the maximum 
value or the maximum limit of the gë, and y;,, the maximum value or the max- 
imum limit of the g/’. 

Then the necessary condition for the existence of a value of A,, say A”, for 
which for every x, A (a), has a reverse A-development (A= 2") is 


| yy byw 1. (7) 
4.° The values of gy and gi, are to be derived from the minimum values 
or minimum limits of |Q,|, è= 1, 2, ...., m —1, in the particular A (æ), : 


- under consideration. 
Replacing in equation (2) ¢ by — 1 we have 


Q= Q; — 5 1 : 2 (8) 





Under the hypothesis that sgn. a, = sgn. diis | Q,| is a minimum when and ` 
only when |a,| and |.Q,_,| take the minimum values consistent with the laws of 
a-developments (A= A’). The step by step application of this reasoning leads 
to the conclusion that | Q,| is a minimum when a, a,,..-., a_1, a; all agree in 
sign'and have the least absolute values permissible in Jedevelopment (A=). 
When |a,|/5|a,1| + 1, then lll Ql 1 ZiM. 

When sgn. a, = —sgn. a,_;, | Q,| is a minimum if |a,| isa minimum and 
| Q—ı| a maximum. 
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To apply test (6) note that 
(dy, 2, Ag, --- +) Bey 2, Og, --+-, Gy, 2,4), REAL, - (10) 
where all the elements except a, are pons is formally a à- ee hpen 
(A == 4, o< 4). In this case 





Q, = (2, ay, Sted ag, 2), eu f i (11) 
and ; Jul 4 . l 
. Be a (12) 
Again > . e E ES, . 
Qi = (2, Ar, -- ++, Ao, 2, Aky +--+, 2), T= BRI. © (13) 
Since by hypothesis a, < 0, l 
= 1 
gu 3 , 
jast PAR (14) 
P a ; . ay 
Therefi a 8 
ee Se Pais ly . . (18) 
2 a cae 


and the necessary condition (bọ) is not satisfied. Hence for every value of X, 
0< A < t, there exists values of x such that for A (a), there is no value of A for 
all positive values of n and n, | 

5 Qn = (An, nyt) sory ey a), 0 <n<n, (16) 
` is a reverse A-development. l i 
—1+v5 


consider the sequence 


Fort LN LTTE 


(do, --++,@y, 2, Goa, By, Bg, +, By, 2y An) NEJ F et 4, (17). 
. where a > 0, a; < 0, ay,5 > 0, a, < 0, and properly chosen. 
When choice has been made of a particular value for A’ then certainly the 
a’s must fulfill certain conditions but which in no case involve a change of sign 
of the a’s. To determine approximately gy let 
Oi = (2, ri): ai He 
Then, certainly, 


24 iA gay . . (18) 
oe 


. and, correspondingly, - 
1 


| 


= ws I. (19) 
Fi la;J—1 i 


83 
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Now when j= 0, or q; = œ l a 
=}: (20) 
To find approximately g’, set at u 
Q= (2, 3x) | %, 31, Ayre, 2, A, +--+ Qa; ay). 5 (21) 
As k increases without limit the value of Q; may approach as nearly as we 
please to 








2 1 aed: 2 
354957 (22) 
Since, by hypothesis, a, < 0, the value of g',, may be made to approach as 
vö — 1 


nearly as we.please to the number Hence by a ‘proper choice of i 


5 
and % in sequence (17) the gy sum gy +g’, may be made to approach as nearly 
as we please to the sum 





4+ 3 5 >I. ; aş (23) 


‘ Hence for every value of A; 4 <A<r, there exists an x, such that for. 
Az)» there are no values of à for which for all positive values of n, and n’ 
l Qn, = (ans Amis ia 2 ej ag, a), 0 < n < N, = (24) 
is a reverse A-development. 
When #<A’<1 the element p 1 may enter a A-development (= X) 
when immediately preceded and followed by negative elements. Accordingly, 
choose the A-sequence (A = 2’) 


: ; (4, 1, as, ds, a, as), j (25) 
where the a’s are negative. Without difficulty we find g,=1 while g,>0. 
Hence . N as) 


and the necessary condition (6) is not satisfied. Hence for every Ar <N <1, 
there exists an x, such that for 2(a), there are no values of 2 for which ‘all 
positive values of n, and n . 
l Qa, = (an An —15 MR E Ay, a) <<, í (27) 
is a reverse A-development. 
5.° When X = 4, we may choose the A-sequence . = 
(a, 31, 33, re %, 2, +s) ; (28) 
where @ > 0, @jig<). To determine gx set 
Qi = (3, 8,1, --- +5 8). ar ` (29) 
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Let i = œ , then 








9 _3+w5 | | 
and Ear l 
2 3—V/5 = 
Bar ae Go 
To determine g', set sl os = 5 
l Qia = (% 3y 8:3, ----, 3) > , l (32) 
and let ¢ approach infinity. Then l l l 
| 2 _ _14W6 - ee 
La M= ie S+4/5 ; 9 . (33) 
Hence. on 
"—-1+,45 l 
nese | 00m 
Therefore l ' 
J'u + gv = =1 | (35) 


The values given of gy and g’, are respectively the values of y, and y'u. 


For it follows by Theorem I, §3, for A = 4 that sgn. a; ,ı = — sgn. a, when . 


a;= 2. Hence the sequence (29) gives the absolutely least value of Q,,, for 

Sgn. = BED. Oy 15 also sequence (32) gives the least value of Qı when 
sgn. Oi =— sgn. a. In this case the value of A" is gy = E 

The necessary condition is also sufficient. For, when ama =r, the end 
intervals are also normal unit intervals and consequently, Qipi ~ 41, 
i= 0,1, 2,.....,. Further, the conditions imposed on the elements a by 
A= A! =} is aedi the same as those imposed on them by à = 3" = r with 
this exception that for X = 5 . a = + 2 is always followed by a change of sign, 
‚while for A” =t, a == 2 is always preceded by a change of sign. Hence 
‘ when the order. of the elements a for -A/= 4 is reversed these elements in the 
reversed order satisfy the conditions imposed when 4 = A! = q. 

For à = m choose the A-sequence (A= = ?) 


%, 2, ag, — 2, Gy tiia a a)y ; l (36) 

EEE se 
Then... .. - l DE o (37) 
‚and Gee Y= + . (38) 


Again BE) 88) 


Pa 
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and when a=, Q=—2 Hence 
| g=}. Ber (40) 
‚ It maybe shown that y{,= g}. Therefore by equations (38) and (40) 
yu TA 1. l (41) 
Here 2 = M! = yL =}. 


The meena condition is in this case insufficient. For example consider 
the A-sequence (A= 7) . ; ) 
. (a, — 2, as, 00, Ony Er ty > 0 2 (42) 

and from the reverse development _ l ; 
Qu 41 = (An tty Any <- -y gy — 2). - (438) | 

This is not a A-development (A=A’={), since by theorem I, 3°, of 83, 
A (a), cannot terminate with y, and in this case y, = — 2, the last element in 
the continued fraction (43). With the exception of such reverse developments . 
as end with the element + 2 preceded by an element with the opposite sign, i 
the necessary condition is also sufficient. l 

‚In all cases, therefore, except when in A (He, la| = 2, while sgn. a, = 
— sgn. a, , there is for every A (Ko) = +, Uo real, a reverse A-development (A=A"=!) 
for every positive n, and t 0S <n. 

When Wv=1,g=yi=lendg=y,=0. The Hase condition for 
reverse A-developments (A = A; = 1) is satisfied. An exception, however, must 
‘be made as in the last case. The last element in the reverse A-development. 
(A= A" = 1) must not be + 1. l l 

The results obtained may be summed up in the following theorem : 

THEOREM I. AU A-developments Gr) have reverse A-developments (A= 2!" 
= r)*, all those and only those à- -developments (à = X = T) in which the absolute 
value a, ts not 2 when sgn. a, = — sgn. a, have reverse A-developments (à = A! = 4)"; 
also, all those and only those -developments (A= XN = 1) in which the absolute value 
a, ig not 1 have reverse -developments (A = 2” = 1). ; 

.6.° The following theorems deal with special cases of reverse A- AENEID: 
ments. 

Tuzormm II. Every A-development (a =2/,0 < 3! 21) into which neither + 1 
nor = 2 enters as an element after the first has a reverse 2-development (à = A! = 7). 

For every such development is a A-development (A = X = $). 





* Thess results are dua to Hurwitz, see Acta Math. 12, pp. 879, 880. 
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_ Treorem III. Every A-development (à en 0< N21) which after the. first 
element has only positive or only negative elements has a reverse A-development. 
For, in this case, yy < 1 and yi = 0. Hence the reverse development is a 
a-development (à = 2") where É l l 
X = (0)... 1— yy- 


` Turorms IV. Every A-development (a = 2, 0 < A'Z $) in which, the first ele- 
' ment aside, enter at least two consecutive twos with like signs as elements followed 
immediately by a change of sign has no reverse A-development. 

_ For definiteness let at least one set of twos be positive. .Then by the seal 
theory of A-developments (A = 4’) the element preceding the first two of the set 
is positive. Hence Q,<2, where i is the rank of the first two of the set. -Hence 


gush (44) 
Let ’.be the rank of the last two of the set. Then Qy =z $. Hence | 
| Jus $; (45) 
and, consequently, - . fi : | 
ga + gx > 1. : 2 (46) 


l Therefore, the necessary condition (6) for a reverse a-development to the 
à- -developments of the description set forth in the theorem is not satisfied. 
The two following theorems for yy special cases are appended without 
demonstration. i 


THEOREM V. Every aedevelopment (A= 4, X the reciprocal of an integer Spit 
to or greater than 2) in which every element just preceding a change of sign is. in 
absolute value equal to or greater than; + < has a reverse a-development. 

TueoreM VI. Every A-development (à = 2’, X the reciprocal of an integer equal ` 
to or greater than 2) not ending with a maximum set of twos with like signs has a 


reverse A-development provided that whenever, the first element aside, there occurs a 
sequence of which each element and the following have unlike u the first element 


“in this en ts in absolute value equal to or greater than a +1. 


86. A Comparison of Certain Types of Continued Fraction Dein 


1.° Since the results of this section are derived without difficulty and have 
no direct bearing on what follows they are given without proof. 
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- Consider the two systems of intervals, viz. ` 
E a E E an EA EN, 
CHA IHR. (2A); .... 
We „es a ee TEE Eee) any RE ow eo 
. (A) -e LEW; (HA). BEA. 


. These ner may be graphically. oasis as.in the figure below > the 
intervals above and below the lines, the a dipit being written in every 





-instance in the interval to which it bolas . These two ern will be referred 
to as interval system I, and interval system II, respectively. 
Consider also the two types of defining equations, viz., 
1 
Tipa’ 


Satay ı=0,1,2,..... Ze (2) 





£; = a; — SSO Gag Dan ° a 


The two types of interval systems taken in connection with the two types 
of defining equations give rise to four types of continued fractions. For brevity 
we shall write A-developments (à = 2’; Z,), t= 1 or 2, for continued fractions 
based on the interval system I and defining equations (1) or (2) according aa 
é=1 or 2. In an analogous manner the notation A-developments (à = 2; II.) 
is to be interpreted. When a particular number «, is under consideration we 
_may write A(£o)w; r, in Al), as hitherto, to avoid ambiguity. 
2.° Continued fractions based on defining equation (1). 


TuEoREM I. Only for those numbers whose 2-developments ( = a; I) from a an 
ER of a certain rank on coincide with a G = “aon ‚or with à (- a aay ae 


do the A-developments (=; h) differ from the corresponding sonen 
(A = A; IR). - 


‘Tuxorem II. The numbers ihoa one aad (A= als L) from an elewient 








of. a certain rank on are identical with à (= con ' , or with à (- Joa 
Lah 1—A/ı,n’ 
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have A-developments (A = X; IL) identical from an element.of a certain “Fan on 
wir (— ‚or with a (= 


be 
‘Ms Im A; IR 


3.° Continued fractions based on defining equation (2). 
TurorEM III. Only for those numbers whose A-developments (a =X; L) from an 


element of a certain rank on are identical with > Gy) or A (— 7) > 
àl; Ia = M5 Is 


do the’ A-developments (A= X; la) difer from the a | a-developments. 
(a= Ae IL). 

TuroreM IV. The number whose A-developments (à = X; h) from an element 
of a certain rank on are identical with x (=a), poe with à (= i a)... | 
have A-developments (A = X, Ih) identical from an demai of a certain rank on with 


«(Sr aca? or with a (Gr), Ih 


4.°. Comparison of continued fractions arising from defining equations (1) 
and (2). Zur 
TuzoreM V. When for either interval system and fir A = A! ay is expressed as 
a continued fraction based on defining equation (1), this continued fraction differs 
` from that of x, in the same interval system and for the same A, =, but based on 
defining equation (2) only in this: the elements of odd rank. in the first continued 
fraction appear with opposite signs in the second continued fraction. 


Remark I. The continued fraction development of a positive number for 
a = 1 and based on defining equation (2) and interval system J, is identically the 
simple continued fraction representing the number. 

Remark Il. The periodicity of continued fractions (A = 2) representing 
quadratic irrationalities when these continued fractions belong to one of the 
types considered in this section implies in the remaining types the periodicity of 
the continued fractions representing quadratic irrationalities. - 


l 87. Equivalence. 
1.° In simple continued fractions the equivalence, proper or improper, of 


two real numbers appears in the ultimate likeness* of the continued fractions 
representing the numbers. In A-developments (A= 2’) a distinction is made 





*To avoid a special case It is here assumed that the last element in the continued fraction zeprešonting a 
rational number œ . 
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between proper and improper equivalence except when the two numbers in ques- 
tion are both properly and improperly equivalent. The relation of the A-develop- 
ments (A= A!) of two properly or improperly equivalent numbers is further 
dependent on the particular value 7 assigned to A. 

The A-developments (A =X, < 2'71) of two properly equivalent num- 
-bers are ultimately alike; those of two improperly equivalent numbers differ 
ultimately in the signs of the elements and in this respect only. 

For a-developments (A = A/; 0< A/Z T) two cases arise. Let xg be properly 
equivalent to a. Then a) A, (So) 18 ultimately like (2); or b) A (a)a 18 
ultimately like a. %-development (A = 3) derived by a simple rule (to: be. 
explained hereafter) from (a) and called the associate of Alm): To 
cover the case of the improper equivalence of aj and a we need in the preceding 
statement merely replace % (a), by A (— a) y- 

A very special case of b) appears in H, and H,,* but hardly i in such a way 
as: to make its real significance obvious. In. the present general theory b) . 
assumes an important role and shows'in a particularly interesting way how the 
relation of %(2zj),-. to %(%),., depends on the relation of the values of the 
ultimate elements in A (®%) =x to the particular value of.’ assigned to A. 

2.° Two real numbers a and q) are said to be properly equivalent when 
they satisfy an equation of the form 


2 -8 p Ù 
= 1 
t = = ( ) 
in which a, ß, y, ô, are integers such that . . 
| By —ad = 1. \ (2) 


en I+ When in the %-developments of two real numbers xy ind a, for the 
same or for different values of A; viz, in . 
A (x0) = (a, a, - ey Gq ay Ta); 
A (x0) = (do, Qi, -> ++) Am, Tm), 
La == Ly for some values of m and n, then To and x are properly TIER 
For; in the usual notation ` 


x =() z Taj : ap Be (3) 
al (4) 








* Hurwitz: loc. cit. + Cf. Hurwitz: loo. cit. 
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_where p, q, r, 6, P', q', 7, & are integers satisfying the relation 














From equations (3) and E since La = Da 


= (2E )m E | =) 
where a, B, y, d.are integers a on P, q, 7, 8, P', g, r', & and 
equation (2). 

'3.° Given that 2, and Ti, two real numbers, are properly equivalent, we. 
seek to determine the relation of their A-developments (A = 4’). In what follows 
x, and a, are by hypothesis irrational; the results become applicable to rational 
. numbers on adopting the convention ihat every element or partial denominator 
in their A-developments (A = 2/) from those of a certain rank on is infinite. 

When x, and a are related as in equation (1) -we shall ‘aay that To passes 
` into æ} by the proper unitary substitution 


a, — B 
; Co y) 
Let Sand T be defined by the following equations : 
Sa =g +1, Lo =— >: ae (6) 


x 


Then S and T denote proper unitary substitution and are called elementary 
substitutions. 

‘The theory of aan here ‚developed is based on the well-known 
proposition.* 


THrorem IT. Every proper ee obit is a product of the TAU 
substitutions Sand T. ` 
_.4.° We shall determine directly the E ET which A(x), undergoes 
when Sand T separately operate on x, and from these results derive by means 
of theorem II the changes produced in Ay), when ap is operated on by any 
proper unitary substitution. 





*Cf. Mathews: Theory of Numbers, Part I, Art. 112; or Jordan: Cours d'analyse, 2d. Edn., Vol. h pp. 
` 827-830; also Klein: Theorle der elliptischon Modulfunktionen, I, pp. 218, 219. 
The theory of equivalence was worked out following the method of Hurwitz. The present method as 
probably offering a simpler solution was taken up at the suggestion of Prof. R. H. Moore. 
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Tueorem III. For x, real (ato) and a S =), from elements of a certain — | 


rank on are identical except when x <leol< + ; o< AZT, and the complete 


quotients see with x, all have the same sign and are in absolute value Eaua to 


or less than >> +1. 
Let it be assumed that 
a i Ag) = (a, ay, - sey du, Tn). 
Then 


1 _Wa—1 


Lo = lo — — 
0 0 © 
and 

Vy g 


“Gy 1 — Ay X" 


There-are several cases’to consider. 








1 
oo. a) [zl >r: 
- In this, case 
i E, 
To 
and i l 
. 1 1 "Á 
= ae are a a 
Therefore l a , 
1 F 
a(— Ps Ag, Ay +, Anly Tn). 
saag b) [r| <x. 
In this case 
, T~ 0 
and 
BO Sear 
ae 
Therefore 
1 
a (- ah = (a, Ga, , An _1%n) 


(7) 
(8) 


EG 


(10) 


(11) 


(12) 


a). 


(14) 


(15) 
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These cases have been dealt with fally i in $2. The results were entirely in 
cord with theorem HL i 
d) x< jal- 


It is sufficient to consider the case in which 2,>0. The result for <0 
n be obtained at once from the symmetry of the interval system 





d) q=1. 
Then y 
P m=i -E TA (16) - 
d, 
3 1 | 3 


hen — T ~ — 1, as is always true for 7 < A = 1, then. 


x (— =) = 1, -)= = 1, De agy - -© -y An —13 Va) (18) 
id fee RE 
1: a 
Ti pen a + 1) et. ag 
nee the normal interval for x; is oo 
1 1 
~ 1a (a) 


‘ere remains for consideration the two cases : 


er), z< o.. (19) 


. The first of this, (19), implies that z < A'Z 1 and is consequently included in 


id 


1e case — > ~ — 1. For the second case, (20), 
0 p : 
i je 
| Fe a 
i follows that 0 <A Zr. The complete treatment of this case is deferred until‘ 
preliminary examination has been made of the other cases. 


d,) i > 0, ` % > 1. 
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Without at all limiting the generality of this case it may be assumed that 


-Q =E Qq E .... = ap = 2 #041, ha positive integer. 
. ž * . Ss $ b; . 
In this case na ii. (21) 
5 Lo n i 
` Now Een l To 
: NER; zo— i l 1 i 
=. = ie, (22) 
. Fai 
Hence 


a G . BS) 
Since To <7 ir then. i 
ligi ren 





and in consequence 1 + 5 = corresponds to 2 or to some integer greater than 














1 
2.: In this case we may say that l . i 
a 1 
sa) 22, eas | 22 2+ 57). 7 7 (24) 
To prove this it is necessary to show that 
—i—i l ; TE 
got t loii 2, m 2. (25) | 
Now . A 4 2 A 
l %—%t—1 1 , l 
2; — = =1+-—.. (26) 
It is to be shown, therefore, that - 
ee nn a x (27) 
Since 1 
To <5 


then, certainly, 
LSE 4 ees 

(Oc m—i< or, 124TH — 

and, consequently, l 


KEJ 














* When r 2’ 21, A= 0. But all cases in which r < X [1 are disposed of completely under d,). We may 
say that d,) includes d,) under the hypothesis that A = 0, and removing the restriction on a,. 
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On the other hand 


ni tbs TEM. (HR). (29) 
Hence > ve : 





Xp SS > < 1. 
and . 
(30) 





_ By the inequalities (28) and eas follow the ‘interval equation (27) and 
thence relation. (25). 
Hence, by.successive reduction, we get l 





l Zo — Ay + 2 (34 
re), ey 
By virtue of the. relation l 
1 
To ~~ Ay = 


equation (31) reduces to equation (24). patang equations (23) ana (24) 


a(+ 2) = (-1, me 2a — Te -= (32) 
When 3 2 
1 
= m 
then 5 E - A ` 
1 i l 
x (— $), =- 1, — 2, — %, a ee 23, — 0-1, U —1) (33) 
= (= 1, —2,,— 2g, oo 1 Baga) — Bay —1) Gy — 1r Aas + An, Ty). 
When — 2 — = does not correspond to =, a further reduction i is 
necessary.” l 


da) m0, a31, 0 LNT 
. To include in one aaa the deferred case oer dı) and that under 
d, we may study 4 (a + a a>0, when @ +; 


toa. By means of the symmetry of the interval selena we then: derive at. once 





z does not correspond ` 





x (-: a— == i). When a= 1, this gives the deferred case under d,) and 
3 at 
when a = 2, that under d). l 
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Observe first that a +, y does not correspond to a — 1. For when 


a= 1 this would make zero an element following the first in A (= =) which 
‚ is not possible. When a = 2 we should have 1 as an element not the first in 


a(— =), and hence T< AT 1. But the case for T< 4/21 was completely 


, disposed of under d,). Hence we ls a (a Erg —), 0< Ned, for those 
awe 





caséa in which a # z = {~ 4+ 1 or to some sate integer. - 


In this case 1 E . l l 
+. —3>0t%, 0<azT, j (34) 


and in consequence o< +1. be, = (35). 
Hence sgn: m= sgh. a= +1., Therefore the condition (35) on x, may be 
replaced by 














i onai | | 
ya tt .(36) 
It is now assumed for both deferred cases under d,) and d,) that l 
OQ, Og... HA, = PE drys (37) j 
h a positive integer. On this hypothesis x 
t = 2 — t i=1, 2... h ` (38) 
: : Tigi . l 
and, consequently, 
Tog <%= atl, i N (39) 
By equation (38) it is evident that | . 
at =a+14.4= = Sia . (40) 
The further reduction of this expression will be made in two a 
1 
l d,) akita ee 
Then 
= h — 1) = (a + h, — Ta 
l atga Zi ase bh — Sir + 1) = (a + any +1, (41) 


— Ahr 29" — ah; — Taje 


. d) a+ h tapi = —— does not correspond toa + h. 
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In this case a + A + dos not correspond to a +h—1 or'toa 
h+1 : >: 


lesser integer. . For, did the a hold, then 





pn + <arh-1+2, Zu (42) 


whence it follows that na < 0 and further 


mal >a _ (43) 
Hence pes 
a 


a+ħht —>at+h— Im 2 (44) 


I f eo. 
Nowa+h— m< a +h— 1 +X only when A’ >r, values of A’ which do 
not here come under consideration. . 


1 


From the cases considered we conclude that x,,; >0 and a+h+ SUR 
er 3 


EIER ES 1, or to a greater integer. Since 4157247, a+ ar 
<a+h-+ 1. Therefore 


: 1 l 


ee 1 


And since 
l Thl — 2 





=a+h+1— 





ee att (46) 


Try == -1 ? 








ala +) (etit 1, 2 I), pena tiin. (47) 


The continuation of this 2-development (A = 2’) comes directly under for- 
mula (24) so that it follows at once that. i i 





=). (48) 


Tarps — 1 


a4), = Tan SEHE ER T 
atl 
It remains only to repeat on 2 + Papa 7 the process applied toa Ta 1 
Tht on 


_to get a further development of a tz a. ‚The repeated application of this 





process evidently leads to a à (a +- = Ly of one of two types. Either the last 
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semen: in A (a. Ta —), corresponds to + 2, in which case the 2- dere 


(48) u, olasi with the -development (44), or it is true that 


A 1 — 
I: MX a i=1,2,....,n, 


n any positive integer however great, and this latter case the à- -development is 
of the type (48). l ; i 
From this result A (— a— —.) is aes once completely: determined so that 
w 


the A-developments in the deferred cases under d,) and d 2) may ‘be at once written 
down. 

The sonen reached under a), b), c), d), bearing in mind the: symmetry. 
of the interval system, completely establishes theorem III. ` 


5.° When a(— =), and A(z,), are not ultimately alike, then by com. 
bining equations (17) and (18) on the one hand and equations (23) and (48) on 
the other we get the following two forms of A (— <a) Ly >.0: viz. 


eee, 
A K Mil ` T 


1 1 
(ON tae poy ae thy (49) 


1 ‘ $ . . 7 - + 
x =), = (- 1, zu 21, — 22; ... + 2,2, a—h—1,— 2, — 25, or. 





S 1 ER 1 1 F 
i A iT AS At a py +1. (50) 
The two forms of a(— —), represented by equations (20) wd (50) may 


~ be reduced to one. Let the convention be adopted that when a) = 1 and, there- 


fore, a = 1, then in equation (50) the elements — 1, — 21, — 2, ....-,—- Burg 
which precede the element — a — A — 1 simply do not appear. Under this con- 
vention equations (49) and a both be represented by the single equation 


2(— = = ay eee, ee nah... 


— r, —2— y); | 51 
ee Re u; en 


F a , = R y ar ` i 
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where fe, = ake a nd ie 
iS tc ES W ae 


and asl! ‘or 2 according a= Tor a> i. 


ee 


| When a(— +) and AeA >o, 0<A2 T, are ‘not ultimately alike” 
j then by the law already poplied] in equation (6 1) we e have“ i 


a Ha) ae una} ee Be 
A! ‘ 
— 2a 897 ar BEE 5 . (52) 


Siati ot  h+ħ+? : 


where A is defined by the‘condition’ 


S Zu ; ann 
h, by the condition Se a X ' 
| Mrs mr. Shaner BE ty tates 
with ae definitions, for oe has Pa , and where for dy © 2, a= 2; and for 
d= 1,4=1 and the elements — I', — ia er oe 2a- 5 immediately preceding 


. ‘the Tenen. — a — h —1 do not appear in Mau. 5 
When ty < 0, then: Ne =) i is found by changing one signs of all the 
ts elements i in equation (52)’ with‘ the analogous definitions of a 1 and’ R.” í 
When a = fa) and Alaa), are not ultimately alike, A (= D; is elle’ F 


the associate of. Aste) ar - 
Sinée the value and order of. the ultimate elements i in the associate depends- 
‘only on the value and. order of. the ultimate. elements in, the’ a-devélopment - - 
(A= 4), an obvious: inference from en, (62; we have the Pomng 
‘proposition. “eo ae 


ObROLLARY. y My and Hay) are inma alike and n and May x 

have’ associated developments, ‘then ‘the. associate of Mya) i is ultimately Ale! ane 
associate of A(2)v-" or Si g i 

l ‚nv view of the u now obtained Theorem I may. take the form : 


cient nn 








*The phita «ultimately alike ” ig used hore and elsewhere in the senso ot the longer phrase « jdentionl 
from elements of certain ranka on.” Ss : . La 
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. Tiinoran Iv. For To mir), dad Ka are aiiai ai or. > 


a a De gia tea associate of TERN „are en alike, andi in the latter case 0.02 


© NF al = F Fr E ar +1, and sgn. Ti p1 = apn. 7 i= 1, 2, aaa! 
‘Tn the’ ‚case of the substitution Sthe following theorem i is true: = 
a V. For ay real à (xy + 1) and .A (a), are “ultimately alike, except 
when for 0<az T, either y+ 1~0. and zo ~ 0, or To + 11 and m ~ — 1, í 
arid beginning with oy all complete, DN in à (x0) x have the same sign and are in 


absohite value equal to or less than -y r+ 1 and i in this latter case À b + A and the 


, associate of À (To) are ultimately A T 
_ As‘in the demonstration of theorem u, it is convenient tó, consider sepa:., 
gr rately the several, cases which may arise., 


; © a B) ig 0 —1, 


‘In ‘thie cage, it is obvious that ` 
. À 1. ng = 
Dr er 
-and that . à “oe 
ER TE tL sat. 

‘Hence ` ` ea a: BRAD 2 
` i Reo Welt, a, a ? Ta-13 Èn). oo k (53) © 
| b) n= (> Hi ar a Fr 
By hypothesis ee se l ; 

‘and, consequently, i ; i f nig 
" , i i ae TR , 1 m 
` s 1 = —— ~Q. 
ae mt ey, 
Therefore SR u a DNE ee Moe Thee, sce 
mo ee A (x +.1)y = (0, Ary Ag, +++ > n=l; Bn). z eee (54) 
ie PS, c) mwa=(— 1), =A, a PrN: a 
ze Agäin f Sc: . a = bs A ; Da 
a ae a et ß 
7 > t , 0, ` T: s TESES ni 
and ` s a NE S Br A 4 ae 
us ati 
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“Sines Ly ate i: ~i, Tan E En z = 
a 1 A i „1 A; bp eee REY 
+ b= eo E eed ( ) 


But nah as Ar 1 ~ 1, then v <0; also, oe last equation may be 
-_ written . ; 





ed 


Aare (ur Aa 


where now — 2% corresponds’ to + o in equation. (17). - . Hence sane thé. con- | i 

: clusion reached in equation (17), we may say that A (æ + 1), is ultimately like: 
‘A (a) or ultimately ` like the associate of Ale a conclusion: BESTE with 

“ theorem V. 








oe, aD tm = = ni). 0), a + 1=0. N. 
Here er l 
and 3 t 
on. ý —1. 1 
+1 = 04 - 
u. det 
ey 
Since ; NR 
` a Pe 1 ~ 0 
l then . l hig ` 
| en ey - 0, 


The ‘continuation of this :A-development (A= a) presents precisely the. 
', problem dealt- with under equation (1 7).and hence the eonclusions of theorem TE 
apply to equation (56), hence, algo, theorem V holds for equation ee 


e)’ a es BEISA.. x 
‘In this case . poi ; PE 
Uae ee E 
EN ee Re 
and - > i 
B ttt, ar 
ne 
Hence since BETEN % = f 
oe, mixi oe 
A(t + Uy = (1, a} as, Tes ade l; wa). 2 i (57) 


The conclusions reached: under e b), 8), d), e), establish theorem y. 
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72: Denote the associate of 2. a by Ar ae and thie associate’ of AA la 


by AAD (dire - For brevity Tet the symbol < stand tor the papa ‘ig ultimately , 


` like.” > Further read the. symbolic expresion 


“lyse = anes | 


AR (xo)x 

- disj unctively, ais — A wos is ‘ultimately like à (a N: or: ultimately like Aà (ea 
| Tarore VI. ..AAA (xo)y 18 ultimately like 2 (Xp)ar- 

Under certain conditions given in'theorem VI. 


; a (T (zo) Ar (Zo)v- 3 
` Hence under thesé conditions since the value-and order of the ‘ultimate ele- 


elements i in’ the er 4-development (corollary. under theorem nD; we have 


-A (TT Ro) A an a i 


2 But: since 7” i is the identical substitution F 
un fs Y 5 HIP ly =H f 
l Comparing with the preceding equation 
l : AAA (a), = — A (CANS . 
Let P denote a product of substitutions made. up of the. factors S end T: Then 
a THEOREM VII Ifa (Pd 4 ita then A (TP (Ko) aS: l 
E Wor: by theorem We as . 
IE ‘a (IP (ayo (Pm ay, | 
Se Ad (P (ae) w” : 
En l a) a(TP (2p) ar A (P (%))yr- 
. Insthis case we have at.once by virtue of our hypothesis 
4 (TP Ol Be. 
D) A (TP (a) AÀ (P (a) 


Since the’value and order of the ultimate elements in the associate ‘depends | 
only on the value and order of the ultimate elements i in the original A- -develop- 


ment roro Uai under theorem HMI); ee Bsa ys a 


Ar (P O > "A Ar re eh by theorem. VI. 


at 


<.. mente in the associate depends only on the value and order of-the ultimate ` ~i,’ 


i 
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2-(&o) a 


aae VII. IFA(P a eue iiei 2-(SP er a N 


‘For, by theorem Ne ET al 
A (SP Dash eh N Zz = bia Ty u N > 


l l o a) A(SP (&))v Ar (P CDA 
By an iminediate inference from the hypothesis: 


ASR (E) = ya a, f 


b) 2 (SP eye <> Ad (P (x9))y- 
Py the corollary under theorem IH we have 


~ 


An (P eo) > jr &- Ai ad, by theorem VL x 


Therefore 
EP hay. 


" Theoteims Ly, V, VIL and, vu provide a basis for the’ splieton of the = 


method of os induction. They justify ‘the following theorem : a 


To)v pe 
Tow 


Tumore Ix. ee eA (P a) = ant 
By ee II every proper unitary substitution is.a product of the powers. 


of the elementary substitutions N and T. Hence our results may be summed up .- 


as ‘follows: — 
E THEOREM x. When for m Fali à, B, a 8: are integers. oatafying the relation 
Ls Se l 
and ale, 
x a T 


then % (a) ond A (zo), are aiiai alike or P and 22 (ay) are ultimately 
` alike, and in the latter case 0< XZT. and from a certain rank on the. ‚complete 


E en in Aa), x all have the.same sign and are in absolute value as to or less 


Cr = + 1. “a ie Pr DER 


$ 


\ 
f fi 
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- 8.” Since To, ana — a are E dovan and! a Be and x(— Sa 


differ i in and only,in the signs of theit respective elements, the case of improper 


equivalence may be disposed, of at ohce ag in the following theorem : 


. THEOREM XI. When a} and x, two. real irrational numbers, are improperly 


equivalent, then 2 (xh). and A (—x0) are ultimately alike, or A (zh) and Ar (— to) 


are ultimately. alike, and in the latter case 0, <A ZT and rom a certain rank on. the . 


‚ complete a ina (ara àll have the same sign and are in absolute value equal to 


or less than ~ 5 + 1. 


7 


9.5. We: add. here some numerical examples of E = ar) 


. having associate A- -developments =N. The value of %, is first given followed 


` by. its A- -development (A=), then a corresponding | value a% whose %- -develop- s 


‘ment a= = X) is ultimately like the associate of à A (2) with. its -development 


eae 
T ŽK fs , a 
p= sve de= 85-37-2258): a . = 
of == en Mae = en — 3; Se = Eu ue 
a: TRG ee 
t= aa he) we 
aom =- iyi : | Raa = (= 8; —2,—4; —2,—4; u. 
de, ne = 
= stvi r= (3% ag h ee 
Be Lie: Wei — 2, — 2; ao Be —2, per} 5 can. = 
u EEE ee EZ re En 
gy = Er Acts = È, 2, 2,6522, 2,16; sane) si zu 
a = VE Ma; ee Yee et Fora 
2 = Reh = 
ya Live cay = (2 2.2, 2,75, 2 2 % % T; oy 
2 BENIS | 


er To ete = 2153, 8, — bag) 


i 
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Sa 








| . eg Eas a T = | me = ni 
4 “4 - g F 7 u Sa : 
q= N Hoa (2% % 9 28; Ba S B 9,85...) 
ra Ma 9, — 2,— 1,228; 
ee es ee 3-8...) 
gar Sh wi. $ 
; a 9 ; on . a 2 
mys EMSS ade 2, 2, 9; 2, 2, 9; 2, 2, 2, 2, 2, 2, 9; 22), 
A MARKT Be 
ae Hau 3, ,2,9; N) 
l 5. . + A Er = H 
ur btw af ‚ Aa)» = (2,2 2, 2,2, 2,2, 10; 2, 2,2, 2,2, 8,2, 105.) 
ye ae T3992 3,2 89-105 ayy 
x= == Ba da positive integer greater than i: 
ni PEEN = Aa. 
To = wa Mad = (hr 2p, sal: ad tt; By 
; : a 2, a, 2q_ 2) a+1; --), = 
PAE, EEN mr. 5 
FE ui an ed.) 
In the examples just given ey . oS = u, T 
FEB: 2 2 . =— Lp i a 
oe a LS a eee hs ae ee 


s aai it may i obs that the in a)y i is the ah one which appears on 
-in AA (x0) with no other change than that of the Pigna of -the elements. When 
d is even; the denominator i in the expression ‘for af sin beat of d is 2, but when 


l ` dis odd it reduces to 1. 


‘We add some examples where the periods of A(29) yr and ‘of tia differ in 
-other te pacte, than money & chan ge of the signs of the elements. 


4 


aS coe Aa = (45-45 4; u $ 
ae Mat; — 2, =š; — 2—3; P 


B16. * x MoK pnas : Gmeerning a, certain Type = Continet l 








3 Vek. i, 
+ | se 
mn ua 65 ar 
un Er, A ping-a K 
| er West, | 
Ly = 348 : Alan’ (6; 6; 6; = 
ee 11 £ 
as HEA, Mel = 2a, — 2; ue — 3; ea: 
| x= be | 
no a Some % ee 
= Ba Heady = eo 
P Na ‚Mae = (8 a cars 2, — 3; un). 
: - ve a dia positive integer greater than, one. - 
T? | dgı4 var ‘ | 
= Aiva Meh = (Oi over api ka 
_arna+ı + VPP RMS | i p 
j at OE 
% = ee peer eee 
In these examples | l l Be 
i j E fds -, _ dan — d? +1 Fi 
| Mm +d 
pEr Again consider these examples. | 
we en Ste i TET Bo Se E eo 3 
To -=N Me Aap Ja =.(4, 3; 4, 3; 4, Grecia), 
mA 18 RE 2 
a a(z w= Bi — 5, —2,— 3; 8 9) Ag oie: 
, | ‘gpa k l re | 
u EN 0, : 
Mie gre Man = (BB 8, 455, 45 =); 
0: BO FY as 
pare = a ee) ae 


Zo eee Fractions e Dadig o on. a y Variable Parameter. ME os a7 | 
a, = ` . $ 2 f a= ae 7 
Foy 15 Hin 3 


2 105 ass 


BE, Hebe (1, —2, 2, —s, a, 2, 5; BACH 


‘A= La a positive idee grönter than’ one. 


agen tva a) ee d— =a), 














aE Mala, d; d+, dv 4 
oe | Í d+1,d;:...),' 
r ang 3) HVP +4 . : 
= 5 an ae nr gge = ) 5 Al Wed ~ 2; — 2, Bee 


ue en: a, 2. a 3; ean), 
Tn this Tis as in the preceding a os : SOE ete A 
a eo E =i OHI 

‘Tn H, and Hf, andi in the preceding Tats the ».dvelopments a= x) con- 


E sidered are all periodic.” ©. : 


Lefi us now der an example. of a ‘non -periodic development @ =») 
„having. an associated A-development (A = 2’)... 
Denote by Lp the infinite A-sequence derived from the continued fraction 


Lacan +1) = (31; di, Ae, 3, Sey 333 4, Ay 4s, Ay. 31, CR dr “dy 4;, 4p- - ro 
< whichis a A- -development, for = 4, by taking £ the ale of both members, of 
this equation, a8 n = o. ‚Then 


i Maei = (3, t, 4 31, 3 35; tis, T 45, Ao 3, 3p, 33; Bi 35, 2: i 
i n 4, fay fos oe ds, fa ~ Dre) 
ES "Now lei i P w 


then ©, ny oat A Ee ee ee T Aor ak 
Ae) CETE TE ijn E 3 
— 8, — 2;— 38, 2, — 3, — 2; 3,3, 2. Be 

2.2.3, ia, > 8, — 2, — 3, 3,3, — 2, Yee 


“Tt may be remarked that @ Bet of Vai in Mao) goes, over into a set . cof — 3’8 

“in Adar) i i. € in A(x{),; ‘that every. 4 in. A(x), gives rise to a sequence et Fe 

im AA(2) 4 ‘The semicolons, departing fr trom | customary usage, serve to seperate i 
Bere i ale; oe. 


i 


“ats oy Mohn: 


| Concering « a ' Oortain Te of Öoniinie, Ete. a a 


pe 


i 


. in the associate: ihe sequenced arising from sets of 3'si in or from the sequences 
f arising from: sets, ‘of £8: ' i : . 


‘In the manner indicated any: number of non seine een (ama! a 


therefore,. characteristic of quadratic. irrationalities. 


from the element. wat wen same  subecript in LON i 


” 


vo. 


4, 


eine associates. may . ‚be, set up. The- “property of having associates i is ‘not, 


u 


‚Let: it be observed that. this, process. of i nm Br AN) > 
appplies as well tó orpoak as 6 infinite a Ve nee 


For example lete o too r < 
A ®)ir= = 6, 4 4a, Su 5, si, re 45, a SE en By, hei eee 
i = 2 o ö z Bn 2 a sr ciety “eds 
and Jet. er : 7 ; er 
: A 
i r, aia A 7 of > = 
To o x 7 
i Then, a ; ur ie cb oe 
Mee a 9, by E gy Eii Be ee ar 3,29, 8, 9, 
E Bye wary er —8y 21, 3y- — 2, = Ban, Ben Pen , 


* 


ro Ta 


where N subscript to‘an element in (aed) indicates that the: element i is, derived: | Y, 


np > 


Twisted Curves whose tangents belong to a, | Linear 
OR: ’ 


Br Vai Says. 


° It was shown by Lie that the problem of finding the curves a whose, tangents ; 


.. belong to anon-special linear complex i is co-extensive with that of the enumeration - wi 
` of minimum developables. By.duality, the latter redüces to the problem of curves’; ` 


- on a quadric.cone, hence if these latter. curves be known, the: conrespondiae 

‘ complex curves are determined by-means of two transformations. Im eh 
"Since the. ‚properties of lying on a quadric cone and of- belon ging toa liear 

complex are purely. projective, it will be desirable to replace the minimum 


developable by any ‘developable on- which a’ conic lies, ‘and to avoid. both 3 | 


metrical and imaginary elements of the tfansformation. It is the purpose of this‘ 
. paper to analyze the singularities of the Noether ‚line-point t transformation and of . 
duality, then to give a classification of complex curyes of orders ‘one to six, ‘and E 

to discuss‘ the forms of ee which compoz curves can have. . 


y A “Curves on a quadrie cone. l 


“Ten an. alohi curyes pass b times through the vertex: of a. qaadrid. cone K, 


and cut each generator in æ other points. -Its order is then 2@+5. -By projecting eu 


this curve ' from an arbitrary point O of K; through which it does not pass, and, 
cutting the projecting cone with an arbitrary plane 2 we-obtain a plane curve of ae 

order 2a--+ 6.in (1,1) correspondence with the curve on Æ. Let the generator’ . 
_, through O cut min 0. It cuts the éurve on X, in a+. points, the tangents tod” ` 


- „of which lie in the tangent plane: to K along 00,: In the plane curve we have’ .: ” 


| atk branches touching each other, ‘with an independent b-fold pomt at the poiat of a 
l , tangeny. This- nr is a to 


a(a—1) +5 boty ub, i 


' double pointn. ‘The plane curve can nore no other ot singularities except ‘the: ‚prö- i b 


‚280. Snrope: Twisted Curves ` whose Tigers, belong to a “Linear Oompie, 


Pond jections of actual, nodes ad cusps of the. ‘curve on E, 7 The cla c of the. plane 
. curve ‘is at to the rank of the twisted curve, hence. at 

. he ee En ai i ` A, 

Dr: = (4—1) (a + ġ—1)— H— pro: Sr 

An arbitrary line ar cut x tangents to Oya+n.. ‚If the line pass through the” 
` vertex of Ky, 2a ofthese tangenta will evidently’ lie in the tangent planes 1 to Ky 
through the line. The b tangents at the vertex will each count for two, hence > 
“there are 2 ata ap b)— 2 H—3 e —2 (a + b), generators of K, which touch ‘the 


“ curve, the point of tangency not: being at the vertex. "The: ‚osculating, planes at a 4 


these points are: stationary. planés passing through the vertex. The other 
‘stationary planes do not’ pass through the vertex.. The osculating plane ata | 
i simple cusp must pass through the vertex, as must also the osculating plane at. .. 
"at a point of inflexion, the latter being a plane of six-point contact, being’ the, 
equivalent of three stationary planes. The inflexional tangent must pass through 
the vertex. -A cusp or linear inflexion may exist at the vertex; higher- point 
singularities may. exist at other points ‘of. the’ curve, without requiring the : 
. osculating plane to pass through the vertex, The effect of. these a 
will be the same as that of their projections in x. 
- If the equation of K, be yo 4æz =0, and the. coordinates of O be (0, t, 0, 0) 


the relation between the point (e Y z, w) on the cone and the ‚point & N, Si in n , 
.. may -be represented thus : i 


pomel, poit, py= 28n; ao o. 


The equation’ ‘of the tacnodal: tangent, intersection of 2 and the tangent plane 
to K, along, OO, is E=0, the point of tangericy being. (0, 0, 1). A plane curve . 


-4 


‘of order 2a-+ 6 having a branches touching each other and’ another b-fold point ne 


ab the point of contact is the projection of a.conical cs445- ' Every other 


: ‚ singularity of the plane curve will Beet ‘into a ‘similar singularity of the if 
conical. enero: a 
2. ‘Duality. 


i By means ‘of the point (a; ys 2, w) and plane (u, 2 v, 8, £) dusiity wherein’ i 
u er vy + 82 + tw 0, ns -cone ee = =0 goes over- into the conic: Ca: 








i - 
, * The letters r, p, HB and others that will be used have the same meaning asin Pascal's (German) Reper- 
torium, . vol. 2,-p.,228, col. 4. This formula’ ‚was proved by Ed. Weyr and by Baule by means of abellan ` 


Integrals, It was generalized to apply to curves on a cone, of any order by Sturm, Hath. Annalen, ‚vol. 19, 7 
_ Pp. 487, where the preceding memoirs are also cited. ~ ' 


A . r R A $ ‘ 73 
Boss à 4 $ ie i’ ” oF er 
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_Sxyper: Twisted. Gries whose - Tangente: T to a Linear. Copiez, 28 r: 


yi xz = 0, w = 0; “the vertas ©, 0, 0, 1) into’ ‘the plane w= 0, ‘the ‚generätors 
" of Æ, into the tangents of cy. ‚The curve Ca +, becomes’ a developable D, of 
rank r, having c, for.a-fold-curve, ‚having, b-tängents- ‚with w ‘for: torsal plane, and | 


2a(a+b)—2 H— 38-2 (a + b) ‘other. tangents in w = 0 which are simple - 
generators of the developable. Stationary planes go into ;cusps; those passing. 


. through the vertex into those on Ca; Cusps go into stationary planes, the point: of 
‚ contact being on c. .The various singularities of Csap Which have no special 


relation to the vertex of K, go over ‚into dual. singularities having no particular | 


relation to w= 0.. : I 
8, The Noelia: Tine-point transformation. 


The details of this transformation were given in my. Göttingen’ Taune, * 
but in metrical form, and with reference to spheres rather than minimum lines 
as generators: 

Consider the two bi:linear equations l 


: ae met ny + ww = ó, 
ER ae as net ay + m2 = 0, 


in hehe x, Y, È, W and Ti, Yr, %, Wy are coordinates of points. in two apaces 8 S. 


` When (x;) describes S, the corresponding line-in S describes the linear anes 
b= pu + pos = 0. ; When (2) describes 8, the corresponding line in S, describes 
the ‘quadratic: eomples Q E pu Pu — Pis = 9, NE of the lines which cut 
the.conie 4 yi— a4 =, m=OT - . 
‚The lines of a pencil in p go into the points ‘of the line in o which is the 
P age of the. Vertex. ‘A curve in  :goes’over' into a developable i in Q. The œ? 
nes of a linear. congruesice contained i ind, defined by 


Py + bPa + © Pa a d Pu + Pu ta = =0 
x become the. oh points of the quadric surface: RB,’ , ’ 
ma yi) — w, (awi F BAT da, + (f= eyy) = 0, 


| which may be said to'be the image, ‚of the two directrices ‘of the congruence. 


These directrices are en polars ag to d, hence: to rany line in iS rn l 





` -# Ueber die linearen" Coupe der Lie’schen Kugelgeomeirie, Göttingen, i895.. "Many of the detal]s are ` 


siso given. in Lie-8chbffers, Berührungstransformationen, 1897. 

“ + This form of the equations is given by. Wiman, . Klassifikation: af regelytorne af aeit Graden, Lund * 
dfesertstion, 1892. The transformation of singularities ‘is not discussed. See also Jessop’ 8 Treatise o on the’ 
line complex, pp. 131-8. ` vi 
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. an. ee in s, auni ee} "the ana system of generator of R, are the images 
_of the points of; the: conjugate polar of the given line as, to ~. When the ` 
directrices coincide, the single diréctrix belongs to ẹ;- its points go. over into 
the quadric cone whose vertex is the image of‘ the given line, and which , 
contains &. If the diréctrices of the congruence cut l, w= 0, y=0, i.e., AR b=0, 
R, breakg up into w = 0. and the plane aw, + 0% + da, + (f—ày = 0; ihe 
points: ‘of the directrices go.over into the two. pencils i in thé second. plane, Ghee 
- vertices are at the points in which the plane cuts y. A’ areca haneng to 
‘and cutting 7 goes over into 4 tangent plane to cz. a 
- The œ? lines of: . which cut Z. go over ste the ` 03 T of. u = o. 
Conversely, all the points of w, = 0 go over into the same-line . The ‘relation 
between the points in 4, and directions from points of 2 is expressed by. 


a: ya = d pu : d Pa: d Pa. To a point a, Yı ON Cy correspond . lines of win .. 


nF yy=0, the vertex: being on i. To the œ? lines’ in 8, through this point |” 

k correspond the œ? points of the plane se + yy = 0. To the lines of a pencil ` 
containing the tangent to % and vertex on Ce correspond < ost points on.a line of i 
in the plane. --When a.curve in 8, has. a double point on ¢, it goes over into ` 
two ‘lines of 4} from: the same ‚point of 7. When the plane of the two tangents 
“ contains the tarigent to’c, at the.double. point the i image lines in § coincide. 

A line in w; = 0 cuts & in two points, but we need not consider’ such cases” 
here, ‘since every generator of a developable containing c, and, lying i in the plane’ 
of the latter must be tangent to c. If then the. developable. be of-order 7 and 
contains. c,.a8 an a-fold line, the corresponding curve in § will be of order r —a, ; 

‚having r— 2a ‘points on Z> 2 7 Sa F paa n 

“ Cusps‘and linear inflexions ins; go into linear inflexions and: cusps in LS, 
provided they do riot lie onc. ‘A cusp of D, on Cy goes - into a point ofc,_, on 1, 
and a point of stationary contact on cs goes over into a line of ẹ cutting 7 which. _ 

‘has a point of tangeney not onl. A: ‘generator of D; in .w,, and having w for . 
torsal plane goes into’ a: point, of c a on J, having J for tangent; A double. ` 
tangent plane goes into a line of J cutting 7 which is‘a. bisecant Os -^ 

On combining these two transformations we see that every curve on Ky goes ` 
E over into a curve in.) and conversely. ‚In: this depiction, any complex whatever ` 
S that is not special can by linear point transformation be, reduced to this form a. _ 

. The same complex curve may give rise to different curves. on Ky by choosing I 
differently. ` “Any line. of the complex to which a curye may BE can ‘be: ‘taken 
as t, and aby come in 8; ney be taken. for ‘ ae <2 


a 
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oe Ae cürve. of order 2a-+ 6 on R, goes. over “into a cre curve of order 
Aal + 8) —2H—3 6 —a. ‘The line Z has 2a(a+ b) —2 H3 p> 2e points - 


i upon the curve, of which 23° ‚are absorbed in b points of contact, images.of the. 


b tangents to Saat at the vertex of RK: The other points of the complex curve 
on lare images, of: the‘ stationary planes which pass through the vertex of K. 

"Phere are B tangents of the’ complex curve which cut J, and also. H` bisecants 
belonging to 4 cut 7. “The genus of the complex curve is the same as. that of the ` 
conical curve. “To every stationary plane’ of the conical curve not passing 
through the vertex corresponds an inflexion of the complex curve, hence we . _ 
have the following theorem: At. the ‘point of contact ofa stationary plane of a = 
curve contained i in a linear compleas the. tangent line has.at least three point contact." = 


aif a tangent having more. than two-point contact with the conical curve does, n 


ai pass through the vertex; ‘the point of contact must be a singular point, hence: - 
The osculating plane at a ‘cusp of a curve contained, in a linear complex ae have, ` 
at least five-point contact. with the curve at the cusp. - 

Finally, since every. ‘complex curve-is self-dual in such a: way that, every, 


generator of the developable formed by its tangents goes into itself when inverted ~, 


‘in the.complex } it’ follows that MEN, a =8, H=S= -0, h= =g, x=y. Further, 
, the cusps and’ points of stationary ı contact must, be in united position, provided 
“the latter i ig 3 not an inflexion. Te , i get ee Poe Sa 


A. Particular examples. 


‚ The Cs, en b= 1 or (1, 1) on KR, goes over into A in bi l being a tangent. a 

A nodal c, (2, 0), vertex not at the node, is of ‘rank 6; two tangents pass _ 
through the vertex and it has two other stationary. lanes. Tt. ‘becomes: a'e | 

' having two linear inflexions; J is a bisecant of c,.and lies in the osculating plane. 

of each point of intersection, hence no other tangents can cut l. ; 
: These two curves. were long since known to’ belong to a complex. . Now. ; 

consider the c i hering its, node at the vèrtex of K,, type (1, 2A No tangente 





..#*This theorem ‘can ‘also! be proved geométrically. Another prõot was given by Picard, “Application de la 
théorie des complexes linéaires à Détude des’ surfaces et des courbes gauches’ Annales de Pécols normale, 1877, 
i 4Bee Wilerynski, Math. Ännalen, vol. 58, p. 249, and Sisam, Bulletin Amer. Math. Society, vol. 10; P- “440. 

{The word duality Is used In a much broader sense by Fiedler in :the Vierteljahresschrift der Naturforsch. 
Gesellschaft in Zürich, vol.” 20, in which he enumerates Possible self-dual curves, simply according to the 
Cayley characteristics. ‘Complex. curves are not discussed: 


% E - 7 ae i 
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pass, through the ‘vertex’ except the two-at the ia: We. have, in = a e of 
which Zis a bitangent and having four inflexions.. Peens . 

The cuspidal Ci; vertex not ' at cusp ‘goes over into ¢ having one, point on l; 
“one tan gent to'c, cuts Z. If the. cusp be at the vertex, the ai curve iş & G 
having | 7 for one inflexional: tangent, and one other. a. Fi 

An interesting curve is afforded by. the quartic of the first kind (2, 2): The i 
complex curve is of order six and genus one. . The line 7 is a quadri- -secant, the. 
points. of intersection being harmonic. The.12 inflexional tangents are arranged { 
in three tetrads such that the. two transversals of a tetrad also cut 7 and, are- 


` conjugate polars as toy: The lines iv the stationary planes which. cut 7 and ` 


: belong to are so arranged that.a line of Y Ka ay three. will also, cut a 
fourth. The conical CUrVe Condy! . 


$ 
+ 


a= (n4, y= a (anian, eTa “wan, 


has all points | of the pláne æ = 0 at the vertex of the cone, the gener ator z= = 0; 

y= ‘0 being a tangent of (n + 1)-point contact. „The point (1, 0,-0, 0) is.an 
(a —1)-fold ‚point, the osculating. plane w= 0 having (2n + 1)-point- contact, | 
„the tangent line having 2npoint contact, It goes into the complex‘ curve: 


E= (nÊ nant, y = (2n Haar, s z= (2n +). wa. 


which has’ two. n- fold points, “the tangents having (n +1)- point contact, and 
_osculating planes having: (2n-+1)-point contact. The points are (0, 0, 0, 1) and 
(1, 0; 0,0). ‘Thus a cusp-of this nature on the complex curve and having the 
kondemenial line for tangent goes into the.vertex of thé cone K,, the: tangent 
having (n+ 1)-point contact,. and the point itself simple on the conical curve, ` 
The same singularity, but having no particular relation to. the fundamental line 
` goes into a singular point of the same order as that on the complex.curve, but a 
. the tangent has maximum contact. Neither the tangent nor the’ oseulating plane 
ss through the vertex of the cone. Similarly, the conical curye ' ae 
cn A", y= anan, z= nA" a sw = 2, 


having an (m —2)-fold point. at the vertex, and a stationary plane of n-point 





Fa mmaa 





* ‘The rational quite with four ‘Inflexions and a ‘double. tangent has also Haan: found by Dr. Colpitte in nis 
_ Enumeration of twisted quintic en Cornell dissertation, 1096; by. a totally. differont method. 
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contact at (0, 0, 0, 1), the tangent having emple contact, goes into the complex ' 


curve 
send, yY EnA, soma, w=2—n, 


having two tangents of (r —1)-point contact, but no multiple points. * 

As an example of a less symmetric curve, the conical ¢,: x = ae, y = 2048; 
z= 100, w= 6% goes into the complex ca: a= 245, y = 2027, 2= 45, w= 2. 

It is thus.seen that the tangents to the conical curve go into the points of 
the complex curve, and the osculating planes of the conical ¢urve go into’ the 
tangents of the complex curve. The vertex goes into 7. The points of co.) gO 
into lines of 3) cutting 7, determined ‘by the osculating plane. These lines form 
a ruled surface contained in a special linear congruence having l for single 
directrix, and the complex curve for asymptotic line. The order of the surface 
is 2a +b; 1 is an a-fold directrix and an a- -fold generator; b generators lie in 
any plane through 7. The order of the complex curve is (generally) equal to the 
class of a plane section of this surface. 


5. Asymptotic lines on certain ruled surfaces. 


. The asymptotic lines of an algebraic ruled surface contained in a linear 
congruence are algebraic, belong to a complex containing the congruence, cut 
every generator twice and are of order equal to the class of a plane section of 
the surface. We can therefore determine their genus by Segre’s theorem.t 
If the surface have an m-fold directrix and a distinct n-fold directrix, ô double, 
and x cuspidal generators, the genus p is defined by 


p=4mn—3(m + n) TEE a 


The pinch-points are inflexions for all the asymptotic lines, the common 
inflexional tangent being the torsal generators. All the generators of the 
surface are- principal chords, i. e., the osculating plane at each point of intersection 
passes through the other point. i 

If these curves be projected from. any oi on the m- fold directrix, the 

. plane projection .will have a 2(m?—m—85— x)-fold point, each branch paving 





* These two complex curves have other remarkable properties which were discussed in the Journal, vol. 28. 
+ Math. Ann. vol. 84, p. 3 (1889). i 
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an inflexion at the multiple point and n other nodes lying on a line, the nodal 
tangents being inflexional. All the remaining points in which the line joining 
the nodes cuts the curves are points of inflexion. The various asymptotic lines 
"of the surface will have the inflexional tangents at the multiple point in common, 
as well as the simple inflexions and the nodes, but the inflexional tangents at the 
nodes will form a quadratic involution. 
` Conversely, given any complex curve, we can construct a ruled surface 
having the given curve for asymptotic line. Leth be a line not belonging to the 
complex. Connect each point P of e with the point Q on Z in which 7 pierces 
the osculating plane of P. The line PQ will generate a surface having A, A! for 
directrices, A’ being the conjugate polar of A as to the complex. By choosing A 
in various ways, the given curve can be made of different order than that of the 
other asymptotic lines. In particular, the line can be so chosen: that all the 
asymptotic lines are composite. 


6. Maximum genus of complex curves. 


The question of the maximum genus of a complex curve of given order is 
equivalent to that of the maximum number of cusps which a conical curve of 
given order can have. The latter in turn is replaced by the problem of plane 
curves: given a curve of order 2a, having a branches touching each other at a 
given point, required the maximum number of cusps which the curve may have, 
since it is easy to see that we need only consider curves of complete intersection, 
which do not pass through the vertex of the cone. This problem has not been 

| solved, it is simply a special case of the classic problem of the number of con- 
stants which the double points of a curve absorb, but an upper limit can be fixed 
in each case. Thus, if a = 4, 87; if 8=[1, it can have no double points. 
This gives rise to a complex. curve of order 7 and genus 2. Ifa~@=6, ß=18, 
H= 2 exists and gives rise to a complex curve of order 8 and genus 5. It may 
be obtained as the intersection of A, and a cone having for base a curve of 
order 6 and class 3, two tangents lying in tangent planes of K,. The asymptotic 
lines of the quartic scroll having two distinct double directrices are of this type. . 
They have forty inflexional tangents, eight of which are generators of the scroll. 
In general, / is a bisecant and is intersected by.18 tangents, making its rank 24. 
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By reducing to simple curves of maximum genus we obtain the following 
upper limits, but for larger values of a the actual upper. limit is probably lower: 


a 2 3 4 5 6 7 8 9 10 11 12 
B 1 4 7 12 18. 26 36 47° 59 72 88 


The corresponding complex curves become: 


order . 3 4 56 6 7 8 9 10 
max. genus 0007125 10 15 


7. Complex curves of orders three to six. 


Every twisted cubic belongs to a linear complex. The quartic with two 
inflexions is the only form, although the cuspidal quartic is selfdual in the more 
general sense. The complex quintics are unicursal; they have four inflexions, 
with or without a double tangent, a four-point tangent with two inflexions or 
another four-point tangent, a cusp with osculating plane having five-point contact 
and two inflexions, or another cusp. The forms having four inflexions, or one 
cusp can not lie on a quadric. 

The conical curves which transform into rational sextics contained in 4 are 
of the forms: 


(2,1), H=2, this goes into v = 6, lis t + 8. 

(2, 2), 8=2, H=1, list. 

(1, 4), all tangents Bidet, l is tangent of 5-point contact. 

(3, 0), 8=1, H= 3, lis s. 

(8,1), 8 =3, H= 3, list+a. 

(2, 3), 8 = 2, H= 0 (coincident tangents), 7 has 4-point coincident contact. . 
(1, 3), two coincident tangents, / is simple and distinct inflexional tangent.* 


Of these forms, all but the first and last may also have a double osculating 
plane, giving rise to a bitangent of the complex curve. Stationary planes having 
5-point contact can occur in all, and having 6-point contact in all but the first 





* The statement made by Van der Vries, Proceedings Amer. Acad. vol. 38 (1903), p. 524, that no two of the 
tangents at a triple-point on a twisted quintic can coincide is incorrect. The equations of our curve may be 
written z:y:z:w = At(A—1): 343 (A—2)?: AA —1)% 1 in which case the complex curve has another Ben 

of four-polnt contact. 


< 
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and last. Combining these with possible point singularities, we obtain the 
following forms: l ' = 
a=ß=0. 
v= 6; 0 = -0 or 1. 
v = 4, one 4-point contact tangent, o = 0 or 1, or one vis ‘tangent. 
v= 2, two 4-point contact tangents. 
v = 0, three 4-point contact tangents. 
v == 8, one -5-point contact tangent, . 
v = 1, one 4-, one 5-point contact tangent. 
v = 0, two 5-point contact tangents. 
a= ESL 
v=4 o=0orl. 
= v= 2, one 4-point. 
y= 0, two 4-point. 
=B=% v=; v=0, one 4-point, 
a= 8=3 v=0. 
| The sextics of genus 1 have already been discussed. 


CORNELL UNIVERSITY, “u 9, 1906. 


Groups in which every ‘Subgroup 4s either Abelian or 
- . Dihedral. 


By G. A. MILLER. 


_ As the groups in which every subgroup is abelian are known* we shall 
assume that every group @ under consideration contains at least one non-abelian. 
dihedral subgroup. . Our first object is to prove that @ is always solvable. 
Since every subgroup and every quotient group of @ is either abelian, or has 
the properties which have been assumed with respect to @, it follows that @ is 
‚either solvable or there is some @ which is simple. It is therefore only necessary 
to show that @ cannot be a simple group. We shall do this by assuming that G 
is simple and showing that this assumption necessarily leads to a. contradiction. - 
Until G is proved solvable it will be assumed that it is simple. 

Suppose that G is represented: as a substitution group in such a way that 
a Sylow subgroup of odd order (P) ‘is composed of all the substitutions of @ 
which do not involve a given letter. The subgroup P is abelian. If it were 
‚maximal G would be of degree n and class n— 1, since P would be of degree 
n— 1 and could have only the identity in common with any of its conjugates. 
As a group of degree n and class-n— 1 contains an invariant subgroup, P cannot 
be maximal and hence it must be contained in a dihedral subgroup of G. -The 
latter statement follows from the fact that no abelian subgroup can be maximal 
in a simple group. Hence we have proved the lemma that every Sylow subgroup 
of odd order contained in @ is cyclic and every abelian subgroup of G is contained 
in some dihedral subgroup whenever G is simple. . 

Since the Sylow subgroup of order 2” is contained in a dihedral group 
it must itself be dihedral and hence involves operators of order 2™~1, Suppose 
now that Gis represented as a primitive substitution group in such a way that 
the subgroup (G,) which is composed of all its substitutions which do not involve 








+ Transactions of the American Mathematical Society, vol. 4 (1908), p. 398, 
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a given letter involves a Sylow subgroup of order 2”. There is one invariant 
operator (s,) of order 2 in G,* and all its operators whose order exceeds 2 are of 
degree n— 1, n being the degree of G. We proceed to prove that the degree of 
s, is less Atta n—l1. 

Since G is simple and G; is a maximal subgroup, s; is not commutative with — 
any operators of G, except those of G,. Hence s, has n conjugates under G. 
These n conjugates include all the operators.of G which are powers of operators 
of order 2°, a>1, since all the cyclic subgroups of order 2* are conjugate under @. 
If G contained any operators of order 2 besides those which are conjugate with s, 
it would contain negative substitutions if it were represented as a transitive sub- 
stitution group in such a way that one of these operators of order 2 would generate 
the subgroup involving all the substitutions which do not contain a given letter. 
That is, G contains a mee set of conjugates of order 2 and the number of these 
conjugates is n. i 

From the preceding paragraph it follows that & would be of class n—i if 8, > 
were of degreen—1. Asa simple group cannot be of degree n and of class n—1 
it follows that the degree of s, is less than n—1. The number of four-groups 
in G, is g,/4, gı being the order of G}. As every operator of order 2 in & is 
_ contained in exactly g,/4 four-groups, the total number of these subgroups is 
ng,/12 = g/12, g being the order of G. If they would all be conjugate each of 
them would be invariant under a group of order 12. As such a subgroup is: 
neither dihedral nor contained in a dihedral group it follows that G cannot be 
simple unless its order is divisible by 8. l 

If g were divisible by 8 G would contain two operators of order 4, (t,, b) 
such that the square of each would transform the other into its inverse. That is, 
we would have 


t= 1, Am, Buhl, ttl. 


From these relations it follows that {żł, t3} is the four-group. Moreover: 
the equations ` i l i 
Het, (4 h) th = t, 

show that the subgroup generated by &; 33, 81, 83 is neither abelian nor dihedral. 
This proves that @ is composite. In other words, If every non-abelian sub-group 
of a group is dihedral the group is always solvable. 








* The order of G, is divisible by 4 since the order of G cannot be twice an odd number. 
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If the order of a dihedral group is divisible by 4, its non-invariant operators 
of order 2 may be replaced by operators of order 4 which transform the operators 
. of the group in the same way as the operators of order 2 did. That is, the group 
of cogredient isomorphisms remains unchanged. The octic and the quaternion 
groups are simple illustrations of such groups. If we call the latter type associate- 
dihedral, the arguments used above prove also that if every non-abelian sub-group 
of a group is either dihedral or associate-dihedral the group is solvable. _ 

Since @ is solvable it contains an invariant subgroup of prime index (p). 
If p> 2 the corresponding invariant subgroup (ZH) involves all the operators of 
G whose order is of the form 2*. There is some operator (s) of order p° which 
is found in @ but notin H. If H were abelian it would contain some operators 
of order 2 which would transform an operator of order p into its inverse since G 
contains at least one non-abelian dihedral subgroup. This is impossible since 
every two operators of order 2 in H are supposed to be commutative. Hence 
H must be dihedral whenever p>2. Ass is commutative with every operator 
in the cyclic subgroup of half the order of H it follows that @ is either the direct 
product of the octic group and a cyclic group of order p, or it te the direct product of 
a cyclic group of order p and a dihedral group of order 2q, q being an odd prime, 
whenever p > 2. 

When p= 2 @ may be a dihedral group. As the properties of such a G > 
are well known we shall assume for the present that G is not dihedral but that : 
H is abelian. Some operators of order 2 which are contained in the non-abelian 
dihedral subgroup-(D) cannot occur in H since H is abelian. We may therefore 
assume that S is of order 2, The considerations of this case may be simplified ` 
by means of the following theorem, which is of interest on account of its great 
generality. Jf an operator of order 2 transforms a group of order 2” into itself 
and is commutative with only two.of its operators the group of order 2” is cyclic, 
dihedral, or associate dihedral. : 

The proof of this theorem follows almost directly from the facts that the ` 
given group contains (whenever m > 8) an abelian non-cyclic invariant subgroup 
of order 8 whenever it contains more than one cyclic subgroup of order 8,* and 
an operator of order 2 which transforms an abelian non-cyclic group of order 8 
into itself is commutative with at least four of its operators. The group of . 
order 2", m > 38, which contains only one cyclic group of order 8 and is not 





*Transactions of the American Mathematical Society, vol. 6 (1905), p. 60. 
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mentioned in the theorem ‘can clearly not be transformed into itself by an 
operator of order 2 which is commutative with only two of its operators. Hence 
the proof of the theorem is complete since the four-group is dihedral and the . 
octic and quaternion groups are respectively dihedral and associate dihedral. 

If Œ would contain an invariant operator of odd prime order it would also 
involve an invariant subgroup of odd prime index ‘since the given invariant 
operator could not be contained in D. As this case has been considered we may 
assume that s transforms into its inverse every operator of odd prime order 
contained in H. The truth of the last statement follows directly from the 
theorem: If an operator (t) transforms commutative operators among themselves 
it is commutative with the continued product of any complete set of conjugates 
under ¿ In particular, if an operator of order two transforms any operator into 
. one which is commutative with it, the operator of order two is itself commutative with 

the product of this operator and its conjugate. 
l Suppose that @ contains more than two invariant operators. From the 
_ preceding paragraph it follows that it is only necessary to consider the case 
when there is an invariant operator (è) of order 2° in G and i does not occur 
in D. Since the direct product of the group of order 2 and a.dihedral group 
whose order is not divisible by 4 is dihedral, we may assume that the order of D 
- is divisible by 4. If ¿is of order 2 all the subgroups of D whose orders are 
divisible by 4 must be abelian. Hence the order of D is not divisible by 8 
unless D is the octic group. As the order of D is supposed to be divisible by 4 
it can contain only one subgroup of odd order. That is, if @ contains at least 
two invariant operators of order 2 it is the direct product of a group of order 2 and 
either the octic group or the dihedral group of order 4p, p being an odd prime. l 

If the order of'ù were four and i? were not in D we would have the case 
considered above and hence such a @ is impossible. The assumption that i? is 
in D also leads to a contradiction since the product of i and a non-invariant 
operator of order 2 in D would be of order 4, and this product together with the 
cyclic subgroup of half the order of D would generate an associate dihedral group. 
That is the order of i can not exceed 2. It remains therefore to consider the G’s 
‚which involve at most two invariant operators including the identity. 

By means of the preceding theorems it is not difficult to complete the con- 
sideration of all these groups when H is abelian. Since G is not dihedral and 
does not contain more than two invariant operators the order of H cannot be 


ee Moren i vou in which every Subgroup is either Abelan or Dihedral. l 
of the. form 9%. As ‚the Sylow subgroup of order: am n> 2, in G would be. i 
` dihedral it follows that G would be dihedral: Thati is, it’ is impossible to con: 
struct a non- -dihedral @ when’ Hi is abelian: ‘and. G does not involve more than ` 


two invariant operators unless. G ig of odd order. ‘In ‘this case G ' may be the ai 


i abelian group of order p? and of type (1, 1), p being an odd prime., l 
When His dibedral and its cyclic subgroup (9) i is of- order 2°° p? 158 „Di 


ar 


we may. choose 8 in such a way that all the operators of G which ‘are not in...’ 
are of order 4; provided A=1, 00, a,==1, and pS) mod 4. This i is the only | 
possible type when 8° is not invariant under C Is "were. ‘commutative with `; ai 


> more than two operators of C ‘without being commutative with all of them, l 
` the subgroup génerated by 8 and. 0 would not be dihedral, Hence s is either. 
commutative with all the operators of ©, or it transforms each one of them: into 


ts inverse. In the former case ‚we could replace 8. by. the product, obtained by 


multiplying i 5 into some non-invariant operator of order 2 in H. As the latter © 


‘ean be so selected that the- order of. this- product i is again of the form 2°, it’ 
- hay: be assumed that ¢ ‘is of order 2 and transforms each ‘of Ç into its | 
" inverse. ER ne 64 ah aa Ne eal 
If s. were ' commutative with | & non- invariant opiata of gider 2 in H the 
product. of s into this operator would be invariant under G. This case. was 
considered above. If 8 were not commutative with such an operator it would 


have to transform the non;invariant operators of order: 2 in H into ‘themselves oe 
multiplied ‘by operators whose order i is divisible by’ 200 > 0.. In this case @: . 3 


‚would involve operators of. order 2°94? pal. paè. spp and henċe would be 
' dihedral. Hence H cannot be dihedral when s? is found in €. We have now’ 
‚ considered all the -possible-cases ‘and may ‘express the results as ‘follows: Every 


non-abelian subgroup of.a dihedral ‚group is dihedral. If G is both’ non-abelian . _ 


“anid non- dihedral, and if every non-abelian subgroup of G. 18 dihedral mies G 
; belongs to one of the following five types of ‚groups : ; 


1) The direct product: of thie octic group and a a ‚group of order’ P, p p oine 
any prime number, 
2) The direct product. of the dihgdral group of ‘order 29 q being an od l 
prime, and the group of order p, ~ ` 


f 3) The direct prodact of. the dihedral- group “of. onder 103 ind the u | 


‘of order 3, l ibe g g Pe Soe Oly ia 
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4) The group buni by extending the aha group of ee p’, p>, i 
- and of type a; 1) by means of an- operator of order 2 which fransforms 
each operator of this abelian group into its inverse. 

BY The. group of order 4g, q being prime and =1 mod 4, which: is con-. 
tained i in the holomorph , of, the group of order q- i 


‘The first three ‚types contain invariant operators while there i is no invartit 
operator: besides the identity in either of the last, two types. None .of these 
' groups contains. invariant operators of order p? p being any prime. If any 
‚ other group contains a non-abelian dihedral subgroup it is either dihedral, or it 
tavolyes non- -abelian subgroups whioh a are not dihedral. 


Lines of Curvature of a Surface. 


"Br J. Kosum WRIGHT. -e 


. It is known that a surface, ia intrinsically definite if.the. two fundamental 
fornia ds? and. ae p are given.. With the usual, notation ` we represent these > by = 
l È dèt 2P du dò + @ de 


i md l 

Dane + 2D du do + Di di. 3° 
Ín iia two forms F, F, G may be given arbitrary a and then D, D, D' 3 

. are subject to. three. relations. If 'the parametric lines ‘are lines of cdrvature - 


=: F and .D' are both zero. . In this case D, D" are subject: to ‘three relations... 
. These are not satisfied together unless a certain relation exists among the ` 


coefficients E, G of the first fundamental form. Hence if the parametric curves 


are lines of curvature Æ and @ must be subject to.a general’ condition. =. 
If this condition is satisfied, it appears that Dand D" are in general definite ` ` 
‘ahd therefore the surface is intrinsically determinate. 


It appears ‘that the condition is equivalent to ‘two differential equations of: . 


the fifth order for Fand G. -In. this paper. we determine the two equations, and — 


apply the discussion to-the particular case where E= 1. The remainder of the 


` paper is ‘concerned with a similar consideration in the case of aapt lines. 
7 The equations for D, D" a are * 








DD" | An ava Sr. En ~i is. 
EGY m vB IR. 7E w) ee 
DVE 00 er. 
= G w AN } = oe (2): 
_ Dave: = M 
aa WG L Owe Se ke Ae) 
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We DINE=A, D'IS G =Y, B= st, de oO}, ee er in 
=. a ‚and use suffixes to denote differen tiabiens with respect to ù + and Ö. 


È 


l it equations now become 3 n ET, a e ee a ate 
AL + r+ G= 0, =a . Y= px. 7 (4) (5) (6), 


If we write o pit d= ap we have ores, 4P, 4 v= 2pP. Hence 


= 2 f qP dv, Y =2 fa pP au where an arbitrary function enters through k . 
_ éach of the integrals, ‚and . : 


=a fop du fap de, bse ee e Gr 
-It is lear that, if this relation is satisfied, the equations are ie and `: 
therefore a surface exists with the given element of length, för which the para- ” 

š ‘metric lines are ‘lines'of curvature. ` l i i . 
We .now. write P=a, -2gP =b, yP =e, eg P= Y= j and. our. 
equations become fy = a, G= b m= pe ee Zu: 
Consider first the ae in which a, b, ¢, are ‘all different from zero; £ must- ` 


aatistý the two en Bar ae =o, Bee are a 
og -Pias l -a oe (8) 
If we e differentiate this. with eae to v we get. . £ . TRI 
` (a,b aby) c+ (aye — a 05 — 2be) E + (ac — en (9 


Now if (a; b —.aby), and | (ac, — m) are both zero, Une em 


since EO. 


` If acy— ac only is zero; (9) « determines k ei and chen n is uniquely. 
“ determined. . In any case (8) and.(9) determine & as the. root of-a quadratic . 
‘equation, unless’ (9) -is nugatory, , and £, is, determinate. We assume for the 


présent: that ‚a — Ge +0. These equations give E=a, say, and =p. E 


Also & = 6. Hence’ we have two necessary and sufficient conditions for ' 
coexistence, namely aa = b, -a= B These two: conditions are of: the’ ‘third, a 
order in a, b,c, or of the fifth order in A and ©. It is obvious that if they: are - 
satisfied, values of £ and y can be determined to satisfy- our DE of equations, 
and further, there are only two possible £ sets of solutions. 
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We now Row that in eal phere is only one such set; in fact, aide (9 9) 
by a; — a,c and differentiate again with respect to v. . We get . 


2 


. (ab — aby) (une — acne PEZA be — acb — 26° + c(a; by = 2 bi) 
fe : (acy — a, cF ee Aly — Age 


a yy C— ay ©. ober er 
u et Fer Diso (10) 








If the aaen of E in this au is not zero, ‚Ei is determined TE and 


` hence there is only one set. . If this coefficient is zero we form the corresponding . 


set of equations with y instead of E, and again 'we see that 5 and y are uniquely 
. determinate. unless - er 





Bu) Bo =a. 


Hence males both the expressions nanied é are ‘zero the surface e Having the given 
linear , element, and the parametric lines as, lines’ of curvature, is intrinsically.. 
~ determinate. Looking away from these particiilar: cases we see ‚that the ‘two ' 
general equations of condition may be determined by’ eliminating E; &, from - 
(8), (9), (10), and x, ng, ‘from: -the corresponding equations in y. The two 
equations thus obtained are ‚obviously' of the fifth order in.A, Q; and they are 
clearly indépendent, for fifth derivatives enter. only en As 1 in tue first, and 
through @jıs in the second. 
- "The only case where, E and y are not determinate a arises, if (9) 3 is nugatory. z 
w We thus have the results: E 
l (i). If the linear element of a surface is given by gee = A det sh ©? d’, and 
|: if the parametric curves are lines of curvature, the surface i in ‘general is intrin- 
sically uniquely determinate, and A and C must satisfy two equations involving 
‚their fifth derivatives. These- two equations of condition are BOB. and - 
sufficient. - sor in er 
(ii) In certain cases there may. he two surfices atistin. the given 
conditions: _ : 
(iii) In certain cases: there ı may. be an infinite amber of ad surfaces, 
We shall i now enquire more closely into the surfaces -of classes (ii) and (iii). - . 
The equations arising from the identical vanishing. of:(10):and its correspondent : 


_ are rather cumbrous, so we consider 2 question again ab initio. "We assume, in, > 


x fact, that the equations Du mE ) = =e and = =b have two different solutions, f 


` 


ræ 7 A f 5 3 2 5 ` > “NX 
3 á : use © . 
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E, and p. This is - ar to the case arising ‘from the identical vanishing of 
(10) and the corresponding: ‘equation, with the exception that we must treat’ 
‘independently the case when the quadratic for Ei is a perfect square. . We deduce 


1 m 
‚at once that 22 er = U, apts = V, when U and Vare functions of: u and p O 


“aloe in that order We still assume that a, 6, ¢ are ‘different from zero, and 


vs therefore, since & FE, U and V are both different from zero. ‚We now take as 


new independent variables [v0 ae and fv 4 dv, and we have = = = 1, 


| EE =a. ' Hence from the qiadratic: for Ẹ we get 


baby ae oe Der vs (11) 





l "dg CAC, 
AyyC— ha — b | a ; Pe 
a u 
„Also if we substitute į in ‘turn & and Ein (9) and substract, we deduce ER 
drc — m o — = 0. re “ (12) 


‚ Hence £ + ¥ = a, By substituting the values ot the various coefficients in K g 


(9) we obtain i= c, ‘and therefore G= b: Hence. c= =0, b= = ð, where & O iB a 


function ofu and v. Also (1 1) becomes a, a, — a,0, = 0, and therefore a = f (o): 


With these values the quadratic for £ is f (8) E— 2-10) = = 0, and (12) becomes | 
` fla. . 

ff (@) must therefore sitisly the two Toe f" a= =- -0 ind 1 ee — 7 )? 
= pR4f. .The first is seen to'be a consequencé: of the second, and f= (o+ const.)? ` 
he Our equations are now all satisfied and if we incorporate the constant into 
‘@ we have - f : ’ 

: axa}, bF; e 
IN Sn IE n=o—t, =ö+ 4. 
We still have the relations >. 4 2 
a= (Pit wy, p=— alp +0 c= 2p(pi+ 9) 
N Those give Pit = Vo —F a an aa . 


baad We ne a 


An i] + (Jam FF) atov 


Hence ` 








u m 


Waid : Lines of Curvature. of a: Surface. on : 299° 


We write a= =} cosh @ and this becomes! 
in this investigation no distinction has. ieee made between ER and imaginary f 
quantities, but the connection between surfáces with the sane ‘spherical represen- : 
- tation as spherical or pseudospherical surfaces-is immediate.* > = 
`| We-now consider the case when the quadratic. for & has equal roots, and the i 
equations of type: (10) are nugatory. . We have a e—a G— 2bc’) | (acg—aye) equal 


kon Menon ofwonly. Let this function ben , and choose fvo U du a8 ‘the’, 


variable u. | Similarly choose the new variable v. We now have 
Gig %—. 2b = = 0; 
l _ 3b — ab — 20% = 6, = l 
l and there i is still a constant factor at our disposal in in each of the variables, u, v. 
From these. two equation we e deduce ae eee epee 
ab u: 
` f dzc ~~ Cy Fani 
z and therefore each of these fractions i is equal to * 
ay b-— ab, 
ET ze ~ ag“ + Er 
. i we een hes values in (9) we ‘ek i= = ae and therefore 3 d = Ey a. 
= fi is , therefore a function ofa only, say J (a). The quadratic for pa is 
a i aab ae bee 
cae me P= ac. 2 a np? ' 
l and since this i is a a perfect square we have ae ` 


a A= is 


; Now 
| ru =r jos 


. f! d = b, (+ — A ae C. 


i and therefore ` 


Bi; sA E 





* Bee Biänchi-Lukat, p.-472. The relation between the two surfaces corresponds to Hazzidaki’s transfor- 
mation. Eisenhart, Amer. Journal, Vol. 27, pp. 113-172, and Amer. Journal, Vol. 28, pp. 47-70. j 
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| KR | Kar a 2 u 





We thus have 2af! — ye 6, fe kva, Schere k is a,” constant.” By. choosing `.” 


appropriately the constant factors at our. Soom in u and v, we make k =]; 
and we now have = =v =n.. i 
Further f= b, n= c, and hence ` 


Be ‘> . 4 ova ova: 
i nf i TIN j 5 er .. v r \ 
-If we put a= 0° we have ep Sorat MS 
i i wo amo, b= o, 6 =o; ~ 
-E= 0, =O. 
ay v 


Hence p, + % =0,.p = q= — 457} aud the equation fox, ois 


A a Ic Miss 


_ or if we u 3 ee ee 
NR eo ee Far, wi) 
‘The spherical representation for. this class of surfaces i is Leo Bed 
| do? = o (du? + de*)* 


We. now order (iii), for which the quadraties for £ and n are , nugatory, 
and a, b, c are none of them zero. In the first place suppose, acy — aor =`0, and 


z` 
w 


ay 


that the remaining coefficients i in Ö do not vanish. ‘We have = = 5 and by | 
taking /U dw ås & new variable u, we ‘have c= a. 


The equations for E become’ 


Eee poe, 


Gea 2a? b) E=a (ab, — - ay a, b), 


- and we P a8 before, & ‘unique za of {28 and two equations of condition RR 


1 - + - 1 





*In this a donneetion see ‘Bianchi P. 185 sqq. `’ 
E j 2 nS i 1 
ay a 
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between a and b. There is a further limitation since ca. This involves 
Pit G+ 2p = 0, and therefore ; 


gale lee 


hence if @ is a certain function of u and v we have 


3 ` ae 
erzi, er, 


= “ae (20 


0p ə 
b = — dert" a Se ; 
- We now suppose that the quadratic for £ is nugatory. We have a =c, and 
a,b—ab,—=0. Hence by suitable choice-of the variable v we may make a=b. | 
In addition, (9) shows that we must have aa, — aa — 2a=0. If this 
condition is satisfied the equations En=a, k,=a, =a are compatible, but 
we must also have ` 


and 


ei een NAT 
Hence a must also satisfy 


| 2 (va) + 2 (vā) + avi =0. 


From this equation Vax o ”"F(u— v), where Fis an arbitrary function of its 
argument. But this value of a cannot satisfy the first condition for any value of 
F. Hence there are no surfaces of the kind sought. 

We now consider the possibility hitherto neglected, namely that one of 
` the quantities a, b, c is zero. Going back to the equations (4), (5), (6), we 
- see that the condition requires’ either. por g to be zero. We assume g=0 and 


we have 
AY +p, = 0, Ze, Y, =pX, 


together with 2 =0. Hence A is a function of u only, and we may by suitable — 
choice of u, make it unity. . We have now 
de = du? + O° de’, 


and p= C,. The equations are readily solved; there are two possibilities accord- 
.39 2 
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ing as X is or is not zero. In ‘the first case the surface is of zero curvature, and 

dè = du? + (au + by? dv?, where a and b are functions of v only. 

In the second case let X =, where x’ is the first derivative of a function 
xof u only. We now have X=2’, Q = V,cose+ Ysinz, Y= Genes P, 

. cosx, where V, and V, are functions of v only. ! 

The conditions C must satisfy, i in order that it may be thrown into the given 





- form, are . 
C; Cy ` Cn 
Cx Cus Ow, | = 0, 
Ciz Cus Cuma 
and ' ; 
ep Cus GaJo, 
du L(Cy Ong — Gy Cad 


The spherical representation is given by 
do? = x” du? + (V, sin Pee cos 32) dır. 
It readily follows that the surface is that swept out by a curve fixed in a. given 
plane when the plane rolls on a developable surface. + 
We now consider the case of a surface with linear element. 
dè = E d? + 2F du dv + G de’, 


for which the parametric lines are asymptotic. We have D= D" = 0, andt 





9 D = aft 7h D! 

du JEG — FP 2 j JEG FP 

ə D rA f! 2) DE on. 
Ov VEG — FF. 1 J VEGF * 


Also if K is the total curvature - 
| | pt, 
| u =—E. | 
Hence E, F, G must be subject to the two conditions 
ə. Be: 
Ju 08 K=-—4 j 2 } 
ð = 1. 2 ° 
3p log K =—4 | 1 l. 


4. 





* See also Blanchi-Lukat, p. 166: }Bianchi-Lukat, p. 92. | | 
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These conditions are seen to be equivalent to two, one of the second and the 
other of the third in derivatives of Æ, F, G. 

Asa particular example, consider the case in which the asymptotic lines cut. 
at right angles. The equations of condition give immediately 


KE = =U, Rap, 
. where U isa function of u only, V is a function of V only. By appropriate 


choice of u and v we make KE? = K@ = 1. 
We also have the additional equation 





eV yY 

ae tae me 
` where K= 8. E 
| Hence E VE = 4f'(u + iv) (u — iv) 


~ ut tv) + 9 (u—iv) P 
Also H= 0, and the- hari representation is given by de =— NK (d+ dv’). 
' We note that since de = Fe (du? + dv?) the spherical representation is con- 


formal, and the general properties of minima surfaces may be readily obtained 
from this point of view. . 

Suppose next that only one set of parametric curves, bay, that er which 
v = constant, is asymptotic. In this case D = 0, and - 


D! y 
JEG-PT =v — Ie 


In addition we must have 
Oi et [1a] us E D" as 
a er eae Wa 


—Kk= 





le —)- a 


aa WEHEN EB 


There is thus one equation of condition, of the fourth order, among the 
quantities Æ, F, @, and their derivatives, and this is given by substituting the ` 
value of D" given by the first in the second of the above two equations. If this 
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condition is satisfied D’ and D" are determinate and therefore the. surface also is 
intrinsically determinate. As a particular case we readily deduce that if E= 1, 
F=0, G must equal au’ + bu +c, where a, b, c are three arbitrary functions of © 
v only. This is of course the case of skew surfaces. os 

The general question as to what conditions are necessary in order that the 
parametric curves may be conjugates for some surface with a given linear ele-. 
ment may also be treated in the same manner as that connected with the lines of - 
curvature. We have to consider the possibility of coexistence of three equations 


En= a, k = ak + e, N = yn + ô, 
when a, a, 3, y, ô are known functions of u, v, we find that there must exist two 


relations of the fifth order among £, F, G and their derivatives. 
BRYN MAWR, April 1906. j 


The Ovals of the Plane Sextic Curve. 


By J. EDMUND WEIGHT. 


It is known that the plane sextic without double points has at most eleven 
‘separate ovals, and Hilbert has stated, though without proof, that these cannot 
all lie external to one another. No proof of this theorem has in fact yet been 
` given, though Miss Ragsdale* has shown that a sextic with the maximum 
number of ovals, all external, cannot be obtained by the ordinary processes 
` whereby curves with the maximum number of circuits.are derived. This paper 
gives a proof of the theorem. u 
Let it be assumed that u = 0 is a sextic with eleven external ovals all. lying 
in the finite part of the plane, and suppose that u is chosen to be positive at 
infinity, then u is negative inside each oval, and positive outside. Now consider 
u-+c=0 where-c is a positive constant. As c increases from zero, each oval 
gradually shrinks up. This process of shrinking continues either until one of 
the ovals reduces to an isolated point, or until an oval meets itself again, thus 
giving an ordinary node on that oval. This last case is however impossible, for 
if it were. possible a slight further increase in c would give a sextic with twelve 
ovals, A sextic, even though reducible, cannot have twelve ovals. Let then 
u+c=v=0 be the sextic with one isolated point and ten external ovals, no 
one of which contains this point. Now let Aand B be two real straight lines- 
through the point, and consider the sextic v + % (A? + B*)=.0 where k% is a 
positive constant. The particular point obtained, as Æ increases from zero,. 
“remains an isolated point on the sextic, and again the ovals shrink up until as. 
before one reduces to an isolated point. -Let %, be the value of & for this isolated 
‚point, and consider the sextic w= ù + k, (A? + B’)=0. This sextic has nine 
external ovals, and two isolated points both lying outside all the ovals. Through 





7 - —_ 


* American Journal of Mathematica (1906). On the Arrangement of the real Branches of Plane Algebraic | 
Curves. : i - ` 
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the two isolated points may be described three real conics with no other common 
points, say Z, M, N. Then, as before, we consider the sextic 


w+ k (I + M+ N’) =o, 
and thus obtain a ‘sextic with three isolated points. Now suppose that we 


have obtained a sextic with r isolated points, and 11— r external ovals, 
and suppose r is less than eight, we can describe through the r points three real ° 


l . cubics C1, O, G, which have no other common points, and therefore if U=0 


be the sextic, U+ k (Cf + 03+ C2) = 0 leads to a sextic with r-+1 isolated 
points and 10 —r ovals, all external to each other. If r= 8, two real cubics 
-may be described through the eight points, and they have one other point 
common. This other point can lie inside one at most of the remaining ovals, 
and therefore U+%(C?+ C3) =0 will give a sextic with two ovals and nine 

external isolated points. It is clear that only one cubic can be described — 
through these points, for if there were more there would be an infinity of 
them, and one of these could be made to pass through an arbitrary point on. the 
` sextic. The cubic and the sextic would then intersect in 19 points, which is 
impossible. Let then U= 0 be the sextic with nine points and two ovals, and 


let C=0 be the cubic through the nine points. Then U+ k C?= 0 is a sextic 


with the nine isolated points as double points, and C'has at most one even circuit. 
Hence, since CO’ can never meet the sextic again, only one at most of the two 
ovals of U can contain any part of C inside it,* and therefore, as before, by 
. increasing & from zero a sextic can be obtained with ten isolated -points and one 
oval external to the ten points. The sextic is now unicursal, and the theorem 
to be proved is that there can exist no ünicursal sextic. with ten isolated points - 
and an external oval. The sextic thus reduces to a finite oval and ten external 
isolatéd points, each at a finite distance from the others and from the oval, Let 
S= 0 be this sextic. 

Through eight of the points describe two cubics C,, O each passing through 
one of the other two points. Also let G and C, be so chosen that the oval lies 
in the part of the plane where they are positive, and consider the sextic 
S+kO,G=0. Ask increases from zero the eight points remain fixed isolated 
points and the two remaining points become ovals lying in the part of the plane 

.for which C, G is negative.. Also the large oval shrinks up. Now suppose for 
any point on this oval C, and O, have the values d, and d, and “8? + 8% the 








*]f an oval of the cubic lies inside an oval of the sextic, that oval cannot shrink up. 
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value p. Then if & increases from zero to a small positive value, the oval 
shrinks up a.small amount, and the point considered moves inward a -distance 
pii, ‘Also suppose at the 9th point (on C,), O, is ô, C, is aw+ by +... 
and Sis ag + 2Bay-+yy + ...., where x= 0 y=0 is the point considered. 
The small oval is practically the ellipse ax? + 2ßay + yy? + hd, (aw + by) = 0, 
so that this ellipse has dimensions proportional to k, and it moves towards the 
oval only when a branch of O, or O, separates it from the oval. Hence if the 
-oval is at a finite distance from C, and G we can thus obtain a sextic with eight 
isolated points and three external ovals, and the first oval is made smaller than 
before. We now proceed as before to'shrink up the three ovals and so obtain 
again ten points and one oval. If the original oval should be one of the two that 
reduce to points, we can arrange the second process so as to stop at.a smaller 
value of %, and thus by choosing Æ properly have the three ovals all points. 
This would give a sextic with eleven isolated points. The process must be 
stopped if the sextic approaches to within a small distance of one of the cubics. 
If however a part of the oval is at a distance <e from say C, it must be 
` possible to write S= C, C' + eS’, where C’ is a cubic and 8’ is-a sextic with 
finite coefficients. But obviously a sextic such as that considered cannot be 
. obtained from any two cubics and the only possibility is that O, consists of a - 
straight line and a conic. If O, consists of a straight line-and a conic, then there 
remains to be considered the possibility S= PQ -+ eS’ where P is a conic and 
Q is a quartic, and the only possibility is that Q is a perfect square passing 
through the ten isolated points. This however is impossible since a conie cannot 
pass through more than six of the d. p. s of a sextic. Hence the oval is always ‘ 
at a finite distance away from the cubics and.thus the process can be continued 
until the ovals reduce to eleven isolated d. p. s. There remains yet one possi- 
bility. The two d. p. s which are varied might run together. Suppose that the 
process is continued until the two variable points are at a very small distance . 
apart, and then take one of these as one of the eight fixed points, allowing one 
of the first eight to be movable, and continue the process until these are a small 
‚distance apart if before this time the oval of the sextic cannot be reduced to a 
‚point. We can in this way keep seven points fixed and continue our process 
until the three points come close together. Now these points must in the limit 
. form a point equivalent to three ordinary d. p. s, and.it cannot be an ordinary 
triple point, for then a-real branch of the sextic would necessarily pass through it. 
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It must therefore be of the type known as an oscnode, and a cubic passing 
through the three when they are at a small distance ‘apart will have an ordinary 
point at the place. Describe the cubic through the three and six of the seven 
- fixed points. Let the three special ones be A, B; O and consider the three 
B 
sc 
A 


cubics through BC, CA, AB, and the other seven points. Suppose that C, is the 
cubic through the three ABC, and G, is, say, that through BC. Then A and the 
point not on CO, turn into small ovals which may possibly approach each other. 
But it is easily seen that the cubics BC and CA are close to each other, and 
therefore if we take O, as the cubic OA the ovals derived from B and the point 
not on C, will be separated fromone another. by C,. They therefore cannot 
approach very ‘close to each other without first separating. They cannot . 
approach across Œ. If the branch between them be the even branch of G, they 
can never approach. If it be the odd branch they can only opproach across œ y. 
Hence through the whole process we may always hold six points fixed and can 
continue indefinitely the alternate process outlined, always arranging that, the 
four movable points shall not run together, and we finally obtain a sextic con- 
sisting of eleven isolated points. Such-a sextic would, however, be reducible, 
and it may easily be verified that no such reducible sextic exists. Hence the 
theorem is proved that a sextic cannot consist of eleven external.ovals. l 

I shall show in a later paper that the only possible arrangements for the 
ovals of a sextic are one internal and ten external, or ten internal and one 
external. l l 

BRYN MAWR, March 1907. 


On Twisted Quintic Curves. 


By E. C. Cotrrrts. l 


INTRODUCTION. 


The method of depicting on a conic the rational R, that lies on a hyper- 
boloid is the same as that used by Emil Weyr for the rational quartic curve.* 
The theory of biquadratic involution used in this paper is taken from u other 
articles by Weyr.t l 

The following is a list of the papers that have been published on twisted 
quintic curves: 

_ (1). On the rational curves. 

E. Bertini. Sule curve gobbe razionali del 5° òrdine. Collect. math. in 
memoriam D. Chelini, Mediolani, 1881, pp.-313-326. 

_ L. Berzolari.. Sula curva gobba razionale de] quint’ordine. Atti della 
R. Acc. dei Lincei, Rome, 1894, pp. 305-341. 

G. K. Nugteren. Rationale Ruimtekrommen van de vijfde. ie Diss., .., 
Utrecht, 1901, 67 pp. l 

Alfons Schmitz. Ueber eine bemerkenswerte Raumkurve fünfter Ordnung. 
Diss., Munich, 1887, 58 pp. i 

(2). On the curves of genus one. ; 

Emil Weyr. Ueber Raumcurven fünfter Ordnung vom Geschlechte Eins. 
Wiener Berichte, vol. 90, 1884, pp. 206-225 ; vol. 92, , 1885, pp. 498-523 ; vol. 97, 
1888, pp. 592-617. 

D. Montesano. Su la curva gobba di 5° ordine e di genere 1. Acc. Napoli, 
‚vol. 27, 1888, pp. 181-188. 


* Ueber die Abbildung einer rationalen Raumcurve vierter Ordnung auf einen Kegelschnitt. Wiener 
Berichte, vol. 72, 1875. j u 

+ Ueber biquadratische Involutionen orster Stufe. Wiener Berichte, vol. 88, 1881, pp. 800-320. 

Ueber Ausartungen biquadratischer Involutionen. Wiener Berichte, vol. 88, pp. 807-827. 
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(3). On the curves of genus two. l 

H. E. Timerding. Ueber eine Raumcurve fünfter Ordnung, Crelle, vol. 123, 
1901, pp. 284-311. 

I have made use of the paper by Nugteren in the discussion of the rational. 
quintic curves, and those by Weyr and Montesano for the curves of genus one. 

I have treated the rational quintics by writing the equations in terms of a 
parameter. The conditions for singularities on the rational curve are found in 
this way. The (1, 4) quintic lying on a hyperboloid is, however, studied by 
depicting it on a conic. I have thus found twelve curves of this type besides 
the non-singular case. At the close of the chapter dealing with rational quintics 
is a list of the quintic curves that belong to a linear complex. The quintic 
curve of genus one on a cubic surface F, is depicted on a plane, and the number 
of times that each line of F, cuts R; is determined. The same thing is done for 
the case when F; has a double point. It is then shown that the trisecants of Ry 
of genus one belong to a linear complex and that the pole of any plane lies on 
the conic determined by the five points in which the plane cuts R,. By means 
of the method used by Clebsch I have written the equation of the plane pro- 
jection of the quintic curve of genus two and found the maximum number of 
inflexional generators of the curve. - 


= CHAPTER 1. 
On tHE RATIONAL Quintic Curves. 
§1. Proof for the Existence of at Least one Quadrisecant. 


The rational quintic curves are divided into two classes; every quintic A} of 
the first kind is the partial intersection of two surfaces of the third order, the 
‘residual curve consisting of a curve Zt, and a line which does not cut this curve ; 
or it may be the partial intersection of two ruled surfaces of the third order 
which have the same double directrix. The rational R} of the second kind is 
the partial intersection of a quadric surface F, with a ruled surface of the fourth 
order which has a quadrisecant S, of A} for a triple line; or it is the intersection 
of a quadric surface F, with a quate e surface F,, the residual intersection being 
three skew lines. . 4 

Besides the non-singular rational quintic curves (i= 6), there are various 
other forms, viz.: l 

h=5, H=1; hkh=5, Bei h=4, BE; ‚h=4 H=1,8=1; 
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kaa P= 9; 13, -i & triple point. A triple point may have three dis- 
tinct tangents; or all three-coincident.* For the Cayley numbers of the quintic 
I use the symbols and relations as given by H. Pascal, on der höheren 
Mathematik, vol. 2, pp. 225-6. 

A rational quintic curve R, may be. en by — 


p= Yat A py = = ae t p= Sat- t po= Şat- pi 


i=0 -` 


If R; be cut by a plane Ax + By + Cz+ Dw = 0 the parameters of the points 
‘of intersection are defined by S (Aa; + Bb, + Ce, 4 Day PO, say É, ty, ts, 


u, ts. If = 21, 2h t = Sy, ate we have = 3 
(Aao) 3; + (— 1 (Aa) =0,4=1,...., 5. 
where (Aa) = Aa, + Bb; + Cc; + Dd,. Eliminate A, B, C, D between these 
equations. The result will be the conditions that the points ¢,... -tẹ are coplanar. 
After various reductions one condition may be written, 
(15%) 2a + (ab cdi) ž +( = by cs dy) % T (ao bs cg ds) 2 + (a Pra) = =0 
‘or Bay, 
I. PSH PEALE S$ REO 
The remaining onen is, 
iz (ao by Cy di) Es — NT (obod) Z — (a by ey ds) = 0 
or 
r. > esse l 
If definite values are given to t,, &, t, &, then é must satisfy the equations. 
(Pio, + Paos + Pio: + Pio, +-P;) + (Pios + Pros + Pro, + Py) ts = 0. 
Gt +9401 + gs) + (Go% +9252 +9351 + Wh = 0. 
where o; denotes the fundamental symmetric’ functions of 4, tz, ts, & of weight i 
The value of #, is indeterminate if ©. 
Pio, + Paos + Po, + P,o, + Ps= 0. 
i Pio + P, o + Pao + P= 0. 
; Ys Og + gos + G01 + ga = O. 
Jo % en). 


* Two coincident tangents can also exist, e. g., x= # (t — 1), y=Pd—1), z= (t — 1) w= ps (t). (Bee 
“Van der Vries: Proe. Amer. Acad., vol. 38, p. 524, footnote). . 
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These fuk equations are linear in 1 an bs, by. inc every rational Ry has 


one quadrisecant. Ry has © ' quadrisecants ifthese equations are not independent, 
that is, if 


|P, P,; Ps, P, 

TI. : , Py, Py, P; 
i Yer Ya, U 

Jo» ay Ys 


Synthetic proof: Establish a projectivity between the mere of FR and any 
' Sz, having the three points of intersection as corresponding points. Draw the 
lines connecting a point æ on S, with its corresponding point « on R,. - These 
lines will generate a ruled surface on which s, is a simple directrix. Every 
_ plane through S, cuts R, in two points a’ not on the line, hence contains two 
generators. The line & cannot be a generator since each point of Rg upon it is 
self-correspondent, hence Flies on an infinite number of cubic scrolls. One 
‘point a! lies on each generator, hence a plane through the double directrix will 
- only cut the curve in one variable point, from which it follows that J; has a 
quadrisecant. If it has only one, every such ruled cubic hus this same quad- . 
miseoans for double directrix :. if it has more than one it lies on a hyperpolod: ts 


§ 2. R as the Intersection of Two Ruled Surfaces of the Third Order.t 
From the preceding theorem it is seen that every Fy can be defined as the l 
intersection of two ruled cubic surfaces, having a double ‘line in ‘common, The — 


equations 

Uy +20, + %y=0, a+2U;+ V =0, 
in which U,, V, are polynomials in æ, y of degree i; 2, represent two ruled 
‘surfaces each having the line x= 0, y = 0, for double directrix. Their intersec- 
tion is made up of the double, directrix d, counted, four times and a twisted 


quintic curve R, having d, for a aaa 
Let the surface: 


| (at + Bay Hay? + tay!) Held oo day + bay) 
l + (qa? + 20,29 Hog) = 0. 
be Bivens “hay plane through the double directrix is y= mx. Substitute y=mx 





* Another proof that every rational R, has one quadrisecant is given by Bertini in Oollsotansa Mathematica 
“in Memoriam D. Chslini, Mediolani, 1881. 


tQ. K. Nugteren, Rationale Ruimte krommen van de Vijfde Orde, Diss., Utrecht, 1901. 
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in the above equation. The resulting equation is 


(ay 2° + 8a, ma? + 3, m? a + as Mè) + g (bo + 2b, ma? + by ma’) 

P E A 
Besides a? = 0, we have 
ee naar) + a 2b, m+ by m) 


+ (& + ein + om?) = 0 
or  abatbieto= 


The intersection of y = = ma with 2? = 0 defines dj; y = my and agz + biz p= =0. 
define. a generator of the surface. We have the (1, 2) relation between z and m 


: - a(b. 26, m + bam?) + (e + 20m Ham) = 0 


‚when the planes x = 0, and aSx + bèz + cå = 0 intersect. Hence, through every 
point of d, pass two planes cutting out generators of F,, or two generatori pass 
through every point of dy. : 


For m= 0,2 = — ar The other value of m corresponding to z = — =a 
Be 


: 7 0 
2 (buch) 
(bo) 
is Ax + By. + Oz + D= = ot This plane contains two lines which are the inter- 


is m= — The Bene equation ofa plane through these two generatori 


` 2(byer) 

tions of the pl date: + 638+ of = 0, form =: 0 and m= — 20 

sections planesy = mex an aka + 26 4 ci or m and m= (baca) 
or say, =— 2. Ifm =0, we have y = mx = 0, and dy a + by 2 + ¢ = 0. 


Therefore Az + By + Cz + D=0, must be the same plane as ayx + bz 
+ ¢ + B'y = 0(1) for some quantity B’. Similarly if m = — 2t, we have the 
two planes y + 2tæ = 0, and ae 


(a — bat + 12a, Ë — 8a) a + (bo — 4bit + 8,2) 2 + (¢— — 46, ¢ + ee =(. 
As before, the plane Ax + By + C + D=0 must coincide with the plane 


“(ay — 6a, t +120, Ê — 8a, E) x + (by — 4b, t + bl) z 
l + (a — 4a + 4af) + B" (y + 2x) =0. ` (2) 


for some value B”. Since (1) and (2) represent the same plane. 








. Q— bat + 12m4 Ê — Sag +2Bt BY". by —4b,t+ 48,8 


A ao 2 bo 





— Cp f . 
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From these relations we find that 
B= ca (3a, by — 20 b, — Gay byt + er a) 





by Cy — 4c,¢ + 40 ê 
If now we substitute for ¢ its value UE , we find 
(boc 
pi — 3% (d &)? — 6a (bo Ca) (bo c1) — 2a (bo %) (b1 01) + ts (by a) 
(bo 4)’ — 4 (bo a (b; ca) 


Again, form = œ = . The other value of m is found to be — i a.. 
2 1 





A general plane through the two generators corresponding to m =o and 


m= — 4 je = = v, say, is Aæ + By + Cz + D=0. Form= ow, 
1 
u A Su eee = (3) 
represents the same plane. Form =— F , we have the two planes y +5 = 0, 


(a— = a, v-+ — lee ER 


Any plane through their line of intersection is 
3 
(a= zarta pat geet biv + > be) 
+(a@— a Ge) +B (y+ g2)=0. (4) 


If ne (3) and-(4) are identical 





3 "B"v b. 
a — > 2 Oe ae T mp FH 2 Bl bobin tg h 
: Ar >. i ag - b 


Co — Cd +e 





| It follows that = 
(wat part gas sae) 
SS Oe etlge 
= 845 Boe)? —0m (5,2) (boa) — Alec) (But) + As) 


(a — ite Ca) (b001) 
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mae intersection of the two planes 
age + By + by + = 0 
A's + ay + 2+ a= 0 


is the simple directrix d, of F}. The coordinates of the point of intersection of 
d, with the xy plane are z= 0, 





„= Tante a My Oy + aA 
Ogg — AB? 7 "Gy ag— AB" 
ts — Ag Cy % + Cbs 
1— 5 4 
Let B=~, d= a Then z = = ae Be A a p” 


N= 0% vale C2)” — 4 (bye) (b1 %)] + ¢ [3a, (bo 6)? 
— 6a; (b c) (b061) — 2m (Boca) (bı a) + 40; (b00,)°]. 
But N is divisible by (2,%). For we have 


40g (ba c1) [Cbo c1) + (21 ¢2) c] 
= 4a; (Boe) [bo c1 Ca — By Co Cg + bi Cy Co — brer co] 
= 4a; (ba 61) (boca) cı- 
D = ma [(b a- — 4 (by ca) (bo G1) |? — [(P (bo c) + 4a; (du 61}°) - 
x (Q (ba) +40 (b1 6)?)] 
= dy Ag ae Cp)" — 8 (Bq Cp)” (b1 ca) (bp Cr) + 16 (b; a) (do a] 
— [E (ba ce) + 16 a a (bi c2)? (bo c1)] 
= 04; [(o 6) — 8 (bo ca)? a) (bc1)] — R (be). 

Therefore, both N and D are divisible by (b¢), and the numerator and the. 
denominator of x are both of degree eight. Similarly it may be shown the num: 
erator and denominator of y are also of degree eight. 

Form the pencil of surfaces 


(T+ 20, + V) +t(Uh+ 205+ Vi) =0, 
all of which pass through Rs. Then for a we write a + ta’; for b, b + tb'; for 


c, c + td. The ppe directrix meets the ay plane in the point «= fe Qi 


Ag (t) ’ 
y= + a ‚2=0. Hence the locus of the point in which d, -cuts the zy plane 
is a rational curve of order eight. Since the double directrix d, has four points 
on Fs, each generator has only one point. Hence, d is a trisecant of Ry. The 
‚simple directrices of the surfaces of the pencil F, + tF} are the trisecants of Rs; and 
the trisecants form a rational ruled surface of order eight. Hence; R; lies on -œt 
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ruled cubic surfaces all of which have the. line-d, for double. dee ‘and each 
surface has a different trisecant of F; for simple directrix. 

We will now find the number of Cayley cubic scrolls in this pencil of 
surfaces, ‚he equation of the Cayley scroll can be put in the form ` 


Ty + (Pa +99) [Ooo + b.y)2 + (oe + ag] =O. 
TH (Boa + 2b, ay + by’) z + (ca? + 2c, xy + czy’) = 0. 


U; + (by + 2b ay + bsy) z+ (cha? + Qo ay + oY) )= 0. 


. are the equations of two Cayley scrolls, then the terms U, +U} and V,+tV, 
have a common factor, when we form the pencil F,+¢F3=0; or z 


If 


and 


pr . E g 5 A > i 
(by + 0) (F) + + (E)E 
‘ 2 ; 1 p ; 
(a+ to) A +24 + tel) (GF) +(e + ET 
have a root 7m common. The resultant of these two equations is of order four 


in the coefficients. Hence, R; lies on four Cayley scrolls. 

The number of Cayley scrolls can be found by another method. F, has only 
one quadrisecant. Take three of the points of 4, on Fs as corresponding to the 
. same three points of R,. -This fixes the projectivity between the points of S, and 
of R;. Any plane through S, cuts Rẹ, in one point. The lines joining such 
points to their corresponding points: on $, generate a Cayley cubic scroll, for 
which S, is the directrix. The three coincidences.can be chosen among the four 
points in four different ways. Hence, there are four Cayley scrolls on which 
R, lies. l 

It is evident that the following statement in Pascal’s Repertorium der 
höheren Mathematik, Vol. 2, p. 266, must be incorrect; “Jed& Hj der ersten. 
Species ist der theilweise Schnitt zweier Regelflächen 3" Ordnung, welche aus- 
serdem eine Doppelgerade und zwei’andere Gerade gemeinschaftlich haben, von 
denen die eine die Doppelgerade schneidet und die andere nicht.” 


83. Plane projection of Ry. 
Ít ee been shown that the trisecants form a rational ruled. surface F, of 
order eight. Since R; projects from any one of its points into a rational plane 
curve of order four, it follows that three frisecants can be drawn from ‘every 
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. point of Ry.: Hence R, is a triple curve on F}. No other trisecants can be 
drawn through the four points in which 8, cuts Rs; for if this were possible a 
plane through, and S would meet R, in six points. Hence, S, counts for six 
generators. The complete nodal curve of F, consists of the original R, counted 
three times and S, counted as six double generators. 
From any point not on the curve, R, projects into a rational plane quintic 
6. The configuration of cusps and double points on C, depends on the position 
in space of the point of projection. From any point on S,, R; projects into a O, 
with a fourfold point; from any point of F, into a O, with one. triple point and 
three double points. The tangents of R; form a planar developable D; of order 
eight. The point of tangency projects into a cuspidal point. Hence, from an 
ordinary point an D, Rs projects into a C; with one cusp and five double 
:points ; from a point on the double curve of D, into a ©, with two cusps and four 
double points; from one of the triple points of D, into a G, having three cusps 
` and three double points. The plane projection of RB, from an arbitrary point in 
space has six double a 


g4 Derivation of F(t) and the Conditions for some Singularities. 


- If from equations I, I’ we eliminate ¢,, and let the remaining parameters all 
become equal we have. : 


F O =p % C + 4Prgot’ + (6Pago— 10Pi 99). + (4Pigo—20Pi qs) 
+ (Pego + 20 PB — 20 Pgs — 15 Pigi) # + (20P,ga— 20 Prq — 4Pıq)® 
+ (Pag + 10Pigs — 10P,q, — 6 Pags) E + 4 (Pegs — Paq) t 
. + (Psg — Pigs) = 0. l 


The roots of F (t) are the parameters of the points of contact of the stationary 
planes of Rs. Hence, Ry has eight stationary planes. 

| Writing S for t + t + ts, 8; for tt + etc; = f ġġ, the conditions that 
five points should be coplanar may be written . 


P [hatt Sty te] + BIS + Sh (te + &) + St] 
l + P [6 +S (446) +46] + PES + 4+6)] + P= o0. 
Goth aS + S(t ts) + Sitt] + g [e+ +) +46] 


ge [Bi (4 + ts) ] + qs = 9. 
41 
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If 4, 4, % are collinear they lie in a plane no matter what values are given to 
(4, + t) or to %¢;. Hence 7 l . ; 
P, + PaB + PS tPs P, S% t P,S, + Peo + Py 
q2 8s N +US + Gs qo &% + Is 81 + 9 
_ PS t+ Pr Si + Py 
~~ Go Ss + 938) + R 
express the nd that three points of R, lie on-a trisecant. _ 
Let ¢, be given the fixed value ¢, and write 7, for h+ f and 7, for tt. 
These equations may then be written , 
(P+ PIT, + Pi T) + (P, + PT + Pt 
(qs + wT Hoa) tlut eit a T)t 
_(B+BR+BM+(B+BRT+P Mt 
(M+ gs Li + g Th) + (Got Ge Tit | 
Bt Ps F,+ P; Ts) + (Pat Pye 
l ds + Ge D) (Gs + Go t 
_ Put each of these fractions equal to X and eliminate 7,, T}, 1, thus: 


(P; +P,t)— K(q + gut), DHAR K(a+ 9), (Pat Pat) — E(qs+42t) 


u 

















(P,+ Pyt)— Ko), einen Se Poy. EN eae 
This is a cubic equation in X; hence K has three values K,, K,, Kẹ. Put two 
of these equations each equal to K;. This determines T; and 7, and therefore, 
one pair of roots 4,4 on a line with 4 Hence: Three trisecants can be drawn 
through every point of Rs. 

If t = = h the trisecant becomes a tangent at the point of nein; 
‘Hence, the condition for a. linear inflexion may be found oy putting 4 = t= iin 
III. The resulting equations are 
P,O+3P,8+3P,t+P,  P,f4+3P,8+ 3P,t+ P, 
Gab + 893? + 8q¢ + Ys 3g Ë + 3t H Uu. 
. CBPP +SPt+ Py 
pË + 39 a Ys 








This gives ea only two independent relations which mar be written Surs = 0, 
i=0 

Ssi =0, where the coefficients V,, S; are of order eight i in the coefficients a, b, 

i=0 

c,d. If R; have a linear inflexion these two sextics must have a common root. 
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The resultant IV of degree ninety-six C2 prenasa ‘the condition for a linear | 
. inflexion on. R,. 

When two stationary planes become coincident, F (j=0 must have a double 
root. The coefficients of F (t) are of order eight in a, b, c, d; hence its diserim- 
inant V is of order one hundred and twelve. 

When Es has an inflexion, two stationary planes coincide. Hence IV is a 
factor of V. 

A plane having five sii contact with R, counts for two stationary planes, 
that is, the parameter of the point of contact must be a double root of F (t). To 
find the condition for such’a plane, put h = h = h =4 = tin equations I and I’. 
The resulting equations are > 


. dots + 10g, + 10g? + Sgt + Gs = 0. l 
_ Their resultant VI is of degree thirty-six in a, b, c, d. It follows that Vii is 
a factor of V.. 
When AR, has an actual double point, two different values of the parameter 


correspond to the double point. Let ¢ and u be these two values and let p and 
o be the two factors of proportionality. Hence we have 


5 
| oe py =D be pSt, u | 
0 api- ea y= =$- i a= Scat 5 om => ast in 


and 
i=0 


Multiplying the first equations i o.and the second “= p and subtracting we get 
four equations of the form s 


a (= = ‘)=0 for a, bi c, d. 


. i=0 . 7 

In order to eliminate t, u, and £ r we e form the four following identical equations 
E: (ot — pu’) + y (oč t1 — putt?) + (ott? - pul) = = 0 (i= 0, 1, 2, 3). 

where = tu, Z= (t+ Ti Take any two of these. equations as the first 


and second and eliminate the PEPE Conon (ot'— pv‘), t= 0, 1, — 5. 


320.2..." Corpmrs: On Twisted Quintic Curves. 
This gives the determinant 


as, a, as, de, a; ay, : 
bs, bes bs , bs ; by, bos 
i 5,4,%,%,0G,% —0 
de, A, d, d, d, dy, pe 
ee 
0, &, Y, 2,0,0 
“There are six terms in thie equation, ‘and five other similar equations in 
x, y, % Hence, there are enough equations to eliminate 2°, xy, Yè, xz, zy, P. 
Denoting by (i, &) the determinant formed by striking out the (6) th and (5—k) th 
columns of the constants, we find the condition VII for a double point to be 


(01), (02) , (12), (03)— (12), (23) , (23) 

(02),.(03) + (12), (18), (04) , (14) + (23), (24) 

(12), (13) 3 (23), (14) un (23), (24) , (34) = 

(03), (04) + (13), (14), (23) + (05), (24) + (15), (25)| 

(13), (14) T (23), (24), (15) 7 , (25) =? (34), (35) ‘ 

(23), (24) ,(84), (25) — (34), ` (85)  , (48) 
This condition is of degree twenty-four. l 

‘To find the condition for a cusp replace one of the equations in x, y, z, by 
the identity «+ ty + Êz = 0, and eliminate «?,.ete., as before. The roots ¢ and 
ù are given by the equation hë + ¢,¢+%—=0 where 4, f, 4 are of degree 
twenty in a,, bi, &, a. But.at a cusp ¿= u. Hence, the condition for a cusp 
VIII, is of order forty. In order that R, may have a cusp, “Vil and VIII must 
‘both be satisfied,* and F,(¢) has a triple root. . 

The equation determining the parameters of the points on the juae 
can be easily found by means of the equations on page 311. Solving for 03, 05, 05, | 
o, we find the equation determining the parameters to be of the form Ut — U,# 
+ U,#— U,t+ U,= 0, where U and U, are of degree sixteen. When a 
biquadratic equation has a pair of double roots G=0, and I —1 2H®= Q}. 
Hence, denoting these two equations by IX and IX’, we have the result that if 
R, has a bitangent, equations IX and IX’ of degrees forty-eight and. sixty-four 
ia ae ae must be satisfied. ` The conditions for four coincident roots gives’ 


? 3 





* This discussion is taken from a paper by A. Brill, «Über die Doppelpunkte von Ser im Raume deren 
Geschlecht Null ist.” Math. Annalen, 1871. 


t These symbols H, J, G invariante of a binary quartile, are used by Burnside & Panton, Theory of Equations. 
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three equations X, X, X’, of orders iiei -two, thirty-two and forty-eight 
respectively that must be. satisfied when A, has a four-point contact tangent.. 
~ F (t) has a four-fold root. ` 
85. nimoran. of Possible Singularities a the Multiple Roots of F(t). 
The non-singular quintic lying on a hyperboloid will be discussed later by | 


another method. We will now consider the various possible singularities on the ` | 


other rational quintics. Since the curve has only one quadrisecant, there may 
be one bitangent if conditions IX and IX’. are satisfied, or one four-point contact, 
tangent when conditions X, X’, X", are satisfied and F(t) has a four-fold root.. 
‘When R; has a linear inflexion conditions IV and V must be satisfied. For each 
inflexion Fi) has a double root. If a plane has five-point contact with R, con- 
ditions V and VI must hold. Hach such plane requires that F(t) should have a 
l double root. For a cusp, conditions VII and VIII must be satisfied and F(¢) has 
a triple root.: There may be an inflexion at a’ plane having’ five-point contact 
when conditions IV and VI must be satisfied and F(t) has a triple root. A cusp 
‘at a point whose. osculating plane. has five-point contact requires conditions VI, 

VII, and VII to be satisfied; F(t) has a four-fold root. A cusp at which the i 
tangent has four-point contact with the curve gives rise to a five-fold root of F{t); 
and a triple point with all three tangents coincident give rise to a six-fold root. | 


86. The Quintic with two Inflexions. | 
The equation of the quintic with two inflexions may be written in the form, 
=t(i+ta, y= ek + b), atte w=t(t+ d), 


in which a, b, c, d, are arbitrary. - 
l Equations Tand I’ become 


I, + 63, + ab = 0, and. ody + 0B, + 3s = 0} 
the condition. that By lies on a hyperboloid i is, d—ce= 0; 
m= =P ie + 3(b+ be) £ + 4(ab + 15be + 200d) e - 
Sh f “+ Hola + A) t + abod] = 0. 
Ft) is of eee six. since © was taken as one point of inflexion. . 
l The equation determining the parameters of the points on S, is 


CHR + (Pabe bod (a0), 5 ia 2) _ o: 


x 
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‘In the case of a four-point inflexion this equation is of the ae (t— xý = 
This gives three possible cases. 
(a) &=0,5=0. F(t)=0 reduces to t(3? + 10ct + 10cd) = 0. The 
two remaining roots are equal if 5c = 6d. This curve has linear inflexions at œ 
- and — $c, and a four-point contact ae at 0. It belongs to the linear 
complex Pa + 2Pa = 0. è = 


(b) n= — >, sax 5b, b = 16d. Hence 
= Een, 5b 2 b b 
astar onasi, b=b, er and d= -p> 


It belongs, to the linear complex Py + 2P =0. (a) and (b) are the same curves ; 
- in (a), t= 0 is a four-point inflexion ; in (6), it is simply a linear inflexion. 


(e) e=— 7 8a = 5b, d=0. Hence b=0, a= 0, and 


K=? +3 ee Pa) 


This curve has for its equations «= 6, yot, zei+,v=t. Hence, t= 0 
is a cusp at which the tangent has four- -point contact with the curve. It is 
evident geometrically that the curve cannot belong to a linear complex. It was 
proved by Picard* that the necessary.and sufficient condition that a unicursal 
twisted curve should belong to a linear complex is that the tangent at the point 
of contact of every stationary plane should have at least three-point contact 
with the curve, when the point is not a multiple point. . 
The conditions that the quadrisecant should become a bitangent are bd=ca, | 
and 36 — 4a = 8d. l ` . 
If F,(t) is a square we have one of the following cases: b= 0, c= 0, 
ab — 25cd = 0, ac — bd = 0. l 
If b= 0, Ft) = 3 + 100° + 10ed = 0. 
This curve has been already discussed. 
If c = 0, R, is composite. 
If ab = 25cd we have the following cases : 
_(d) ab—25ed=0, 28° — 26be + Abed + 50 = 0. 
(e) ab— 25ed =0, b+ 5ce=0, a+5d=0, d = — 5e. 
A ab — 25cd = 0, b+ Be= 0, a+5d=0, 5e= Td. 





* Applications de le théorie des complexes lnéaires à l'étude tak surfaces et des courbes gauches, Annales 
de P Ecole Normale, 1877. . 
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(d) The equations of the curve cannot be simplified by means of the 
relations. l 

(e) The curve does not belong to a linear TEE Fi) =86— 500% 
+ 625¢ 2 =.0. 
_ ‘The four points of contact of the stationary planes are — 5c, 0, 5c and b, 
and are therefore harmonic. 

(f) This curve belongs to the linear ee 


Ben, Fo=e[r Bor Ba = 
Since the curve belongs. to a linear complex and has the four double roots 
—5 5 
ae ; aes ©, it is possible- for a rational quintic curve, not lying on a 
hyperboloid, to have four linear inflexions, and the four points of inflexion are 
harmonic. Berzolari in Atti della Reale Accademia dei Lincei, 1894, p. 330, in 
his paper, Su la curva gobba razionale del quint’ordine., fails to notice that when 
the points of contact of the stationary planes coincide in peu, thers may be four . 
inflexions. 
If ac = bd, there is only one new type of curve 


(g) 28 — 25bc + 500° + 366d — bab — 60cd = 0. 


Combining this with ac = bd, and 3b — 4a = 8d, the conditions for a nient, 


we find a =, c= 2 d= = This curve belongs to the complex Py, 


+2P,=0. 
F()= lv +e + ect ENTE + „= 0. 
Hence the quintic curve can have four linear inflexions and one bitangent. 
87. Some possible types of Ry. 

A quintic with three planes having five-point contact cannot have a linear 
inflexion. These three planes meet in a point and each counts for three oscu- 
lating planes. But if the curve has one inflexion the class is eight. Hence, 
this pi of R, cannot exist. . 

F, (t) = 0.can have four double roots in the following cases : 


-(1). Four planes with five-point contact. The equations could be written 


in the form 
-w= č", y=(t¢— 1), z= (t— kf w= 1. 
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(2). Two five-point planes and two inflexions. i 

(3). One five-point plane and three inflexions. 

(4). Four inflexions. Dp + | ESE 

.(5). Four inflexions and one bitangent. | 

“The curve with cusps at 0 and œ has for its equations, e=t(t+a)y= 
z= =Ë, w=t+d. By applying the analytic test it may be found that it is Eaton: 
sible that this curve should belong to a linear complex. Hence, there is no 
rational quintic having two cusps and an inflexion. , . 


F()= 48 + (154 + a) + dade = 0. 


The curve œ = 6, y =Ë, z=, w= 1 has two cusps, the osculating line 
_ at each having five-point contact. It belongs to the complex Py = 5 Py. - l 
If R, has a cusp at a plane having five-point contact, and one inflexion its 


equations may be written 
c=, y= Ë(t+a), z =f, w=t +b. 


. This curve belongs to the linear complex P,,— 2P = 0 if 2a = 5b. Hence, a 
E; exists having one cusp. with osculating plane nering five-point contact and two 
inflexions. 
F(t) = 6# + (4a + 20b) ë i Ibat =0. 

Applying the condition that F (t) = 0 should have equal roots we find that if 
a = 105 there is a plane with five-point contact. 

The equations of R, with a triple point with coincident tangents at 0 and a 
plane having five-point contact at œ may be written ' 


g= 8 y= tt, z= Ë, v=l. F(t) =@=0. 


This curve cannot belong to a complex. It is impossible to set up the equations 
of R, with a triple point of this kind and a linear inflexion. 


$8. The Rational Quintio of the Second Kind. 


The rational quintic of the second species is the partial intersection of a 
quadric surface F, with a ruled surface of the fourth order having a quedriseoant 
of R; for triple line. The rational quintic of the second kind has œ ! quad-- 
risecants.. All these lines form one system of generators of F, the only quadric 
surface on which the curve lies. The generators forming the other system are 
simple secants of Rg. Our quintic is of type (1.4). 
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The curve R} can be depicted on a conic Og. The plane of G will cut F, in 
another conic C4; these conics intersect in four points, through each of which 
passes one quadrisecant, 8,. The pencil of planes through any one of these four 

. quadrisecants will cut Æ, in one other point, and C, once, hence, the points, of 

R, and O, are in (1.1) correspondence. The four points on a quadrisecant will 
define a biquadratic involution of Ry. These points will depict into a biquadratic, 
involution on O,. The lines joining corresponding points of a tetrad will envelop 
a curve of class three, J, and order six. A tetrad on QO, and any other point 
` correspond to five points lying in a plane. If the involution curve J; is supposed 
given one can easily find the images of the three points which, with the given 
point ton O, form a tetrad by drawing the three tangents from tto 5. These 
will meet O, in the required points t, ¢’, €". 

, The images t , t, t of any three points of R, are given; to find the images 

of the two points ¢, and ¢; which lie in a plane with the three given points. For 

convenience of notation, we will consider any point ¢, on G as the image of (t) 

on f,. The pencil of planes having for axis the line (¢,) (4) cuts out.a cubic 
point involution on Ry, to which the triad. (t). (t) .(é) belongs. This will © 
depict into a cubic involution on C}, in which %,, fs complete the triad correspond- 
ing to t. The plane of the pencil containing the quadrisecant through (t) cuts ` 

R, in the points (ti), (#’), (tH) which belong to the cubic involution. Similarly, 

the plane containing the quadrisecant through (4) cuts out the triad (4), (#4), (4). 

Hence the cubic involution on & is fixed by the two triads 4, u, él"; ta, dy, Ql. 

From ¢, draw the three tangents to J, which meet O, in the points 4, #, u". 

Similarly draw.the tangents from h to J,, and find the points 4, t, &". The lines 

ty ty, ty th", a th, ta ty, ta &’, ta &, are tangent to J, and also touch J, (tiġ), the 
involution curve enveloped by the lines joining corresponding points in the cubic 
involution. These six tangents determine a Brianchon point O. Hence, if & is 
given draw the two tangents from % to.J,(t, 4); their points of intersection with 

G, are the required points t,, ts. The line 4 t also touches J; (t 4). 

To determine 4 %, one could use instead of t,t, the cubic involutions deter- 
mined by & t or fá, whose involution curves are J; (tt) and J, (ić). The tan- 
gents drawn from ¢, to either of these conics will meet C, in the points t,t. 

If five points ¢,, t, %, i, 4 are the images of five points lying in a plane the’ 
cubic involution is determined by any one of the ten pairs‘of points t,t. These - 
determine ten corresponding involution conics J, (¢,¢,). From the previous case 
we know that J, (t 4) is touched by three tangents tyt: btm, mir. Hach conic 

42 - 
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| Ja (t4) is touched by three lines joining the #s whose subscripts are different 
from è and j. Each line ¢, 4 is tangent to three different conics J; (t, tg), where p - 
and g are different from ¢ andy. Corresponding to the ten conics there are ten 
Brianchon points Oy. eee | . 
We have seen that corresponding to the point 4, there are three lines 
ud, Wu”, qt, which are tangent to J; and J,(¢,4,). These lines are also 
tangent to J; (tt), Ja (iu), Ja (tit). The scheme may be expressed thus; ` 


Ad, Wat, ad, touch Il); Alt), lat), Alit) 


and similar expressions for the others. Thus.we see that of these fifteen lines, 
tangent to J, each set ti 4’, t t", ti" t, touches four involution conics J, (ti t,) 
‘ where & has the four values different from 7. We can summarize our results as 
follows: Os . 

Five points t, ta, ty, t4, t; are the images of five coplanar points of R, if the 
three lines joining any three of them in pairs touch the involution conic Jy (tty) 
determined ‘by the triads on the quadrisecants through the other two. 

Or: > f ; - mÈ 
Five points t, ts, t, 4, ts are images of five coplanar’ points of R; when the ` 
line joining any two of -them is tangent to each of three involution conics determined 
by the three pairs of triads on the quadrisecants through the other three points. 
eo "Ore, «; 

Five points t, te, t, ts, ts are images of five coplanar points of R, when the. 
three lines joining the points of intersection with O, of the three tangents to the involu- 
tion curve I; from any one of the points t; touch four involution conics J; (t; ty), kF i. 

If two of the points (¢) (4). coincide, the cutting’ plane becomes a tangent 
plane. ` The line ¢,4 now becomes a tangent to O, and the points 4%, ti, 
ti" tg! respectively coincide. The conic J, (t t) now. touches the sides of the 
triad 4 t4" at their points of contact with 5. Hence, three points (t,) (ts) (ta) lie 
in a plane with the tangent at (t,) when the lines joining their images all touch the 
involution conic. Jz (tı, h), which touches the sides 7 the triad belonging to 6 at their 
points of contact with J;. 

If (t) and (4) also coincide the tangent at (s) cuts the tangent at (4), and 
the plane becomes a double tangent plane. The line joining & to t is tangent 
to J, (tih), & being the point of contact. Similarly, t 4, touches J; (ts) the point 
of contact being ¢, also. J, (t, ts) is touched by t, ts, 4%, 45. The conic J, (ts t) 
is touched by 4&4, the point of contact being t. Similarly other conics J, are 


\ 
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-touched by certain lines. Since 4 and % coincide, the tangent at t, touches 
J, (t,t). Hence, to find the image of the point of contact of a tangent which touches 
I, in such a point that the tangent at that point cuts the tangent at t,(t,), construct the 
conic J, (t,t). The common tangents to J, (t,t) and O, will touch. Q in the required 
points, There are four common tangents; therefore the given tangent is cut ety 
four others, hence the osculating developable is of order eight. 

Since h and ¢, coincide, f becomes the point of contact of the tangent from t 
to Jy (i 4). But t; must lie on C. Hence to find the image i, of the residual 

' point of contact of the double kauen plane at (t,) and (4) find the point of inter- 
section f, of J, (t 4) with O, such that ¢,¢, is tangent to J, (& 4). The four points 
of intersection are the images of the four residual points corresponding to the 
points of contact of the tangents which meet the tangent at (4). Hence, to find - 
the image of the second point of contact of the double tangent plane through t,, con- 
struct the involution conic J, (t ti); any point of intersection of Jy (t,t) with G will 
be the image of (t;), the residual point in the double tangent plane ; the intersection of 
the tangent to J, (t, 4) at t with C, will be the required point tz. Since there are 
four points 4 we have another proof that every tangent of Rs is met by four 
others, or that through each point of the curve Rs pass four planes, tangent in 
the same point and in another point of the curve. 

- If the image of t is given instead of that of 4 we have seen that é,¢, is 
tangent to J; (ft) at the point ¢,. The points ¢, are fixed points on ©, so that 
the lines ¢,¢, must be tangent to J2 (é,t;) at the points isy and the points ¢, are the — 
points of intersection of these tangents with G. Hence, t/t, ts, are the images 

-of the two points of contact of a double tangent plane, the four bitangent planes tan- 
gent to R; in (4) and- in another point of the curve have the same residual points as 
the four bitangent planes tangent to Ry in t, and in another point of the. curve. The 
involution conics Jy (t,t), Ja (letz) intersect C, in the same four points ts; the lines 
ts ts, tt, are tangent to J, (t,t), Jy (tet), respectively. l 

Between the points ¿ and ¢ on the carrier G, there is a symmetric (4, 4) 
correspondence with eight coincidences. At these coincidences the two points of 
contact of the tangent plane coincide and the plane becomes a stationary tangent 
plane. Hence R, has eight stationary planes. The lines ¢, t envelop the direction 
curve D; of class four and order twelve. The points of contact of the carrier (, 
with the eight tangents common to D, and C, are the images of the points of 
‘contact of the eight stationary planes of R,; for in each of these points, ¢, coin- 
cides with its corresponding point &. The twenty-four branch points in this (4, 4) 
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. correspondence are the points of intersection of D, with Q. For two coincident 
points correspond to each branch point. Hence, two tangents come together in 
the branch point, or each branch point is on D,. l 
If t= k= h then the plane becomes an osoulating plane to R, at (4) 
Hence, to find the images of the remaining points of intersection of R, with the oscu- 
lating plane at (t,), find the conic J, (t,t), and from t draw the two tangents to . 
Jy (tih); they will cut O, in the coplanar points t ty.’ l 
To determine how many osculating planes of R, can be drawn through any 
point of the curve, and osculate the curve elsewhere, suppose the point 4, given. 
Lines from t, are required such that the lines #,¢, touch the conic Ja (tt) fixed by 
the-other point of intersection with G. Corresponding to each point 4 is only 
one conic J; (t,t). How many conics J (t, t) are touched by an arbitrary secant 
tst? Let the tangent at (t) cut (4) (4). The cubic involution determined by the 
pencil of planes through the tangent at (¢) will determine the conic J (#).. In 
any plane of the pencil there are three other points (é). The lines joining the 
. images of these points touch J; (t) Hence tst will touch J; (tt) if (t) (¢,) isin a 
plane with the tangent at (t). Hence ¢,¢, touches as many conics J, (tt) as there - 
are tangent lines that cut the chord (ts) (4), that is. eight. There is a (1.8) 
correspondence between the points (¢,) and the lines (t) (4). A. line (4) (4) 
determines one point (é) and eight conics J; (6 t). The point (t) determines one 
conic J, (t.t). Ast, describes 0; there may be nine coincidences of J, (4,4) with ` 
one of the eight conics J, (t). When (¢,)= (t) the plane becomes an osculating 
plane and only four other tangents cut (ts) (ts); that is, three have disappeared, 
hence ¢, = ġ is a triple self-corresponding element when t=¢,. Therefore, from 
any point of R; there can be drawn six planes which osculate the curve elsewhere. 
T he. osculating developable is of class nine. l 
The biquadratic involution on C, defined by the quadrisecants of R; has six - 
double points di, de; ds, da, ds, de, and twelve corresponding branch points. The 
double points are the points of contact of the six tangents common to J; and G; 
the branch points are the points of intersections of the two curves. The six 
double points are the images of the points of contact of the six quadrisecants 
which are tangent to Hs. The branch points are the remaining points of mier 
- section of these six Gusdusecants with the curve. 
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The characteristic numbers for the (1.4) unicursal R, are in the general 
case.: . 
n= 5. g = 20. 
r=3. x == 16. 
m= 9, y = 12. 
h=6. a= 


An exhaustive classification would include all the possible configurations of 
the nodal curve and the double developable. The maximum genus of «is 3; if 
it break up into two curves having tangents of R, for bisecants of each, both 
must be unicursal. If one irreducible pomponent: has a tangents for trisecants 
its maximum genus is 1. 

The equations of this quintic can be written in ienis of the parameters of 
the points on two quadrisecants, and on two secants from the other system of 
generators. By means of.a suitable transformation two points on one quad- 
. risecant.may be taken as 0, and 1, and one point on the other quadrisecant as 
œw. Denoting the parameters of the pointe on the two secants by m and p, we 
can write the equations, 

 gmt(t—1)(t(—n h (ê) 
y = (t— n)a). . 
z = t (t — 1) (t — p). hÙ. 





w= (t— p). felt) 
where, x, y, 2, w are the four planes passing through the consecutive sides of the: 
skew quadrilateral, forming the tetrahedron of reference. = = i = =. The 


curve lies on the hyperboloid xw = yz. 
We will now consider the various types of (1. 4) rational quintics, Since 


h=6= t , there can be no cusps or actual double points. ‘The possible line 


ee are bitangents, stationary tangents, or ene with four-point 
contact. - f 
l 1. One Bitangent. 

The biquadratic involution on Opis now determined by one group t t tt 
and a group consisting of two double elements ddy.. Iis touched by the six — 
sides of the complete quadrilateral £ t, tst, the line dydy is double tangent to Z,, 
its points of contact forming with dada, a harmonic range. -The tangents to G 
at dy dy touch J; and J, can be considered as the envelope of the tangents drawn 
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_at the intersections of dd, with the conics circumscribed to the quadrilateral 
hti This quadrilateral can be replaced by any other. tetrad of the involu 
tion. Hence the points of contact of the line dys dẹ, with J are points on the two 

- conics which touch dd, and are circumscribed to any quadrilateral whose 

vertices represent-a tetrad of the biquadratic involution. Every curve of class 

three with a double tangent can enter as involution curve for œ’ biquadratic 
involutions. It is only necessary to circumscribe a conic to any quadrilateral 

circumscribed to Z. We have, s= 15, y=11, o=1. . 3 
- - The equations are: 

a z=Plt—1)(i—n), . 
y= (t=) hO, 

a =P(t—17F(t— p), 
w= (PA), | 


and xw = yz is the equation of the hyperboloid on which A, lies. . 


2. Two Bitangents. 

The involution on G is now. determined by two groups consisting of double 
elements. -Let the elements of these groups be ddu, digdi. The. involution 
curve of class three has now two double tangents and therefore, breaks up into 
a conic J,, and J, the point of intersection of dy dy and di,d4, the two. double 
tangents, J, must touch the two double tangents and the tangents to.(, at the 
` points dis, dy, die, dy- The points of contact of this conic with these double - 

tangents are harmonic conjugates to J, with respect to -ddu and di, dh, respec- . 
tively, for the same reasons as in the case for one bitangent. The line J joining 
these points is therefore the polar of J, with respect to J, and C,. Hence Jis a 
side and J; the opposite vertex of the self-conjugate triangle common to both 
conics. Ifthe two tangents are drawn from J, to, G, their points of contact e, . 
Jis represent the two remaining double elements of the involution: Since eg and 
Js lie on.the polar of J, we see that they separate harmonically each pair dis dy, 
di, dy. Hence, if a biquadratic involution contains two groups consisting only of 
double elements, the harmonic element pair common to both these groups represents 
the fifth and the sixth double element of the involution. 

~ > The Cayley numbers are: 


ı=14, y=10, o= 2. 
`> The equations are obtained from last case by replacing f (t) by (¢— ky’. . 
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FT hree Bitangents. 


The biquadratic point involution on O, now contains three groups consisting 
_ only of double elements. The involution is fixed by two such groups, In the 
previous case it was shown that the two remaining double elements are the 
points of contact of the tangents drawn from J, to C,. Let the lines joining 
da dy, di dy, be D, D’ respectively, and the tangents to C, at these points Dy, 
Dy, Diz, Dy. The lines D, D' can be chosen as conjugate polars of Oy. Then 
Dy Dy meet on D’ and Di, Dy meet on D. J, breaks up into the two points 
which lie on the polar of J, with respect to O, and with J, form the vertices of a 
self-conjugate triangle with respect to C,. Hence, if a biguadratic point involu- 
tion on Cy possesses three groups consisting only of double elements the involution 
curve I, breaks wp into three points which are the vertices of a self-conjugate triangle 
with respect to C,; the tetrads form quadrilaterals inscribed to C, which have these 
points for intersections of the diagonals. Or, the ordinary tetrads of the involution 
consist of the vertices of the œ! quadrangles inscribed in O, which have the self-con- 
jugate triangle as diagonal triangle. 
The Cayley numbers for this case are: 


L e=138,, y=9, 0=3. 


Since there are three double tangents there must be a specialisation in the 
formulas. Taking 0, 1, and œ as three roots the involution can be written in 


the form 
ê (t— I= mB 


If this has a pair of equal roots for one group there must be some values of m 
and % for which this equation is a perfect square. These give m = — 1, k = 1/2. 

The parameters of the points of tangency of the two bitangents are 0, 1, 

‚and œ, 1/2. The equations are obtained from the last case by putting k= 1/2. 

Since ‘lie equations determining m and & are linear the curve cannot have more 
than three bitangents. This is also evident from the fact that each bitangent 
requires two of the six double elements of the biquadratic involution on Cz; 
moreover it would be impossible to have an involution curve of class three with 
four double tangents. 

4. One Linear Inflerion. 


One group of the biquadratic involution on C, consists of the points typ; &. 
Three tangents can be drawn to. J; from ts, hence ¢, is a cusp on the involution 
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- curve J, and ty, ¢, is the cuspidal tangent. The three tangents tt, bb, tt, 
coincide in the tangent to Op at tie. Hence J, touches O, at the point tps. 
Hence we see that a triple element in the biquadratic involution absorbs two 
double elements. : . 
The Cayley numbers are: 


h= z= 15 

v= i y=12 

r=8 eo 
=8 


The equations are: - <4 
w= e (t—1) (¢—n) 

y= (t—n) . fy(). 

z = Ë (t— 1) (i—p). 
w=(t— p). f). 

. 5. One Linear Inflexion and one Bitangent. 

The involution on G is now given by the two groups dy dy, tggi From 
' the previous treatment we know that J, has the line d dy for double tangent 
and that its points of contact with J; form with dıs dy a harmonic range. J; has 
a cusp at ¢, and touches C; at ts. It also touches the tangents to. Cy at dig dy. 
This case is possible for J, may have both a cusp and a double tangent. 
The Cayley numbers become: 


n=5 m= 8. 
h=6. g =15. 
ve=1 x = 14. 
o=1 y =11. 
r= 8 a =. 6. 


_ The equations may be written: 


e. , v = #(t—1) en). 
y= (t—k(t—n). 
z =ť(t— 1) (bp). 
w= (t— kY (t— p). 
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6. Two Linear Inflexions. - 
The involution on O, contains two groups tasts, tiat. The involution - 
curve J; has.cusps at t,, 4. The lines tres ty, tist are cuspidal tangents, and J, 
. will touch Q, at tygg, ths. 
n = 6. g=1l. 
h=6&. v = 14, 
v = 2. y=12. 
r=8 a= 4, 
m= 7. 


The equations of this curve are : 


z = P(t—1) (t— n). 
y = (t—k) (t—n). 
2 =ê (t— 1) (t— p). 
w= (t—k) (t—p). 


7 : Two Linear Trilezkons and One Bitangent. i 
The involution-on O, has three groups of the form ts ta, tes th, and aoe 
I, has ddy for double tangent,. and the lines tast, tisti for cuspidal tangents. 
I, touches (, at the points tios tog: ty and 4 are cusps on h. Since there is one 
double tangent the order of J, reduces to four, and the number of guaps reduces 
to three. 
The Cayley numbers are : 


n = 5. m= 1. 
h = 6. g =i. 
v = 2. v = 13. 
o =l. y =11. 
r=8. a = 4. 


Since there are two triple elements the involution can be written # (t — 1) 
=m(t— k). If, in addition there is one group consisting of double elements, 
this must be a square for some value of m and k. l 

We have m = k = — 1/8. Hence the equations for the curve become: 

w =P (t — 1) (¢—n). “3 
. y=(t+ 1/8) (t—n). l 
z = Ë (t—1) (t— p). 
-w =(t + 1/8) (¢—p). 
43 a 
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Since this method gave just one value for m and k it follows that the Rs with 
. two linear inflexions cannot have more than one bitangent. This can also be 
shown by means of the involution curve. 


8. Three Linear Inflexions. 


The point.involution on ‘CG, now contains: three groups testı Uss ty, and 
VgV J, has three cusps at 4, w, and v,; the lines ‘tio, t4, Us Uy, Vig v, are the 
cuspidal tangents and must therefore meet in a point. J; also touches O, at tss, 
Us, Viz: 

The Cayley suber become : 
n=5. -g=8. 
h=6. v= 18. 
v=3. y= 12. 
r=8. a= 2 
: m= 6. oo 
The involution is given by the nn Ë ei ei =m(t—k). When tbe 


three roots are equal, mk — = = 0, =0. Therefore m=— 1/4, 


er t-Te Ts 
k= 1/4. The equations may be written: 
a (é—n). 
= (t—1/4) (t—n). 
z wi 1) (¢—p). 
w= (t— 1/4) (t—p) . 
The involution has three triple elements for which t= 0, t = œ, and t= 1/2. 
This also shows that the involution cannot have more than three triple elements. 
Hence, the R; cannot have more than three linear inflexions. This is also evident 
geometrically. For C, and J; in the case of three linear inflexions touch in 
three points and three cusps of J; are on &. Hence the curves meet in twelve 
points. An additional bitangent or inflexion would require additional points of 
intersection of C, and 4, which is impossible. 


9. One Tangent of Four-point Contact. 


If the points i,%, in the case when one group is composed of double 
elements become coincident we have one group consisting of a fourfold element. 
The tangent to G at ty is a double tangent of J; and ts, is one of the points of 
contact. The other point of contact of the double tangent is the point where it 
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tancha the second o conic circumscribed to any quadrilateral é ty ist, and tangent 
to the double tangent. The tangent at će counts for three common tangents to 
C, and J;. Hence, a four-fold point on R, absorbs ed three of the double 
elements of the involution. 

The number of stationary planes on R; reduces to a fo; and the order of the 
nodal curve to thirteen ; hence, for this case we have v = 2, o = 1, n=6, h=6, 
r= 8, t= 13, m= 17, g= 11, a =4, y-11. 

The equations are : 


‘emt (t—n). De 
=č(t—p). w=(t—p)- f(t). 
10. One Four-point Oontact Tangent and one Bitangent. . 

In the biquadratic point involution considered on p. 330, the points dy dy 
coincide. The involution curve consists of the point J, and the conic Jj. 
J, touches G at the point diy; it also touches the tangents to O, at the points _ 

. dia dy, and the line di, dh. 
The Cayley numbers are: 


n=5. m=T. 
h=6. g=11. 
o=2, v=12. 

=2. y =10. 


r=8. a= 4, 
The equations are: i l 
a=t(t—n). y= (t—kf(t—n). 

g =É (t— p). w= (t— kf (t— p). 

11. One Four-point Contact Tangent and one Linear Inflexion. 

The point involution on C, has two groups Arg, and dgl. The tangent to 
O; at die, is a double tangent to 4, and J, touches O; at dy. ty has a cusp at ` 


ty; tog % is the cuspidal tangent; and O, touches 7, at tig. 
The Cayley numbers are: 


n=5 m= 6. 
h= g= 8. 
y= g= 12. 
o=1. y=11. 
r=8s. a= 2. 
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The equations are: 
eat(t—n). y=(-k)din 
cap) w= thy Gp): 
12. Two Towi: -point Contact Tangents. 
The involution on 0, contains the groups disu dia. The tangents to G at 


. these points meet in the point J,. J, will touch O; at |the points dy dies- 
The Cayley numbers are: 


n=65. r= 8. y=10. 
h=6. m= 5. a=:0. 
v=4. g= 6. : | 
a= 2. s=10. 
The equations are: sr 
cat y= 
zer Del 


Two bitangents and one linear inflexion is an impossible case. Consider the. > 
involution on O, determined by two groups consisting of double elements. It has 
been shown that J breaks up into a point J, and a conic Ja. A triple element 
tog requires a cusp on J, at the point 4, which is impossible in this case. This 
can also be shown analytically.. The involution :determined by. the two 
bitangents is of the form . 

&(t¢—1P=m(t—ky. 
If the curve has in addition one linear inflexion. this equation must have a 
triple root for some suitable values of m and k. But this requires conditions 
which are incompatible and the additional inflexion is impossible. 


§ 9. Cites that belong to a Linear ee: 


(1) Four linear inflexions. 
5 
mat(t— Pe), a as a w= t(t +o 


This curve belongs to the complex Pys + 2Py= 0. 
(2) One four-point inflexion, two linear inflexions. It belongs to the 
complex Pa + 2 Py = 0.- | 
gf, y=t, eatte, wader 
(3) Two cusps at planes with five-point contact. 
cal, y=t, 2=ř 


, w=. 
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This is a (2, 3) curve on the hyperboloid zw = yz, and belongs to the com- 
plex Pu — 5Pj,=0. The developable is of order six and the nodal curve. is a 
rational Rs having two double points. 

(4) Two four-point inflexions. 


seh yer, eset: w=l. 


This is-a (1, 4) curve on the hyperboloid zw =yz. It belongs to the com- 


plex 394 — BPa = 0. 
(5). Two linear inflexions and one cusp at a plane with five-point contact. 


eat, yof{i+e), sf, wir. 
This quintic belongs to the complex Py —2P,=0. 
(6) Four inflexions, one bitangent. 


n=t(t+-2), # (t+), =t t a 


The curve belongs to the Kies Pis + 2Py = 0. 

A rational quintic curve belonging to a linear complex projects from an 
arbitrary point in space into a rational plane quintic curve G having five 
inflexions on a straight line. Dually, the section of-the developable: is a plane 
curve with five cusps, and the cuspidal tangents all meet in one point, the pole 
of the given plane. 


CHAPTER II. 
On Tue Quintic Curves or Genus ONE. 


The quintic curve of genus one A; projects from one of its own points in a 
plane quartic curve of genus one, with two double points. Hence, through each 
. point of R; pass two trisecants. Any trisecant T is met by three trisecants. . 
The order of the ruled surface formed by the trisecants is two greater. Hence, 
the trisecant surface F, of F; is of order five. A, is the only double curve of the 
surface. Hence, F, is of genus one. i 

Every surface of the third order through fourteen points of R, cuts R, in one 
and the same fifteenth point.. For, pass the pencil of the surfaces through the 
given fourteen points and four points not on F. Each surface cuts AR, in one 
more point. But a twisted curve of genus one cannot have a pencil of surfaces 
that cut it in one variable point besides the fixed points. On the contrary there 
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is an infinite number of adjoined surfaces that cut it in variable point pairs. 
Hence, the surfaces through fourteen points pass through a fixed fifteenth point. 
All the F, through fourteen points do not contain :R,; for, take five points in 
the plane a, five points in 8, and four in y. The spina a, By represent a F, 
on which #, does not lie. 

Take any fourteen points as basis points, Pass F through these points. 
F, and F} intersect in fifteen points on Rs. Hence R, meets F, in sixteen points, 

“and E; lies on Fy. Hence, ‘if a surface F, contains the curve R,, this.counts for 
fifteen simple conditions.* | 

A surface of the third order ia determined by nineteen conditions. Hence, 
through R, and any four points of space not on Fy, a surface F, containing R, is 
determined. All the F, through AR, and three points form a system of 0’ 
surfaces. The surfaces F; passing through R,form a linear system of œ ‘ surfaces. 
A line counts for four conditions. Hence through R; and any line g of space 
can be drawn one cubic surface. | ; 

. Let F; be any cubic surface through R,. The trisecant surface F, meets Fg 
in a curve of order fifteen, in which Rs isa double curve. Let A be any point 
on the residual curve. ‘The trisecant a, through A meets R, and therefore F} in 
three other points. Hence a, isa line on Fy. Hence, the residual curve of order 
five is composed of five skew lines, a}, dg, ag, 4, @. | . 

Let g and g' be the two transversals of the lines a, @,, ds, @; they meet F; 
in five points each, and are lines on the surface F}. The fifth point of intersec- 
tion of each line with F, must therefore be on the curve of intersection of F} and 
F,. Hence, both lines g and g’ cut ay, and every quihtüple di, Ay, Ag, Ay, As, 184 
quintuple with two transversals. 

Pass an F; through g and Fy. g meets F, in five poni through which pass 
five trisecants @,, az, a3, @,, as, each of which has four points on F, and there- 
fore lies on F;. The intersection of F, and F, consists of A, counted twice and 
1, Gg, @3, %, 45, Which have two transversals g and g! Since g’ can be found by 
means of g, and g by means of g’, it follows that the lines of space are paired such 
that each pair of lines is cut by the same five trisecants, and if four trisecants 
Ay, d3, Ag, a are met by the two transversals g and g’, then g and g’ cut the 
same fifth trisecant a, and are corresponding lines. The same result will now be 
obtained by depicting F, and R; on a plane. 





# See also Halphen, Sur la classification des courbes gauches algsbriques, Journal da Ecole polytechnique. 
Vol. 52, p. 41. 
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Take a line a, and five other lines b,, bs, bi, bs, 6; which do not intersect 
cutting it. These lines are on a cubic surface. For take four points in which a, 
cuts say b... -bs, and three other points on each of the lines b,...+bs. The 
nineteen points determine a cubic surface through these six lines. Four 
skew lines in space have in general two transversals, hence through bs, bi, ds, be 
we can draw another transversal a, meeting F, in four points, and hence lying 
on the surface. Similarly we can find the lines as, a, as, a. Draw a line 

- cutting the lines aj, aj, a4, ag; it will also cut aş. Call the line b. These lines 
a;, b; form a double six. The remaining fifteen lines lie in the planes determined 
by a, and b, (tÆ k). The lines a;b, and a,b, determine the same line ry. It 
can now be seen that any two b; cut four a, (k Æ i), e. g., b; and bg cut a,, a, as, 
as; b, and b cut a, Qs, Qy, Os- b, also cuts ry, Tig, Tuy Tis, 7103 do CULB 751, Tag, Tag, 
Tes, Tæ. Hence dy, dg, a,, as, and Ty cut both b, and 5,.* 

Now depict the surface on a plane by means of the lines b and b. The 
lines a,, ag, Q4, As, is meet both b, and b, and hence project into points. The - 

. other five lines meeting b, are a, and Tis, 74g, Tu, 715} these project into the lines 
of a pencil through 6,. Similarly the lines ai; rg, 73, Tes Tes Project into the 
lines of a pencil through bs. Let 5, and b, cut the plane in the points b, and b,. 
a, and a, intersect in ri; a, is cut by ry and rg, hence a, projects into the inter- 
section of 7, and-r,; similarly for as, a,, as. There are ten other lines ep Ty j 
Tes, Tus Toss Tas, Da; Os, Oa, Os which do not cut either b, or bẹ. They depict into 

. conics. The line fẹ cuts ag, da, ba, Us, Tu, Tsss Ty Ti Ties Ta; its image is a 
conic through the five points as, ag, Tis, bi, ds. The line b, cuts q (i Æ 2) 
and Telit 2); hence it depicts into a conic through the points az, a,, ay, bi, be- 
The complete depiction of the twenty-seven lines consists of : 

(1). two points d,, dy. . l 

(2) five points @, dg, dy, Gs, Tio- 

(3) five lines ag, 12, Tis, Tuy Tw Joining b, to the points rie; dg, .--- 

(4) five lines a,, Tæ, es) fu, Tæ Joining b to the points ris, as, - 

(5) ten conics rg, Te, Tass Tax, Tess Tas, Da, Os, Das bs, passing through 4, bs, 
and three of the points ag... - ry. 

Suppose a R,(p=1) passed through three points on ay, dg, a4, G5, Tis. 
From any point of R, one line can be drawn cutting b, and d,. These lines gen- 
erate a ruled surface of order ten on which 5, and b, are five-fold ‘lines, and the 


*Salmon, Analytical Geometry of Three Dimensions. 


è l 
i $ l 
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trisecants az, Qg, Q4, ds, 715 are triple generators; there are no other nodal lines, 
The section of the surface by the plane of depiction is the image of Rs. This is 
a plane curve C of order ten having five-fold points at b, and 6, and triple points 


i 5 9.8 5.4 
at daz, Qs, Q4, ds, Tg and no other double points. Its genus is P=- — 2. ge 


2 

—5. BF. sie | 
_ The plane of depiction cuts F, in a cubic curve © which passes simply 
through the seven fundamental points, and cuts every other a, b, r in one point 
apart from a fundamental point. l i i 

Any line, say a,, that meets b, but not bẹ, goes into a line cutting C in ten 
‘points, of which five are at b, three at ry, and two others are simple points. 
Hence, as, and similarly Ti, 713, Tu, Tis; i; Tag, Toe) Tu ‚Tg are bisecants of the 
original curve R,. The line Tos, not cutting b, or b; goes into a conic G through 
bi, bg, Qg, Ag, Tie, Cutting Cy in twenty points. There is just one point of inter- 
- section apart from the fundamental points. Hence ri, Toas Tass Tey Tass Tisy Da, Oss 
bı, and b; are unisecants of Ry. The lines of F} meet R, as follows: 

(1) dz, Qg, Gy, Ag, Tig, are trisecants. 

(2) de, Tis, Tiss Tias Tiss Qi, Togs Togs Tess Tos ATG bisecants. 

(3) Tes Ta, Toss Tus 735) Tay Da, Da, Oy, Os, are unisecants.* 

(4) bi, bs, do not meet Ry. 

From this it follows that the lines of space are in pairs a, a’, for the surface. 
through fifteen points on R; and four points on b, also contains d,, and similarly 
the surface through R, and b, contains b. Hence every line of space belongs to 
such a pair and with F, determines a surface Fj. . 

Let g gò through a point A of R, in which the trisecants a,, a, meet. Then 
the three trisecants ag, a,, a, through the three. further points of intersection of 
g and F, form with a, and apa quintuple. The line of intersection g of the 
planes containing A, dg, and az, a,, meets four lines of the quintuple and there- 
fore corresponds to g. Hence; to the lines g of the bundle with vertex at a 
point A on R, correspond the lines of the plane a containing the two trisecants 
9, @ through the point A. 
f If g lies in the plane a, 'g', coincides with g; henee; the lines of the plane 








*D. Montesano ia “Bu la curva gobba di 5° ordine e di genere ri; Rendiconte dell 'Accademia di Napoli 
delle scienze fisische e matematiche, 2nd series, vol. II, eh p. 182, states: N that of the twenty- seven 
lines of F,, twenty are bisecants. i } 


i 
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_ pencil with vertex at a point A on R,, and lying in the plane a of: the trisecants 
a, a through A are self-corresponding. From this, it follows that every trisecant 
is paired with itself. - 

Next, suppose g to cut R, in the points A, B, through which pass the 
trisecants a, ag, ag, %. The plane a containing a,, a,, and the plane 8 contain- 
ing az, a, intersect in the line g” corresponding to g. Hence, to the line joining 
two points A, B of R, corresponds the line of intersection of the planes a, 8 con- 
taining the trisecants at the two points. Since g and g’ are both met by the 
same fifth trisecant of the quintuple, it follows that the lines AB and (aß) are 
met by the same trisecant. l 

‘The surface F, containing a pair of corresponding ities a, a', and a surface 
Fy containing a pair b, b’ intersect in R}'and a curve R}-of order four and genus 
zero. Since a and a’ meet F; in three points they are trisecants of R,; similarly, 
it follows that b, and d are also trisecants. The lines a, a’, b, b', therefore 
belong to a fixed hyperboloid, since R} is a (1, 3) curve on one hyperboloid. 

Hence, by the curve Rọ is determined a linear complex so that any point of 
R; corresponds to the plane determined by the trisecants through that point, and 
the line joining any two points corresponds to the intersection of the two corre- 
sponding planes; since the trisecants are self-corresponding lines in the system, 

‘they. belong to a linear complex. 

Let a pair of conjugate lines a, a! approach Goaden and let F, be the- 
surface of the system containing a. Then a is a line of the complex. Each 
‘plane through a has two points of contact on a; hence, there is a (1, 2) corre- 
spondence between the planes through a and the points of a. Each plane 
through a has its pole on a; hence, there is a (1.1) relation between the planes 
through a and their poles on a. Two such correspondences can have three 
common points. But ais met by five trisecants, and therefore there are five 
planes such that the pole is at one point of contact. Hence, one point of contact 
is fixed, and the planes through a are projective to the variable point of contact. 
Therefore, there is a double point of F; on a. 

Conversely, every point of space is a double point on an Fs through Rs; 
there are œ? such surfaces. The tangent cone at the double point P of Fy, 
meets F,-in six lines. To study the lines on F, depict the surface on a plane a. 
Each line through P meets F, in one more point. The six lines through P . 
depiet-into points a, b, c, d,e, f, The other fifteen lines of Fz go into the lines ` 
joining the fundamental points. It follows that one line a does not meet &,, 

44 
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that b, c, d, e, f are bisecants, that the five lines meeting a are trisecants, and that 
the other ten lines are unisecants. R, goes into a plane quintic curve with 
double points at b, co, d, e, f- Hence this method of depiction gives the simplest 
monoidal representation of Ri. The two lines a, a’ of. the Be case coincide 
in a; it follows that a is a line of the complex. 

From what has just been proved it follows that the lines a of the complex 
and the points P of space are in (1.1) correspondence, such that a line a of 
the complex and R; determines a F, with a point on, a for double point, and that 
the point P and R; determines a F, with double point at P, and containing a. 
Oall this correspondence y. Ä 

Every point of R; is on all the surfaces F}; hence, in x to EAN point of Rs 
correspond all the lines of the complex through that point. The points of A, 
are therefore singular points in y. i l 

Consider the planes through a trisecant S;. The poles of these planes are 
the points of &, so that the trisecant corresponds to‘all its points. Hence, the 
lines of the trisecant surface F, are singular lines in the correspondence y. 

Take any plane a and its pole P in the linear complex. The locus of the 

` points that correspond in x to the lines of a plane pencil i in a with vertex at P is 
a conic C, through P, since there is one corresponding point on each line. The 
. plane a cuts R; in five points .4, B, C, D, E. To the lines PA, PB, PC, PD, 
PE correspond the points A, B, C, D, E; hence, Gis the conic through ‘A, B, 
C, D, E. But the polar planes of the points A, B, C, ID, E all go through the pole 
Pofa. Hence; if any plane a cuts R; in the five points A, B, C, D, E, the five 
planes eine by the pair of trisecants through each point all pass through, P the 
pole of the plane a in the complex, and P lies on the conic determined by A, B, O, D, E, 
It has been proved by Fiedler that all self-dual curves of order five are of 
genus zero.* oe 


‘CHAPTER III. . 
On Tur Quinto Curves oF Genus. Two. 


The quintic curve of genus two is the partial intersection of a quadric 
surface F, with a cubic surface, the residual intersection being a trisecant of Rs. 
We will study it as a (2, 3) curve on a hyperboloid, F}. 








7 i 
U. 
*See W. Fiedler, Vierteljahresschrift der naiurforschenden Gesellschaft in Zurich, vol. XX, pp. 173-176. j 
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To depict the surface on a plane Æ take any point A on F; but not on R,.* 
Any line through A meets F, in one point, and the plane of depiction in. one 
point. This gives a (1, 1) correspondence between the points of F,and E. The 

two generators through A meet Ein the points O and O’, hence O corresponds 


to all the points on OA; and O! to all the points on O'A. The line Z joining ` 


00’ corresponds to Aon F;; the different points on / correspond to different 
‘directions through A. The fundamental elements of the correspondence are O, 
O and lon E, and OA, O'A, and A on Fz. . 
It is shown by Clebsch that C,, the plane projection of R, from A has for 
its equation. . | 


Y Core" y” goa ; 
a+b 2, and a + 023. i 
Hence, the equation of O; is 
bad + boaty + bay? + biatz + beyz + re + bya? + by? 
+ bey + De + buey? + buy? = 0. 


From O eight tangents can be drawn to touch C, elsewhere ; hence, eight 
generators of the second system are tangent two Rs and cut Rs in another point. l 
Six tangents can be drawn from O’ to touch Os: hence, six generators of the 
first system are tangent to Rs. 
The curve O with a double point at O and: a triple point at O’ is determined by 
eleven other points. Hence, R, is determined by eleven arbitrary points on fy 
The equation of C; in non-homogeneous coordinates is 


. bya? + Beaty + bay? + bat + by + by? + bi? + bay 
+ bori + + buzy + by’ = 0. 
The abscissas of the points in which the line y = mg cuts G are given by the 
equation 
(b, + bm + bam?) x? + (b; + bem + bam?) a? + (br + bem + bym?) x 
+ (bio + bum + bym*) = 0. 
The conditions that the three roots of this equation are equal are 


subject to the conditions 


wany 


% as 





*8ee Clebach, Vorlesungen über Geometrie, vol. 2, p- 414, 
t Burnside & Panton, Theory of Equations, vol, I, p. 84. 
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Since a,, dı, d,.a, are all of order two in m, there cannot be more than four 
values of m for which all the roots are equal. One value gives the triple point 
at infinity. Hence, the quintic curve of genus two cannot have more than three 
inflexional tangents. 

Any plane cuts F, in a conic (, whose image is ' another, conic through O, 
and O’, meeting C, in five other points. Hence, the conics through O and 0 
meet O; in five points which are the images of five coplanar points of R,. The 
conic may break up into a line through O and a line: through O. 

To the five points P, in which a line Z through any point Pin the plane Æ 
meets O,, correspond the five points in which the plane determined by J and A 
. meets f. To the points on the planes of the pencil with axis AP correspond 
the points on the lines of the plane pencil P.: If the point P is on G there are 
only four variable points of intersection. 

_ The projection of the tangent plane at A is OO’: 
_ The projection of the section of R; by a ne plane to F, is the points on 
a line through O and a line through O. ` 

Draw a pencil of planes with OA for axis. The points in which any plane 
of the pencil meets R, go into O and the three points in which the line of inter- 
section with Æ cuts O,. Similarly, the points of Eson the planes through O'A 
lie on the lines of intersection of the planes with E.! 

All sections by planes that do no pass through A; depict into ¢ conics through 
Oandl. 

The ten points of intersection of R; with any F, lie on-0! Fy, and they are 
all cut out by a (2.2) curve on the same ruled surface. To these ten points 
correspond the intersections of O; with-a O, with double points at O and O'. 

_ To a doubly counted plane corresponds a C, ee C; in five nun not 
in O and O’. 

If one draws through these five points, and O and O' all the C, with double 
points at O and O these meet O, in five other, port the images of five 
coplanar points. 





| 





Attraction of the Homogeneous Spherical Segment.* 
By G. W. Hu. 


Suorron I. — Reduction of the Attraction to Single Quadratures. 


We may suppose the segment treated does not exceed the hemisphere. 
The centre of the sphere may be adopted as the origin of asystem of rectangular 
coordinates. The straight line going from the centre to the attracted point may 
be_taken as the axis of æ; in case this line is indeterminate, the axis of the seg- 
ment may be taken. The axis of y is put in the plane which contains the axes 
of æ and of the segment ; its positive direction is on the side where lies the centre 
of gravity of the segment, The positive direction of the axis of z is immaterial. 
In the treatment of the component of the.attraction in the direction of œ it is 
convenient to substitute for y and z the variables r and o such that 

; y = rcoso, 2=rsino. 
All radicals occuring in the following expressions are to be taken positively. 

Denoting the density. by p, and, for brevity, putting 

b=2— a, 

the components of the attraction, severally in the directions of the axes of x 
and es are . 


= r= SS Son FP rdr do das, r= fS S pppd 
There is no need of mentioning Z as it plainly vanishes. The integrations are 
understood to be taken in the order of the written differentials. 
The equation of the sphere to which the segment belongs is 
Tae a a a a a a 


*A possible application in geodesy induced the composition of this memotr. Although the simple case 
where the attracted point lles on the axis of the segment has been several times troated, after a long search, no 
general investigation could be found. Fearing the matter might have escaped me, I consulted the biblio- 
graphical Knowledge of mathematical friends, but with only a negative result. ° : 
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and that of the siete part of wie forms the base of the segment, may be 
written 

2 008 + ysin ĝ =acos y, 
. where y is the angular radius of the segment, always in the first quadrant, and 
> is the angle between the axes of the segment and of x, always less than two 
right angles. The triple integrals must then be extended so as to cover all | 
points satisfying the two inequations 


PtHP, xeosd+ysingd >acosy. 
The indefinite integrals of the expressions under the signs of integration in 
X and Y, the first with reference to 7, the second with reference to y, are 


severally 
1 


b . 
VE eee Ep Pe 
The section of the segment by the plane perpendicular to the thie; axis of x . 

is discontinuous at the two points 

x= acos(b +y) = b, x = a cos ($ — y) = a. | 

Therefore, in the derivation of X, we are forced to divide the integration with 
respect to æ into two parts, and to establish three distinct cases. Let us, for 
brevity, put ' : 
. c= Va — 2", dsinp =a cosy — cosg. 


In the first part, the integration is from o = 0 to o = 2m, and, in the second l 





d 
part, from r = zoa 


l bo` l roy b coso b ; | 
A= 2 f S ryt & B= f S orp yrr |e & 
The statement: of the three cases is as follows 
Case I.—Where ee +y > 180°. 


ator =e We therefore put 








X=4+ B. 
‘Case H.—Where 9 — y and +y both lie between 0° and 180°. 
: zB, 
Case III.— Where $= y is a negative angle. 
Z=A+B. 


Case III differs from Case I in that the limits of integration for A are different. 
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In Y the integration with respect toy is from y =d to y= Vë —#, and, 
in every case 








Y= SS late zuge 


eee to remove another sign of integration from these expressions, 


we note the indefinite integrals of the quantities under the signs of in 
in X are severally 











— u — and are si b sin er ners 
VME + V+ VR +e 
The first must be taken between the limits r = 0 and r = c, the second from 
@ = — aro sin en Q = are sin IE, ‘Then, altering the mode of 


expression of A and B, we have 
f E 7 
=) LF ve ia 


dougie aa 5 ER) -yF anes CE 
and the three cases are, as before, 
al =A i+ B. Cass II.— X= B. Can- x= A+B. 
In the expression for A, it has been preferred to write Je instead of + 1, as 
the latter notation involves the necessity of explaining the ambiguous sign; and - 
the arcs in B are supposed to be taken between the limits + =, 


: 2 
The integration in Y with respect to zis from z =— Vc? — Ë to z= vV E-E, 


and thus 
VP +e + e+vVe—d NVE — E 
r=p f |ie 5 Ne ET yp |e 
The components of the attraction are now reduced to single quadratures. 
The limits of integration for B and Y are from ~= b tox=a; for the A of 
Case I, from x= — a ta œ =b; for the A of Case III, from «=a to œ =a. 


The integration indicated in the expression A is easily accomplished; for 
` Case I we have 





A= 2mp | ve =F am BE on ee tat ot ab VP Fee a 
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and for Case II we have 


A= mp [e Sea a ea Ve 2 ata aera aa |. 


SECTION II. nn of the Attractions to the ‘Canonical Forms for 
Elliptic Integrals. 


The definite integrals, just obtained as the values of the functions Band Y, ~ 
have the great advantage of having no discontinuities for the case when the 
attracted point is on the ‘edge of the segment, or when a =a,@=y. Still, if 
we would. learn the essential qualities of these functions, the arcs must be made 
to disappear from under the signs of integration, and their places taken by 
purely algebraic expressions. For accomplishing this, a ready method is that 
called integration by parts, the arcs momentarily being regarded as constant. 
‘Thus discontinuities are introduced into the values of the definite integrals when 
‘the elements of the problem show that’the attracted point is at the edge of the 
segment. However, as we know the components of the attraction are finite in 
this case, the sum of the discontinuities must vanish. Thus is suggested a method 
of escaping their consideration. By neglecting every discontinuity as it presents 
itself, we must necessarily arrive at the correct value of the component. But 
. this course of proceeding does not remove all the difficulties. The general 
expressions for the components involve terms formed by the product of two 
factors, of which the first is a multiplier of the second a definite integral. In 
case the attracted point is at the edge of the segment, the factor vanishes, while 
the definite integral becomes infinite. It is not possible to remove the factor 
within the sign of integration as it is variable. The only course to be pursued is 
to put the factor in the form Ae, and the value of the definite integral in the 


form = , where eis an infinitesimal expressing the distance of the elements of 


the problem from: the singular point; then the value of the term is evidently - 
AB. But the determination ofAand Bi ib- sometimes baffling, especially. when, . 
‘for the purpose of removing imaginary cparemictets, definite integrala, whose 
values go at a bound from 0 to œ, are introduced. - 

- Attending to B and reparding only the first term, after integration by parts, 


we have the term 
© VE — E 
Apa s arc sin JETT Ta 
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it is plain this expression vanishes except on three. occasions ; co when , 

. @=y; second, when $ =.180° —y; and, third, “when: both these conditions are 
a or yhen 07 y= 90°, In the first case its value is `. . 

. 2a a in JE 


K which-i ‘is npa, if a — a is positive, but — =a if the same | quantity i is negative. 
In the second ı case its value is 


: a 7 
PE nl Fa Hin un WER 
In the third case the sum of these m or.0, if a— a is ne or — Irıpai 


: if it is negative. 
The second term of B, after the intogratioi by parts, gives rise to the term 


2 [| — as, Fe are sin a $ = 


This term vanishes i in all cases ‘except when. Goy — a cosĝ = - 0; Or @.cosy 
`.— b cos = 0, or the same conditions as obtained in, the first term. THON: £ 
in the. first case, the value of this term is 


ee 


in the second case, S 


wip Ot = wta, | 


and, in the third case, the sum of those, 
. 2 ae 2., S 
TY Zr or 5 mp (2x! — a), 


l according: as g! — a. is 6° positive or. negative. 
Next panne to.Y, if we > put: 


Weg MEDIEN - 


Be ee + a?§— 2x a 


Taff [eit ft] da, ° 


. and integration by parts gives the term’ 


E G= ae wu 





’ we have 








45 ` 


I 


'r 
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P always vanishes at beth iimits, ‚unless at, the upper limit when at! =a and 


` @=y; it cannot vanish at the lower limit as-this would necessitate a'=— a, which e 


cannot occur ‘with our conventions. Here we are beset with, difficulties, but, it 


seems in this case that we are Warranted in regarding N FF č as an infinites- ` 


imal ofa lower order than VË Ë.. ‘Thus we shall say: that the term intro- . 

duced by the integration by parts, ‘and: which i is free oa the integrating sign, Pe 

. vanishes in-all cases. zag 
Neglecting the aisoaatiwitting: and calling B, thus modified, Xx, we have 


zn li le an; re er . l E 


x er glee =. 





fl [essed Elan 


Then the expressions for x; in 1 its three cases, are | 


Ä oa a u Case. X zone ey - ar, 
z Case IL. eS > | u 
a eg 
Case III, : rem [26218 BaP un, 


‘Here the abian sign in Case I inust be so read: that the: quantity may be u 
positive, and in Case III, of the two ambiguous signs, the. first must be so read 
that the quantity may be pegeuves a and the second 80 read that the term. may be. 
positive. ` N 5 
Performing the differentiation with respect to a, indicated i in the expression 
for X’, and writing f for a’ cos ĝ — — a cos Ys | the nist term, after somè reductions 
takes the form | ue 
dsin CELY Pd : 
l 2 Tab - ee je 
. Unless ‘there are discontinuities at the limits, for the’ factor’ x, ‘which ae 
the expression under fhe sign. of integration, we: may substitute a— b, aa the 
value of the definite integral is not thereby altered. ' 
The second'term of X’ takes the form 
2 N a’ — wt) Bere 
p l Ba! c* . SnD ASF 











oo — a 
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At thie point it is desirable to substitute a new variable 6 for x, such that- | 
. x=b+ (a—b) sind a cos s (> + ” + 2a sin psiny sin’6. 


‚The limits of integration with respect to 0 are from 0 to > i AR we ‘adopt two 


constants k and 9, such that 


ie = 2(a—b) a!’ Sale Ale cin isn Er 
a? + a? — a/b te en er 





De i Qa sin 


ET Ben E Sng ve tal Sab a +e 2b’ 














k. will be the N of: the elliptic. integrals involved in. the problem, iu, 
according to the usual notation, we > put. Jt W sin" = =A. ‚Ehen > 


Aal o eee 
TELE u AN er 





“and © 


‘oa 





2 Era aL ee zaen ee el re Bin 


Sf (x—b)"] a pg 





en) Em [pst g 


: We can suppose ` 





“Then A a p aS, C er 
' (4 + Aa) @— > +4'(a+2)+ All (a — x)= Q. 
Making =a, we get < : . | 
i 2aAl = = taint (ing) Gar tur (a)? (os cosy), > | 


Making = =- —a, we get 


| 2a All Bis ni) tat gene) eta ont cot) 


un 


: Making 2= 0, we get a z ce, : re 
eb balls A= aboni + Sat Beera ata 


č. 


t 
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A, is dorived hy making a EN Thus are obtained. the. following values : a 


l A = [hat a! cos (+ y)ja cosp — a (22° — a) vosy, 
5: A =— a cosp + %acosy, | ` ' 
S a een 
an = ~a (a +a) [ cour? Prea ae Je (cos aig +-cos n: 


. In the second portion of x! we have 


gain 0 0006 
en 


t 


Pe 
Thos l l 
Seh) (t= sin? 6) sin? 0. 
P Fae F 
ng: Be r 
: aol € 
ae = api int ptyemesnry =F F pa i+ in 
where t= 1 — F. RE 
By. putting © > Be __sin'g sin'y* N sin > sin y n Pico Wu a 
a e eig int PEL” 5 l ; “cost BY” l S zp ot a4 a 









Perio pany 


vee < 
B - Hipa arano] dy ara 3 sin? TA 

z — 2a. cos otne] cos 2 
= were Í i 


f 


= i 

Pa — (@— a) weinen (a= RM 

cf S : as 
„eos PTY 








pi = +a) [eti +y Bria) (a! seen 
Er 
x l ‘we have the expression | 


Br" l pi <7 
u [penetrate tt 


a oy E+ (= Hie 
| ; | : os aa l le 2 
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| We: next ae Y to-a similar forin. | . ‘The equivalent for. this may be 











written re 
y- cop dp 
i | ven fi [rd par 
We have - : : wi 
; Re ` dP- 1— asin? G sint 0 ca o l 
i ; 7I a a eg” 
. Ts  .'; 





i oS ang sin rfi [ae 6 os? 6+ gopek a. = 
oe ' SECTION TL Renoa of the. Imaginary Paramöters. 7% . 

_ The expressions just derived for X’ and Yinvolve the divisor > ` i Cie i 
a are ae 1 — (g+ BP) sin? 0+ g sint 6. s 2 
= The values of k and g are such as make the- two ‘parameters resulting. from thie 
divisor i imaginary. Legendre * has shown how these parameters may he. replaced 
by a single“ real parameter; but his method is laborious and necessitates the . 
computation of many constants, needless in our. case. : Fortunately the two. 


integrals concerned are complete, and .the. miodtlus # jia the two: AREA . 
ah parameters n and n' satisfy the relation. 


En dh (T+H = 04m) (tm). 
a These circumstances’ enable us to. reduce the elaboration. very much. 
-. In the firat place, let i i 


‘then, by orton, | eu ne Me ETA 
cre Bee dG 

pe 1 (FF P) ain F g sin T at 
Integrating b between the limits 0 andj, l 
' -o 1 Beint + bint 8? i, 
h i-(#+®) aim Og sin’ ĝ. A 
a However, it aint bo noted that there is a discontinuity in the value of this 
_ definite integral when k = 1. . It may ‘be multiplied by a constant at our disposal, ; 
‚and the product. joined to either of the. previous expressions for X' and F. 0.4 











ie * Traité dos Fonctions Elliptiques, Tom. I,- P 148. 
, tTraité des Fonctions Elliptiques, Tom. hr 22 
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in the second lach, 4 being a constant, Jet - 


r 


sin 6 cos 6 
f 4 =a + a sin? 6) A 
Tt is plain that, since sin 6 cos 6 -vanishes at both limits of the integration, . 
l er ap 


f Ls 1 Ta P = u 0, 
x being a. constant at our disposal. The differentiation being: performed, 
dp’ _1—(l+ 2) sin? 6+ (22 + 1) % sint 0 — Cie sin’ 0 dé 
itap (1 +E sin? 6)" (1 — # sin? 6) + x sin? 6 (1 sin’). A’ 
If x ih rightly, assumed, the denominator of the first factor of the right meniber 
of this. can be p under the form . . - 
o =e +22) sin 04 gon! 97 tment 0), 
E provided also that č has the value _ 
m -yF 
We have no o need’ to know the value of my but that of m i8. 
; ag? | 
oe cz yp oF ita (GER N). 
Iti is evident 1 now that we may form the definite BR 


piles, l Pe : 
I P + #) sin? 6+ ober any 


E Wo may readily mity ourselves that the bere ofA, A! and B are 


amity al = + B= ICE au 
. : As in the former, there is a discontinuity in the value ‘of this. definite 
integral, when k= 1. It may. be multiplied by:a constant at-our disposal, and 7 
. the product joined to either of the preceding expressions for X' and Y: 
- " Tt is evident that tó these constants (four in number) we may give such = 





es values that the term under the’ sign of integration, having the divisor 


1— (P +1) sin? + g*sint 6, 
win vanish i in both cases; and be replaced by terms haying the divisor | 
7 u: 1+ msin’ 9. te 


i 


*Tam greatly indebted to Cayley’s Elementary. Treatise on Bhipte Functions, pp; 127- 180, ‘tor making 
the road clear to these values. . ; ; i 
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-Attending first to the modification of X', we may write 


F (4) sinto “| 
Er ageing fi ee 


Multiply the first definite integral of zero value by f, and the second by — f, | 
and add the products to the quantity under. the mu sign. As the result à 


we re get, 
ice 7 De. 


t et en 
l Ba osing f plg 4), 1+ mein’ 
. We can simplify the second definite integral hy dividing it by- — an ‚and thus 


142; l ee: `. Sip: nn 
PIE a GHP aint Ft i + m sin? 6 


| where ¥1-+m is ie be taken positively. If the first definite or is muli- an 
plied by A, and the second, just given, by A, constants at our disposal, and the , 


2 


¢ 





products added to the quantity a the integrating net in the. a of Y,.we ` 


„have: 
sink + Bein) h t sin) + a — int) | VIER 
KU ee. S Harman 


— A+. asia cat 0] a 


. Here h sa H ust bé so chosen that the first: fraction of this shall become a 
integral. Then it is plain, the expression will assume the form 


Si Sh. vo HVitm |&: dp 
ce ae [ar 04 a4 )) sin? eno 
_ The equations, which determine h dnd H, are - ` 


PEPEE — DA +99 HS © l ; 
ENDE. 


whence are dörived - 


Be wc 
er u PEE, 
- Thus er 
7 Y= | Tee- meant (e+ eee asin‘ 6 
. s T ee a l i HVitm ab 


"i + m sin’ 0 a 


356° . En: Attraction of the Spherical Spies 


l Sain IV. — Evaluation ‚of the Elh iptic Integrals by Meane of the © Function. et 


The readiest method of arriving at the numerical values of X! and Yis by 
the úse of the '© function of Jacobi. For the parts-which involve the first and 
. second complete functions of Legendre, .we have 


"y 





fra red pa Lace E' 
E A eK J d= p EE n, 


-sin® 6 cos? 6 i | 
: f U (KB) — ar Km, 
. K and Blo can be derived from the danbtione 


Le: git PH+.. er Ce S 
bain, EEE = Gy) ur 


11—x 11—x = 
= alte = 
| E= eoo ai or J, 


Teo eo T re es OF 


These formale have thei inconvenience of approximating the indeterminate form. 


y 88 k becomes smaller. This may be removed by employing the relation ` 

| It ++ a 
re. ae en Hot: 

m l l 
l ae BOPI 14 + 9 16g + 

A wer cos} Tenaga 
` | +2 +2(9+ re + FE 

In case, % is quite small, we aay om nes series in “powers of k, 


fi a= FG et ae +63 Je eG 32. . E, T 


” The similar series for the second definite integral i is, 


fee a+ j miee 3. y a 


0.. 














` But 
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o The Son elliptic, integrals of me third kind of Legendre } have the l 
' general form SE e 
0 mm a 


where n may be positive or negative. Consider first the case where it. is nega- 


tive. Here, if exceeds —n,. we derive a from ‘the un (ising ame 
Gudermannian notation). 








oo en 
‘and we have . he n A S 
do. n a)| . 
‘pia a” lee eor ol 
wee Ba’ 
A zus a PT ajada (A, 2) trypsin (Be > 


ek ae a cob 2 nr es 2 m 
If either one or bath of —n,k are nik, nis definite integral is , infinite. l 
“But, as the attraction of the segment cannot be infinite, it follows that the mul- 
tiplier A must, in,this.case, vanish, and the product be finite. ° 


 Ifnis positive we derive a from the equation (vis put for V— 1) : 


a a fi ates By 


and wè have: 00.0. ae nk 
ope A ao erie 
J nA Ba = arfi Alena © ia 
AAC aye, AT. a ver ae F go ` > pi 
Kos arke es {Tog Tg +, 


ag. ees rar Iq 


A 














where b= Ku K' ‚Being the en period, Es 


enone ne 





* Jacobi, Fundamenta Nova, p- 184. 
tourna fiir die Mathematik, Vol. XIX, p. 848. 
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The third case e where —n excèeds i? can only liavo place for the parameters 
n and m. If either of the equations -- 


“affords a ial value for A, ‘the een elliptic integral. must be eliminated ` 
and replaced by another Be a different parameter, by means of the relation 


en a — 1.8 dp ie 
= Sr hr F [RA = 


where m'i is determined by the cee 
| (f+ n) (1. =n) ws 





Sxorion V. —Invetigation of the, Cases of Tndeterimination in 1 the Terekin, 
- . for X’ and Y. : tr 


Hro the value’ we have given for k, it is plain that if, for. the moment, M 
denote the greatest, distance .of the attracted point from the edge of we: NEN, 
and N the least, we will have the equation 


- . Thus k=0 ‚when the- point i is on the axis of the segment, and T=) 1 when it is g 
-on the edge; and a value intermediate i in other situations ` . l 


‘The definite integrals 
d 9 
SES a app sin? 


are infinite for & = 1 The third integral 


. pēsin? O cos ð ; i 

Bam ae J Aa 

‘is not infinite. The other three definite integrals of Legendre’s third Sana 
‘involved in the question, are to the parameters, 


Rs In, Sngsiny pics ain @ sin y uo eig, 
a sim eE? OS ERs cot BEY’ u Ds 


© Traité des Fonctions Elliptiques, Tom. I, Pp. 72. 
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The first igen is. infinite when o= y; ; the second. when o= y and mas: 
the third when 9=y and «’ =a, or when 2’ sin os =asiny. When «a the 
attracted point is on the sphere; if f= x cos@— a cosy = 0, it is on. the plane 
of the base; if both. conditions are fulfilled it is'on the edge of the segment. The 


: third condition a/ sin @ = asin y has been introduced only by the elimination of an 


~ the imaginary, parameters.. ‘To make the discontinuities and indeterminations 
clear; it seems necessary | to consider apart each case. 


Case L—When p= my: PR 


Here we have | . : ee a 
Pe dar’ sin» y- dat sin? y 
A ey a E er ee 
oa putting l 
Bos Spleen ana ew fay, 
© B= a(n Fo) 


B= — oF a) [: _ (22 = oe E AY seo. r| 





wé have o Sb hee 
. er, [pro . 
ae Ee fe er ge 
te + in® A 


l The upper of the ambiguous signs must be read when 2 — ais positive, the 
u lower when it is Hepanye: 


"Case.II. When das" . =. 
‚Here we have .. a a 


: S . Ei ir aie tg 
= sing siny _ gh SY 
“is BED. ua f= Ooty 
2 ede 


‘ ind: puttin g 
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u and, puttin g 


B= [3 Panne sore — [= in; en = 


“B= 2 — mo't Hays siny 





E ei er cos + ae: 
<- p" = 4[ 3 con PE | so + ie ae , Be ae 
oe ee cos PEP”. a a 
we have © l iE so 7 l 
Tee , = RI 5 já gu. 
en ZEE T S| a tt ar 


+ 2 (cosg cosy) sin p sin Y. = 





bls 


ee Im a = =y and: aoe =a. 
‚ Here we > have” ' i EIER 
oe p=. s= 0, Cs 


‘ 


B=3— 4 sin Ys. es -pen B" = = 2(-jeer),. 


"we have | 
Bu = dd 
X =F nos + itr [B+ ee 2 sin 6 + a 


A 


* fn deriving this expression, it has Br aaguried: that we might write x Ba 


T ‘for æ in a certain place, without thereby altering the. value of the integral. But 
‘this is not permissible when the discontinuities have undergone a change. If 


we had written ©— a instead and, neglected the discontinuity = npa, the result , 
would have been correct. . To avoid the hap-hazard character of this course of 


proceeding, we return to ‘the original expression for X, before integration by `` 


parts was employed. 2 n 
Throwing out the factor (a— x), common in this case "io the. numerators ` 


; and denominators ‘of the two terms, we have A 


‘ 
` 


> =a = i N 
EN at ee acy le 
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Employing integration by parts so as to bear on the arcs, we nave, a8 the part 
freed from the IB, of integration, the’ expression 


2 





sch 8s = ve ze a 


Now the second term of this vanishes except possibly when a+b= ity, or in the 
_ case when the segment is a hemisphere. , But if the ‘hemisphere has an attrac- 
` tion continuous with the attraction of the segments adjacent to it, it: is plain. ‚we, 


must assume that z pi > = 0 even when a + b=0. The value of ‘the first term . ° 


I. Spay, and, j joining to.this the’ portion still under the sign of Ialegrauon, 
we have ; i 

a rt EA b 
Put Nazb= u, then 


E! =  f "D tiriroje 
= pay + 5 Ba cosy [reigna ; 


za an a 


In case y =z, We have X = — 3710, viih agrees ih the konn expres- 


sion for the ae of the Bomegsneois sphere for, a point on its ‘surface. ` 
l , -To determine the value of Y for the present case, we observe, that taking 
_ P for the independent variable, we have, for this case, 


de = 4a sin?y. PaP;, 
thus 


= Apa si, l [eit T a PaP > 


aater Ps P+: Jer: 


T 


A = spising“ sate. te. TH w 





N 


2 
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RR 


‘ The last factor of thii isa convergents series, although it is the difference of two. 


1 
divergent series; and it is easy to see that its value is z: Then 


i Y=% Spa sin? y. 
alline Y the lateral attraction, the formula shows that this is proportional to 
the square of the sine of the angular radius of the segment; arid,-in the case of 


_ the’ hemisphere, this quantity is obtained by dividing the downward. attraction 
.of the whole sphere by m. l 3 


CAsE IV. — When 3 sin o= =asiny. 
‘Here we have es multipliers of the infinite definite integral 


1—54 =0, vitr Fm=0, 


% Therefore we must determine the limits towards which ‘converge the two 
“expressions a 


2 ; $ K 
fF F CEL do 
| Ele er EE 


when m. approaches — 1. But we have, in this case, 
z 1— = + 2/1+m, 
| F Fe | | 
positive if #? is smaller than É, and negative if it is diesen .Hence we need . 
consider only the latter expression, The radical V 1 F m being taken positively, 
at the limit m = — 1, the value of the integral aTa .“ If % is unity“this is- 


2K 
infinite ; but this case has already been treated. 








= 


*This may easily be Bu from the equation (m!) of Legenare, 1 Trait6 des Fonctions i ai Tom. “ 
I, P. 138. . 


1 





OldNO WaldSNO IHL HLIM QSLOANNOO Ir : i i aa . $ i 2 7 
JOYAENS NOLLVISNYUL AOV4UNS QIOLI3Q IHL ve : 3OV4YNS AIOIGHVS BHL . - 





| On a Certain Class of Algebraic Translation-Surfaces. 


Br Joan EizstAnm. 


x 


` In the following pages have been discussed types of translation- aurfacés that 
are generated in four different ways. This class-of surfaces owes its creation to’ 
S. Lie, who.developed the general theory and also began a discussion of certain . 
‘special cases. .The important theorem by which he connected the parametric 
répresentation of such surfaces with the well-known theorem of Abel Lie always 
considered as one. of his greatest achievements, and noone who reada his memoir 
in the Leipziger Berichte of 1892 can fail to admire the wonderful penetration 
of his genius. Two of Lie’s students, R. Kummer and Georg Wiegner, have ` 
carried on the study of special cases, and Georg Scheffer, also one of his ` 
students, has in the Acta Mathematica, Vol. 24, given an admirable resumé of 
. Lies work and also an independent and elegant treatment of certain parts. 
of the calculations. Recently Paul Stickel, in the American ‘Transactions, Vol. 7, 
has presented a paper on the minimal surfaces belonging. to this. class; in which l 
‘the treatment is independent of Abel’s theorem. It is to be hoped that his 
method will be. fruitful ‘in his further investigation. along the.-same line. 
G. Scheffer, in the above mentioned paper, expresses hia. opinion that an extended 
. and detailed treatment of this class of surfaces would be interesting not only from 
the. standpoint: of stirface-theory, but also ought to be undertaken because of the 
ne this subject has on the theory of functions. 
| As the field is very large and the number of types are very many, I have 
oi 1 this paper limited myself to algebraic surfaces: ‚only, and the following inves- 
E tigations will show that thia limitation is not arbitrary, . but is rather the most 
natural one in the discugsion of the subject; inasmuch as T have’ shown that the. 
_ quartic curve which determines, such surfaces must be unicursal and ‘have no double ` 
N ‚points with seen Ren 
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I have thought it advisable to introduée the subject by giving a short resumé 
of facts known long ago concerning translation- re and ANELEE of a few 
well kuori theorema: - 


L 


' If a curve G, having a point p, in common with another curve G, is trans- 


; lated parallel to itself, any point on it will describe a curve C which is congruent -, 


_ with G and’ similarly. placed. . The surface generated by -O may also be con- 

me sidered as generated by C and is called a translation-surface. It follows then i 

that a translation-surface may ' be generated in at least two different ways. l 
“The general parametric representation of such a surface is ` 


SSA EA) Y= BO+ BO), FE D 
_ whose generating curves are, `- > as mae 
Os ae AW), y=B (u), Jee, . 
and a er bes 
re A (w), a = By (), ; z= G (0). 


A translation- surface ‚inay also be generated ` as follows: Consider the two 


‘> gurves l om 


€ s= JA (u), - y= 2B (u), y= 20 i, 
v= AN a= 2B, (vx), = 20, (2). 


H we e join any once on the first curve to d point on ha ‚second by & straight 5 
‘line, the locus of the middle points of this chord will evidently: be the an END, 
ee ö 


a= A) +40), el | ROWE GLO, 


on which the’ generating curves are congruent to the given curves and similarly . 
placed, but drawn on one-half the scale.* This definition is dye to Lie. 

. . Since the linear tangent at a point p. on’ 8 (u) curve is moved: parallel ‘to ` 
‚itself, when this curve is translated. along a (v)-curve, the ensemble of all these 
„parallel tangents forms a ‘cylinder, which i is tangent to ithe Aue, and hence, the 
we and (v), lines are comjugate lines. A 


4 





"Bee Daibenx, ore Vol. I, P. 99. f = a = en 
$8. Lie, Beiträge zur Theorie < der ae (Math. Ann. t xy, PR: 332-587). See. also Darboux, 


Fan Vol. I, p. 108. ; ` i ae 
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r. 


If we construct the tangents to'a curve Cy, we obtain a developable surface . `“ 


which cuts out a’curve on the plane at infinity. . Since’all the curves C,-are `. 
congruent and similarly placed, their respective developables will all cut-out one. 
‚and the same curve; the same holds for the curves G,. Now suppose that to a ` 


tangent at a ‘point on 0, corresponds a parallel tangent at a paint on Og, or, what i 4 


amounts to the same thing, the tangents to both curves: are parallel. to the 
elements of the same irréducible cone: In this case the two developables belong- 
ing to 0; and O respectively will cut out one and the same curve on the plane 
at infinity ; moreover, these curves have a common envelope; ; for, since the tangents 
‚to thé curves Oy are parallel to each other at all points where they are cut by Coe 


and since. by hypothesis the tangents along C, and Cy, are parallel, there must ` 


exist, on each curve Or a point p where the curve-is touched by the. intersecting 


curve ©; the locus of all points p is a common envelope = of the curves G and © 


C;; in fact, when the curve a by translation passes over ‘into. the next consec- 

utive curve, the fixed point p moves along the curve Cg, that is: along O, itself ` 
The: surface may therefore be conceived as generated by a translation of the 
curve C, in such a way that it always touches the envelop =, or by translation. 
of O in the same manner.* The curve > is an asymptotic line, ‘since the tan- 
gents along it are conjugate to themselves. ~ s 

Suppose, for example, that the translation- surface is  žepresented by the 7 
equations JA" og l 


z= AG) +40), j= BW) + BO =0 4 Oh) er 


which may be Auuaned from a) bý letting A, B,, c be the same. ‘functions of = 
(v) as A, B, Care of (u). -In this case the above condition is satisfied, Cy: and G 
being congruent. Itis evident that the envelope’ > is obtained by putting v=v 
in (2), so that the mn of this curve becomes l ; 
r= 24 (u), y= -2B (u), 2 = 20) 


` which is an asymptotic fine similar to’ Co. and C, ‘and Alma ‚on twice the se 

The surface (2) may therefore be considered as the locus of the middle points of all. 

chords of X ; the: curves O and 0, a ma, „single irreducible family of congruent and ` 
similarly placed ` curves. 7 
~ Tn 1872 Lie proposed and solved the PERUR to find all translation-surfuces 


ent he 








"For proot of this theorem. see Lie-Scheffer, Berahringntranstornetiohen, PR 382. 
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Pe 


mnie may be. ‚generated by Karate in an infinite number of ways.* . These 


7 _ surfaces belong to a more. general. elass that are generated by translation in four 


> |Naturvidenskab, B. 4, 1879. / 


different ways. In 1882 Lie completely determined all such surfaces.} . Later he 
-noticed that this problem had some connection with Abel’s theorem applied to 
curves of the fourth order, but it was not till 1892 that, after jak efforts, Be 
ae able to state and prove the- following important theorem : 
If ona translation-surface that can be generated ` in more than two “ways -we 
` draw tangents at.any point along the four generating curves, the intersection of ee 
tangents with the plane at infinity i is a curve of the fourth order. ; 
Oonversely, if we suppose given in. the plane at infinity a curve “of the fourth 
order, there exist always infinitely many ( *) surfaces generated in four ways, whose 
_ tangents along the'generating curves intersect the ples at infinity i in. aie situated ` 
` „ on the giyen. curve.. we des vee i 
2. The ‘co-ordinates of these surfaces are rss us“ a sum nos any two Abelian 
Integrals with respect to the go pann of intersection of. any variable ‚rail line 
with the quartic: 
| Every direction i in space is Jae by. a So in. the ds at infinity. 
Let æ, y, z be a point in ‚space ande + da, y + dy, z + dz the consecutive point; i 
the. direction of a line joining these two pointes is completely, ‘determined wher: 


ever the ratios = f a are given; we may- therefore with Lie consider thiese 


ratios as coordinates En ih the plane at infinity: § . 


‘Suppose now given in this plane a quartic curve. F (Ẹ, n) = = “Oy in. order to 
determine the. translation-surface, according to Lie’s’ theorem, we form: the . 
Abel a of the first kind i ; ae pad V 


| = fide, = SR er Ia JE. : 


' The limits of these > integrals we fie in. the following manner: We suppose ‘the 
l quartic cut by a fixed. and a variable straight line; denoting the abscissas of the 











‘ * Kurzes Regumé mehrerer neuen Theorien, ‘Ges, å. w. zu Kristianis, May 8d, 1878, Archiv for Math. og 
+ Archiv for Math. og Nat. B. 7, Kristienia 1882. 

}Compte Rendue, B. 114 (1898, p. 834-337). 

§ Lie-Bcheffer, Berlihrtr. p, 357. 
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points of intersection by &, £8, &, E, and Eur &, i Er respectively, we choose - 


the former as the lower and the latter as the 1 upper limits so: ‚that we.have, 


Ede Endan "e dE, 
$; = Ja Po? P= Se Fa’ X=, a & (=A, 2,3, +) 





Now by Abel's theoreni we. have. 


+58, +b, —=0,. 
B+ ¥,+ 44.0, = 0, 
Xt Ret Ket RS, 


d+ b= — d D,, 
$, + P, =— P — P, 


ee E+ RK, 
so that the equations: vi oe e 


from which it follows that 


s= Q, + ®,, y= + P, 2=X% +X% 0 2°. (8): 
represent the same surface as re oe ee EI 
ehh y= ps Y, am, (4) 


a translation-surface generated i in four ways, asis seen from the’ double mode of: ` 
ee : i 
Tf the quartic. is irreducible, the integrals D, , È, Ds, and &, have the same | 





oni and likewise the Ws and Xs, the surface (3), or (4), has therefore the same’ - 


property as the surface (2), è. e. &= E, is an. envelope. of the generating curves 
_& = const., g= = const., and £ = £, an envelope of the curves § = const., nS 
£, = const. Moreover the surface is symmetrical with respect to the origin as a 3 
evident from equations (3) and. (4); ; it has therefore a centre. 
A linear projective transformation leaves the plane at infinity at oe any 
curve in this plane will therefore be transformed projectively. into a curve in the 
same plane, while the corresponding tranglation-surface will be transformed into 
a translation-surface. A given linear- -projective transformation of the surface 
. determines a projective transformation of the curve FYE, n) = 0. If on the other l 
l hand, a projective: transformation of Fé, n= = 0 is given, the linear transforma- - 
‘ tion of the surface i is not uniquely determined ; for, let the transformation be, 





f= _ ak +antaz = BE + ban + dy 
ree ee ee n aE Fant a 
where... _da dy da dy 


hae a bg ae 
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“aa 8° dhe a) 
l Zu: wi, 
E ; ne AT 


from. which we obtain the transformation _ 


pant oad) T 
y= (bia + boy + 852) + &, 
m= pet ayt ae) + a, 


PT N a, Bu, A are entirely arbitrary, q. ed. Thus,. “suppose given the ` 


identical transformation ESE, m= =n, which leaves the quartic unaltered ; we 


have, > Fa E Aue 
a= 1, a = 0, : ag = 0, a 
b=0, "BE, 5b=0,: 
Cee Se Oe 
‚and the. ei transformation i in space becomes. 
RN var aS peHo 
- hence, to the’ same guaran, curve in he plane at infinity belong wt translation- 
surfaces. vo 
All the translation- auis that : are. projectively equivalent with respect to 
a linear projective transformation are said to belong to the same type. If there- 
fore we wish to obtain a certain typé we consider all the projectively equivalent 
quartics in the plane at infinity and form the Abelian integrals un: respect. to. 
all such curves. u x 
. The quartic curve in the plane at infinity may degenctate ı as s follows: 
- (1) Ina cubic and a straight line,’ _ a u 
(2) In two conics, _ BEI pee 
. (3) In a conic and two straight lines; ae 
: Ree In four straight lines. ~ 
' The three last cases have been studied by R. Somuni in a ‚thesis published. 


“in 1994. E 


` When the quartic degenerates inte two conics ine naar different cases ; 
may Denk themsblyes; + a the conics be a and C, and let the. variable lina’ 


ru 








* Die Flächen mit dnshdlichvisien ‘Besougenden duren Translation von Curven, Inangural-Dissertation von 
* Richard Kummer; Leipzig, 1894. He a 
tee pia Berührtr. B. 2 Pe 409, 


i 
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cut ‘hem | in four points P}, Py, Py m „If now p be a'point on ues surface, two. : 
hes may happen: l 


- The point P, and: Py, viz. the points of: intérsection of: ‘the conjugate . E 


a p P,, p P, with the plane al infinity, lie on’ the same’ conic; or, 

2°, They lie on different conics. 

In the first case it may be proved oy means of Desire 8 dran that the 
corresponding aunen contain. œ! congruent translation- curves corresponding to ` 
the family of «©! conics determined by the two given conics ;*-the n k 
. surface is therefore: generated in an in, finite number of ways. . . ` 

In the second: case we obtain surfaces generated i in: four ways only-t The, 
general u of these surfaces is ` 
“Act ti + Bett? + Cert + Le: + Mev +Ne=0. 6). 


I 


- To this class belong also all the transforms of (5) by linear transformations and. 
their degenerates. obtained by. special choice of the conics C, and G. 
In the first and more important case we obtain the surfaces l , l 
f ‚ Ae + Be + 0e + D=0 | wer El, 
and their transforms by linear ‘projective, transformations. i | 
If one of the conics. is the i imaginary circle A + i $ i= 0, ‚Scherk’s mini- 


wal surface 
` sing 
x l oe va “siny. 


D 


`~ 


and its transforms are obtained ; this corresponds to the case. 2 where the faudity 
- of conics is determined by four imaginary points.’ If two" of these poma are e real ' 
' we obtain the transcendental surface . 7 

| +1 
— 2¢ siny’ 


ee 


If the four poliis are ihe Fand J points counted twice, that is to ee the 
. family of conics, are, neun, circles, we get the helicoid a 


„= getan. ch tie ES 





* For proof bee Lie-Scheffer, Berührtr.,.p. 406. 
+p. 564 ibid. ' - ER 
> tBy linear projective transformations we mean here as elsewhere the followihg: g 
ET oy toe4 a, y = a Hby teat — „F= yz + bay + as +da 
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Finally,.if all the four points opincide,: TA a point: of contact of. the third 
order, Cayley’ s ruled surface: i is ‘obtained.* ; 
l “The case where the quartic degenerates into: a cubic and & straight line -has- 
been treated in a thesis by Georg Wiegner ( 1893). + He arrives at the important 
result that: when the straight line is an in flexional tangent to the cubic the correspond, 
ing. tranglation-surface has a family, of parabolae as generators, ' He tried to’ prove 
‘the converse of this theorem, but failed for the very good reason that it is not 
true. In fact, we shall prove that « in ihe case of a cuspidal cubic and its cuspidal l 
“tangent the same thing happens : A surface belongs to it which has a set of parabolae 
as generators and which is algebraic . and of the: fourth degree, while the only algebrai¢ 
- surface that Wiegner obtained ts of the third degree. t . 

By a projective transformation a nn cubic may be ‚brought into the 
form l 

Mr -2=6, 

‘whose ouspidal tangent i is a= = 0. Putting now | 


FE) =F B)n=0 


aot and forming the Abelian integrals of the first ‘kind with respost to this quartic 
© we have, since F= a and FF = — 2, | 


N ey ae pee tet, 
u as Ta a — TYE const., = 


anil he zi -S ipere +4 + con. 


f #8uch isthe case’ with all the comica of the tently p + ky? + = = ó, price touch at (0, 0) and .bave the 
; same curvature at this point. 
+Uber eine besondere Klassé- von Translatlonsflächen, Tnangural-Dispertation von Georg ie as E 
Separatausdruck aug dem Archiv for Math. og Natury., B. 16, 1898, . 
{This surface is zz? — Qys = zz, Georg Scheffer in his admirable paper “ Das Abel’sche Theorem und das : 
Lie’sche Theorem über Translationsflächen” (Acta Math ‚Vol 28) has repeated Wiegner’s mistake when he says: 
_ «Und nur in diesem Fall (viz. ʻa eubıd ‘and its inflexional tangent) treten Parabeln als erzeugende Curven auf.” 
See p. 90, ioia. > 
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Putting const, = 0 and transforming, these equations may be-written z 


1 2s 
A= — 
| Sn er 
5 = . T P ` 
E a 
1: 2 
Z=—— rn, 
+ 2 


from which we obtain the quartic surface Fr re 
°F = HP > 
the: generating parabola of which are-all parallel to tho parabola X? + Z= 0. 


The surface may therefore be generated by letting the vertex of this’ parabola ; 
be. translated along the quartic space curve Ze 


1 No 1 
a Zug: ee aa 
| ihr T of ‘the parabolw being always kept parallel to the YZ-pläne. The 
` intersection of the surface with any plane Z=c isa ‘quartic curve which, when 
-Z= 0, degenerates into two' parabolæ, Yt 4.2 — X? = 0, tangents ‘to each 
‚other ` at the- ‚ origin, which thus becomes a aaddle-point. (See plato), Tho 
second pair of generating © curves may now be obtained. We put. . 


Zar 
EEE ER 
— ~ Ez By 
1 
u abe 


and ibeni in the equation (7), which is satisfied if ia oF and Bao; 
. hence we have as second mode of Feen anal. i - 


: 1 1. 
ee ee 
Y . T t 
A 
1 ` 1 
3 
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- If we D g= = A we. obtain the envelope xt + 27 = =, 0, which, a8 was explained 
‚above, is an. asymptotic curve on the surface.* It should also be noticed that the- 
family of asymptotic curves on (7) may. be obtained by. quadrature according to F 
Lie, ‚since it admits of the following projective transformation into o itself l 


PR 


Ree. .Y=2Y, F= AZ. 


We shall now restate Wiegner’s ee as. follows: 
When a quartic. breaks down into either a cubic and its inflecional lasek ora’: 


a 


aoe and tts. cuspidal tangent, the corresponding Re have a Family 


-of parabolae as generating curves.t 


To this may also be. ar the lowing theorem, which tom our siaidpoint l 


>is A important; 


. There exist two types of aes aoia iei lo- 
ee 1°. ‘A.cuspidal cubic and its. cuspidal tangent. a 
A cuspidal cubio and tts-in flexional tangent, ; 

ie the quartic breaks down into two conics G and Cry. and if we ‘choose 

the points P, and P, on O and G a we obtain, as’ was stated above, , 


surfaces of the general form 


l ee «Aart Bette 4 Geet Let $ Me! + Net 0. 


ai By scat choice of the ‘conics these surfaces may degenerate and even become Me 


algebraic: ‘Two real conics being given, the folowing SİX Cases a occur : 
- “The two conics may intersect in ee a 
1°. Four real and distinct pointe.. © ` a ee 
"2°. “Two real and two imaginary panii, a 
3° Four i imaginary points. ` = 
4°. Two pairs of consecutive points. 
5°. Four real points of which three are J consecutive, 
. 6°, Four consecutive points.. 2 


.. ` Taal cases exoept the. last we ones sued fan. 


"We shall not prove this proposition, asit involves rather tedious sa, i 


. ‘taking u up one gase after another and. forming the corresponding Abelian integrals 


-in each case. ‚We shall therefore take up ane an case e and andy the Brand : 


„ing surfaces, 





‘a This ‘ants is drawn on the model. See Siate, ees - an 
-+ The converse of this theorem has been ser it may easy be ar 
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Let the conics C, and G have four consecutive points in common. By a 
projective transformation we may always transform them in such a way that the 
point of contact coincides with the vertices of the conics. A family of such 
conics is represented by the equation 


n+ ket E= 0. 
Taking any two values of k, say k, and %,, we write the quartic 
F (én) = OP + lao E) (n° + kf — E) = 0, 


or, homogeneously, 
FE, n =P +B ED + BE ED =0, 
which by means of the transformation 
nani ESE, Satta the 
“may be brought into the form 
br + t (k — h) P— EL] [ot A k) E — Eg] =o. 
If further we put v Ẹ (k, — ka) E = ¥', and (= 4% (k, — &) ¢', we obtain 
‚the following simple form for the two conics, putting ¢’= 1: 
PE n= (+ @—)@f-P—= 


We have now ; 
F! = 46i, F, = — 48, 


and. forming the Abelian integrals we obtain the following parametric represen- 
tation of the surface: l i 


dé, dk, 
Zeil EVETTE Ale en: 


fe db ee 


coil EN 


Integrating and using the transformations 


1 
—4X=X, —4Y=Y, —4Z=2, Fav, rt, 
we obtain i 
Z=u—v, =u — P — 2, Z=W—V—-3u—W (8) 


48 
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Eliminating u and v we obtain the surface _ 
47X = X43 P125 0, 
which may be Be thrown into the form . o 
ZX= X'+ YP—1, = (8) 
a quartic surface which is symmetrical with respect to the origin. The planes — 
X = const. are parabolic sections which for X= 0 degenerate into two straight 
lines Y= +1. ‘The locus of the vertices of these parabole is a. plane quartic 
` obtained by putting Y= 0 in (8’). The he ganerating curves are twisted cubics, ag is 
easily seen for equations (8). 
- To the same reducible quartics belongs also the surface e obtained from (8') by 
means of the i imaginary transformations 
Zeil Yzir, Z=1Z, 
that is, the surface ` i 
ZX=— X*— P—ı, 
‚which differs from (8') by having two separate sheats, the plane X= 0 being 
asymptotic to the surface. We shall state the above result thus: To a reducible 
` quartic consisting of:two conics having four consecutive points in common there corre- 
sponds a type of algebraic translation-surfaces, generated i in four distinct ways, which 


are reducible to the form 
ZX=X'+ yo 5 


II. 

We shall now take up the study of algebraic surface connected with an 
irreducible quartic, and we propose to solve the problem of finding all the types 
of algebraic surfaces corresponding to such a curve. The results obtained will 
be interesting not only from the standpoint of surface-theory but also from that 
of theory of functions. The Abelian integral connected with a unicursel curve 
‚has naturally no proper period; it becomes what Poincaré calls a degenerate 
Abelian integral possessing poles and logarithmic singularities.* The following 
investigation may therefore be considered as a study of such integrals. ; 

_ Ifthe quartic is of genus 1, its co-ordinates are expressible as functions of 
a parameter 0 and VO where © is of the fourth degree in 0. The co-ordinates 





© 2 #Bur les surface de translation et lesfonctions Abeliennes, Bulletin de la Societé Math.,v..29 (1901), pp. 61-86. 


EissLann: On a Certain Class of Algebraic Translation-Surfaces. _ 375 


X, Y, Z of the corresponding surface are therefore elliptic integrals and the 
surface is transcendental. It is evident that quartics of genus 2 and 3 also give 
rise to the same kind of surfaces. We may therefore limit ourselves.to unicursal 
curves, in which cnse the co-ordinates are expressible as rational functions of a 
parameter. The co-ordinates of the surface thus become integrals of rational 
functions. The problem is now to determine the cases in which these integrals 
-themselves become algebraic functions. We shall prove the following important 
‘Theorem. Whenever the unicursal quartic in the plane at infinity has at least 
one double point with distinct tangents the corresponding surface is transcendental. 
` Let the quartic have one double point and two cusps. By means of a 
proper projective transformation it may be thrown into the form 
oy + of — Wey + oF P— Ia? y + 2Zhey = 0, (9) 
having a cusp at the origin and at the end of the x — axis, while the double point 
is at the end of the y-axis. A parametric representation of this curve is 
obtained by determining each point on it as the intersection of the curve with a 
_ variable conic passing through the three singular points and another fixed point 
on the curve.* We shall choose as our conic the hyperbola ~ 
vy + px+oy=0, 
and as the fixed point the intersection of the cuspidal tangent at the origin with 


the curve. It is evident that the following relation between p and c must exist: 
| pto=a(k—1). 
rar in (9) and reducing, we easily find the co-ordinates 


of the variable point, viz: 
l _2(1—%) 
pr 
_ 2(1—%) 
I= FF p+5—4k ? 
which will serve as a parametric representation of the quartic. Substituting 
these values in 


Substituting now v = 








Fl =2(y— a + zè y — a + okey) 
we obtain, after some reduction, the following simple expression : 


pie —8t—® 
Bp ty 





*See Salmon, Higher Plane Curves, p. 250, 
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We now form the Abelian integrals and obtain the surface 
ent Sat 
aS apre berat S pret 
a= FB) a 30 =M S +a a Sæ 


or, r periormung the integration, 





O ee 

e Es ae T 

o 1 apes 1 ae eee 

r= zp tan ee 5 el pe ten VT? 
1 

g= 





2(1 — Bats Pes 


which is evidently a transcendental surface, provided & is an arbitrary constant 
‘differing from + 1 or —1 Q. E. D. . 
When 4= 1 the quartic breaks down into two coincident hyperbole, hence 
this value of % must be excluded. 
If k= —1 the curve becomes a tricuspidal quartic or deltoid;* we may 
therefore obtain the corresponding surface by putting k = 1 in (9) and integrating. 
We thus obtain the algebraic surface ` ; pai 





OS E E: 
Pitl pti’ : 

Ya S i (10) 
Pits k+?’ 

Z= tmn+tp. 


Putting X= — I, Y=— Y', 4Z = Z' we obtain by eliminating pı and ps 
.Z(2XY + Y— X)=6X—2Y—8XY; l 
and transforming this surface to the centre of symmetry which is X=}, Y=—4, 
Z = 4, we reduce the equation to the simpler form 
. 4(2XY + 4) = 2(X+ Y) s Madi) 
which is a cubic surface whose sections parallel to the three co-ordinate planes are 











.#I have called the corresponding surface the deltoid surface. I have made a model of this surface, which, 
together with others, are found in the collection of the Johns Hopkins University, Baltimore. 
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hyperbolae. In the finite portion of space the following right lines are seen to 
lie on the surface: 


(1) Z=0, X+Y=0; (2) Z=2, X¥=h (3) Z=2, Y=¥ 
(4) X=0, Z=4Y; (5) Y=0, Z= 4X; (6) X=ł, Y= —ł; 


. The locus of the vertices of the parabolae Z = const. is a plane cubic. In 
order to find its equation it will be convenient to transform the X and Y-axis by 
turning them through an angle of 45°; we obtain then 
. . .  £(X*— V4 ha 72k. 
Putting Y= 0, we have u 
: Z(Z? +4) =v2Z, 
a cubic curve having the X — axis as asymptote, and a maximum and minimum 
at Z= + 1, X= + 4 , corresponding to the two saddle-points on the surface. 
The translation-curves are twisted cubics, as is easily seen from the para- 
metric representation of the surface (11) which is 








The envelope of these translation-curves is 


X= a + 4 
2 
= pi +3 = 4, 
Z= 29, + 4 

We shall state the results of the above development as follows: 

The necessary condition that a translation-surface that can be generated in four 
ways is algebraic, is that the corresponding quartic in the plane at infinity is uni- 
cursal and, possesses no double point with distinct tangents.* 

Before we discuss the cases where the unicursa] quartic has a tac- node, 
osc-node, or triple point, we-shall study a rather interesting case of the surface 
(11) belonging to the same type. 








* The following investigations will show that this is also the sufficient condition, 
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If we e apply to the quartic (9) the linear imaginary transformation 
æ= x + ty, y = x! — iy' 
+P a=) 


This transformation places the two cusps at infinity at the imaginary J and J 
. points. The parametric representation of this curve is 


we obtain nate cardioid 


We have now : ns 
ap) P= sepi =f’, 
and the equation of the corresponding se is 
— p? 
aid de Sg rt 
B TO a 
+ pi) (1 : pa I+p. 1+ 9’ 
Z= an 
Eliminating p, and p, we obtain the equation 
ZU + Y*— VY) =X, 
which by a suitable real and linear transformation may be thrown into the form 
zer) (12) 


A plane Z = const. cuts out a circle whose equation is 
(x-4)+ =i} 


For Z= œ we obtain the unit circle and for Z = 0 a straight-line X=0. The 
_locus of centres of these circles is the hyperbolae XZ=1; the plane Y= 0 
intersects the surface in the cubic curve Z (X? — 1) = 2X which has a point of 
inflexion at the origin and the Zaxis as asymptote. Any plane Z = m£ cuts 
.the surface in a family of ©! circles whose planes all pass through the Y-axis. 

To the same cardioid also belongs the surface obtained from (12) by mane 


the transformation ` 
A= 1X!, Y=if’, . Zeit 





* This surface I have called The Oardioid-Surface. See Plate. 
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the resulting cubic surface l . 204 
Z(X? + Y?+1)4+2X=0 a 2.8 (12) 
differs from (12) in several respects, although it belongs to the same type. The 
plane Z= œ intersects it in the imaginary circle X? +. Y? + 1 = 0, and the 
planes Z = + 1 is tangent'to the surface at the two umbilical points (—1, 1,0, 1), 
(1, 0, —1). | 

` In conclusion it should be noticed that all the surfaces belonging to this type 
have a real double point at infinity. 


TMI. - 
Quartics with Notle-Ousp and Ac-Node Ousp. 

We shall now consider the case where’ the quartic has an ordinar ‘cusp and 
a tac-node, We shall prove the following theorem : 

In order that the surface shall be algebraic, the tac-node must RR into a 
node-cusp. 

To a quartic with a node-cusp and an ordinary « cusp BE an algebraic 
translation-surface of the fourth degree. 


A quartic with a tgc-node and a onip may by a projective transformation be . 


` thrown into the form = 
(By + aat + (1 — a) ya? — y= 0, j 
in which the tac- node is placed at the origin and the cusp at the 3 of the 


y-axis. For the sake of convenience we shall puta = b— 1, 80 that the para- 
metric representation may be written l 


— tbe Etor 


We have also, pti’ " pri 
| ad Ka EEF OD +8 


ang 
BET 


ir now the Abelian integrals we have 


‚and 








un Sate Sa” e 


r=— fdp— Siy | 
z=- S htp fatida, 
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or, integrating, 





2=—- (+ a en was 


Rich wa transcendental surface for b = any arbitrary constant ad from 0 
Q. E. D. i 
If b = 0 the quartic reduces to thè form 


y — a! +, 2y — yY’ = 0, 


which has a node-cusp at the origin. The corresponding surface is 


RESET. Ä i 
mp’ 5 
_ Y=—p—p, : (13) 


z=- ta ;)— (+ +) 


or, eliminating, ` l 
Y (3X? 4+ 2X?— 6Z)+6X°+ 6x= 0. 


Transforming this surface to its centre of symmetry (> 4, 0, 15), we have 
Y(2X*°—§ X—6Z)+6(X*—})=0, | 


which may be still further simplified by putting 4 Y= Y, A= X', 8X + 127 
= 4Z', so that we finally obtain 


V(4X*—4Z) + 4X*—1=0, apy 


whieh is a quartic surface whose plane sections parallel to ehe YZ-plane are 
equilateral hyperbolae. The translation-curves are twisted quartics as are also 
their two envelopes pı = pe, pa =p, For X= + 4 the sections become two 
pairs of intersecting lines. . We shall not enter into a detailed study of this 
surface, but.proceed to the next case. 
When three consecutive nodes coincide, we have what is called an osc-node. 

If we consider such a node as formed by the coincidence of a tac-node with a 
double point, it will seem evident from the principle of continuity and from the 
preceding development that also in this case will the surface be transcendental. 
We shall, however, prove this more rigorously thus: 
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A PENA orth an giad at the origin may be. written (See Salmon, 
Higher Plane Curves, p..249, sec. ed. , § 290)". 


- (y — mef + ony (y = 2) + dt get + hay? + iy! = 0, 
or, TE homogeneous ĉo- ordinates, 
(met porya A + df ot gig + ha + iy 0, . 
' We now choose, the vertices of the triangle, of: ‘reference as follows: Let «= 0, 


` y= 0 be the osc-node, y = 0 being the tangent at this point. As second vertex; 
y=0, 2=0, we take a point of inflexion on the curve, making z=0- ‘the: 


. inflexional tangent. The third vertex will then be uniquely determined ‚at some. | 


point which.in general does not lie on the curve. pane equation will now have . 


` -the form 


(ye ney + ony Gee ma”) t TE = 0, 
a! cl . 
in which the coefficients d and m may be reduced to unity by patting v= Väri Tm’ 


-Y = £, ‚3= z, 80 that we finally obtain the Annie form — 


y—ePbayy—aeyaor a 


A parametric representation of this curve Day now be obtained as e tollon 
Writing (14) in the form 


E R J Herz, 
` we see that the curve is closely connected with the’ conic 
| ap Pit owd + yid Ha o,t 
which may be represented parametrically by puttin g 
dato + ge y! = ($ =e), a =0 oe 
but since a: y: g = gy y y, we have’ 


. ty = = +5): x =o 5 — 1—#), a o. 








. *If dam have opposite sigas: we but z= ve gm y= X a *#=# which reduces the quartic to the form ` 


U, + 28) + oxy (y +2) + yb + 0. 
+See Salmon, Higher Plane Curves, p. 249 aed. ed, 
AQ 


i 
; 
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Solving those equations’ for æ and y we find. 


De „er ie 


ot + a 4 ett 


Caleulating now F} in tere oft and forming’ ihe Abelin intégrals w we have ike f 
surface ' - 7 . ; 


(15) 


ee 


1. 





Pe: which i is tranécendental provided c differs from. 2or—2 Q.E.D. 

‘The = + 2 the surface (15) i is algebraic and only then. In these cases the _ 
quartic has a tac-node- -cusp at the origin. N ow the case ¢ = — 2 may be — 
reduced to thas of e= + 2 bya projective transformation. ` _We have therefore - . 
the theorem : ei. 

"Toa quartic with a tac- -nodé-ciep corresponds the algebraic surface l 


A Spa Spins eo DH Ds 
Sat | 


en Sipe Tipa- ee DECE 








a and its tr anisfor ms by ‘linear projective ‘transformaiions. If now we put = = u, 
a, and interchange Yand Zwe have Be: B a a E 


b . 

ee, 

u ee Y=4(w eh: 
GEN 


‘so that we ‚have 
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or, eliminating, 


rare (4 = Jret az +” 3 ER HEHZ +5 n a 


Transforming this surface to its centre of symmetry (#,— 4, 1) we have a 


Yta = pan 242245 B+ se Dies, 


-which may be simplified by putting 


az4 fızen, run, dee! 


ZU + 2 cea Fe Ze nt si ao E 


a sextic translation- surface whose: plane. séetions parallel to the X Y-plane are | 


parabolae, which. for Z= =0 become” two parallel straight lines A= = 4/28 TA the ` 


surface: resembles ‘therefore (8). - The translation-curves are twisted quintics. 


The surface is unique in this respect, that its degree is the- highest of any alge; 


braic translation- surface of the kind we are e considering. 


f 
ze 


IV.. 
sparc with a Triple: -Point. 
\ A quartic tie a triple- „point. may be written `- 


a (ay? + b? + cya? + dat) = Hat + lat y + may? +. nary? m 


ES 


‘We shall suppose that the tangents at the triple-point are all real and distinct. 
For the sake-of convenience we shall place the triple-point at z= 0, a= Oand ~~ 
‚then write the equation in non- homogeneous form. l 


y (a + bx + ca? -+ daf) = fet $ l + mat + n +p. 


l Now, since Pi =a F bat aa? +-dat, wé have. , a DB 





Sr er 








ya f GALLE mats int pay „ f (es Ar mat + tape 


(a+ bay F oak + (+ Bay toa dat? ‚an 








= dz, ` 
Oe ai aay eae ane 


“which is a brenscendental surface. Tt however, the: ‘tangents at mie s triple point 


j 
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- coincide, this surface becomes sidsbeaie id only i in this case, as is easily geen, by 
' putting. + ba +-ca? + da’ = d(x — a)’ in (17). -We may therefore say ` a5 
To a quartic having a papie: point with coincident Rune correspond algebra 


_ - translation-surfaces. 


` We shall now consider these‘ eurfaces and find the simplest bene to which ‘they 
_ can be reduced. 
We write the quartic: 


gh ah tah cn E i 3 
interchanging the: x and z-coordinates this may be wri' ten non- ‘homogeneously 
a y= = k + In} ma? + nat! + pat 
=: Bya projective ‘transformation. this equation: may be, reduced to one of the follow- 
: “ing two forms: 
f (a) y= sa & ot ; as) 
(8) y=. 


Since the form (a) i is not projectively equivalent to (b), there will be twa wiper of 
surfaces, the second type being . connected witha quartic which in addition to 
` the triple-point also has a point of undulation. We’shall consider the case: (a) 
first, The corresponding surface“ may be written 


"a x= Sant Sf mda = +, 
r= ferit frair 
Z= Sint San = my hp. 
By elimination and transformation we get 
‚7-2 22)47 (3X — ay 


whose centre of symmetry is easly found to be (1, 0, 0). Transforming to this is 


pom aS onen we have, 
BR Bx? * ze Ze 


‘which by: a ‘homothetic transformation may be thrown into the form 
l l ‘Y= ZX — Z Z’, m i ao) 


a qiintig surface resembling the surface ee very closely, the difference being 
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that instead of having circular declien parallel to'the X Y-plane it has parabolic 
sections. To the same curve: belong also the real surfaces obtained from 
` by means of the: imaginary transformation x= iX’, Y=iY', ZziZ';,. 
> obtain the surface 


Y=Z'— gga 0 


The eoi of the plane Y= 0 with the. surface ( 19) i is. the line z= 0 and. 

` the quartic X*= Z1+ 2° „which has a double point at the origin, the two branches 

going to infinity’ in all four quadrants. In (19) the, same plane. cuts out . 

aim PAIR which i is a lemniscate. The curves cut out by the plane X=0 

‘are, in both cases quintie curves with a point of inflexion at the origin; butin < 
the case of the surface (19) this qùintic intersects the Z-axis in two real points 

' outside of the origin and symmetrically situated with respect to it, while in the . 

_ Gase of (19') these two points are imaginary. i 

Case (b). . The quartic y = a, ` 
We have the surface- 


EC Saat fain pees : Lg 
m E H RER, 


za fans fans + 


or, transforming and eliminating, : 


Z sxe 2, | Er (20) 
which by a homothetie EN may be reduced to the form 
| -Y¥=ZX*— Z". 


} Tiie bar of vertices of the. parabolic. tioni is the curve oe — a 5 and i 
the plane Y= 0 cuts out the straight line Z = 0 and two parabolae X = + Z°: 
‘The surface resembles (19); its transform by. the imaginary transformation. used 
above intersects the plane Y.= 0.in two imaginary parabolae. It.should also be 
noticed that the asymptotic lines of (20) may be found by N LT 
. ingtoa general theorem of Lie. l 
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‚We shall now give a resumé of the precoding resultg as ‚follows: 











r 


. PLANE AT INFINITY, (sy) ` | Space or THREE DIMENSIONS, (X, Y, Z ) 








Translation: surfaces. that can 2 be Gener: 
ated in Four Distinct Ways. 


1 ZZ=X4roı 


| Quartic Curvé. | 
I: Two Conics; 
PHa PaE 


CILA ‘unicursal eubic.and its infex- 
ional tangent: 


ty a wy = 0 
LIL. “A unicursal cubic ‘and its cusp 
' dal ne. 


“Way | 

IV. Non-reducible unicursal quartics: ` 
(a) tricuspidal quartic, (deltoid) as 

> (0) cardioid l 


- 1: ZA 2YZ= 2X. 
| (Wiener 8 eine)" 


Ill. 2Z= Y“ $ iy x xe 


` IV. The deltoid surface: ` 
(a) Z(2YZ + $) = 2(X+4 Y) 
(b ) The cardioid.surface : 
Z(+ V1) = 2X. 


A. FRI AD) 4.42 — 1=0 


wee 


y. Gierki with a node cusp and - | 
an ordinary, eusp:. a 


(ey— att ya? — pe) 
i VI Quartic , with. a tac-node` cusp: 
[9 - a) + Qary(y — 2) + y= 0] 


VIL. Quartic. having a triple-point — | 
\ with coincident tangents : 


| (yaa tet) ee i 
VII. Quartis having a triple-point | VOL“ - Ys ZX’ -= ze. 
i with coincident tangents and, J 


' & point of undulation =. 
w=) | 

These then are the eight different. types of algebraic translation-surfaces that can- be © 
generated in four different ways. The preceding developments show that these: 
are all the types of algebraic surfaces.” In.a subsequent paper I intend to dis- 
“cuss the types of. translation- surfaces other than algebraic connected with & 


unicursal quartic. 
U. 8. NAVAL Acapeny, May es 1906. - 


We. WES Zee ae. 5 
wi 2. +2 - E E 
vo. Y= : ZX? — Ze - 2" 











* We have excluded here Cayly’s ruled minimal surface mentioned above. - 
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Group: Characters of Various: Types > ‘Linear Groups: 


: By HERBERT E, Jora. 


‚ INTRODUOTION. 


In an. ate entitled Über Gup pencharnkteret Frobenius has’ determined l 
the group- “characters of the group of all binary linear fractional substitutions of? 
determinant unity (when in their normal forms), the coefficients - ‘being taken | 
modulo p, an odd prime. -In the present Paper wie same. -method is ‚applied. to 
‘more general types of. groups. ` 
In Part I we consider the group H= SLH(2, ae p > 2, òf all binary Rre l 
. homogeneous’ substitutions i in the &F[p"], of detérminant unity. By the'aid of 
‘two theorems due to Frobenius on the, relation between the characters of-a 
group and those of one of its quotient- groups, we deduce ‘as. a corollary the char- 
acters of the group F= EF (2, p”), p > %,.0f all binary linear’ fractional- u 
tutions in the GF [p"] of determinant unity (when in their normal. forms). 
häve also obtained these characterg directly by the method applied to the group 
H; the chief points of difference in the treatment are stated in foot- notes, The 
suite are a direct generälization of those obtained by Frobenius. In Part. II 
` we consider the group H= SLH(2, p"), p=2. This is identical with the 
group LF'(2, p"), p == 2. Part III dea]s-with the group F, of all binary linear 
fractional substitutions in the GF fp"), p>, ‘of determinant not zero.: The 
group H is treated. with considerable detail ; the others briefly. ° 
Frobenius] has determined by another method ‘the group- -characters ‘of. the . 





— 

* The abstract of the above- ‘paper appeared.in the Bulletin of the American Mathematical Society, April, 
1904. Just recently Schur has computed by different methods fhe. characters of these same types: of groups: i 
Untersuchungen über die Darstellung der endlichen ‘Gruppen durch gebrochene lineare Substitutionen, rel, 
Vol. 182, 1906-7, (Heft 2). s ‘ 

+ Berliner Bitzungsberichte, 1898, pp. 985-1021. : 3 : 

t Ueber die. Composition der Charaktere- einer Gruppe, Berliner Sitzungsberichte, 1899, PP. 380839. 
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oup SLH (2, 3), (2, 5); and'of the akerai group on six letters of order 360, 


`- which is isomorphic with’ the group LF (2,'3°) of determinant unity. Burnside” 


has obtained the group-characters of the binary linear homogeneous group in the 
GF [2°] of order. 504. u results i in ‚this paper Bere with those for the above 


u groups. 
ae 


7 he Binary Linear En Beep H in the GF e = j > 2, 23 
|. Determinant Unity. aa 


fs gg ONE ! 
The order of. the group His h= =p” (pr —1).+ For the substitution 


p. want By, `. = 
Bey Syet by, Baten 


we use the notation R= Gs et 


We first reduce the substitutions ‘of Hto their canonical forms.§ . For ‘this 
purpose we e consider the characteristic equation | 


l —K(a+38)+1=0., ER . (1) 
of the sihitava 6 ge a. It the’ roots of this equation are distinet we get the 


canonical form 2 or B: j 
oA: l p)» pa mark, = 0 of the GF[p"]; 
B: 8 a ‚oa root of +1 = 1, 


according as s the equation o is reducible or. irreducible in the GF [ p "7, If the 





— 
ay 


* Proc. Lond. Math. Soc, Series 2, Vol. I—Part 2, y. 118. 
+ We shall throughout denote p" by 8, except in’ the notation GF [7]. 


{For the substitution R taken fractionally we use a the notation R = : (S45). To the two substitutions 


ny z . . . ’ 
j —a, —B} \ BB: : Toy : 
C A and =y, BA of H,corresponds.the one substitution ( oF) of F.- We have therefore a two-to.one 
7 A ‚ch 1 ; s 
correspondence between H and F. : 2 2 i - 


` §Dickson Linear Groups, $$ 214-216, 235. 


t 
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roots of (1) are equal they must be + 1 or — 1. We obtain then (possibly by a 
transformation of determinant not unity) the canonical form 


#141 
0,+1 


We define x =} (a J ô) as the invariant of the substitution e 8 i 


If two substitutions of H have the same invariant, they have the same charac- 
teristic equation, and therefore the same canonical form. If two substitutions U 
and V of H have the same canonical form, there exists} a binary linear homo- 
geneous substitution W belonging to the GF p"] (but not necessarily of deter- 
minant unity) such that U= WIV W. Precisely as in §225 (Dickson, Linear 
Groups) we can prove that if U and V have the same canonical form A or B, 
there exists a substitution W; of H which transforms U into V; also that every 


substitution of H of invariant + 1 (except C a) and the identity) is 
3 


conjugate within H to one or other of the types 


Grice 
0,+1 


eer ee 
0, + 1/7? 


where vis a particular not-square in the @F[ p*]; and further that the two 
types Qj, O, are not conjugate within H. Hence we have the result: 

Two substitutions of H having the same invariant (not + 1) are conjugate 
within H. l 

A) Letpbea primitive rootofthe GF[p"]. The substitution R = K ) 
is of period s — 1. To study the conjugacy of the substitutions R° = fat 
we transform R* by U = © ay að — By = 1, and obtain 

v= U- Re U= ey — Byp, — a8 (p*—p@ a): 


Ye, —Byp* + Lap | 
“In order that V shall be identical with R* (i. e., U commutative with Re) it is 





*In the case of F we define «= + 4(a + d) as the invarlant of the substitution (#4) a 
x , 
f Dickson, Linear Groups, § 216. É 
50 


x 
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necessary that either «8 = yò = 0, or f — p™ = 0. The first alternative leads 
to two cases: . o 


1) if@=y=0 then T= (f” v= BY, Ze 


2) fa=d=0then vi p= ES, Tea a 


If R° + R-* we have s— 1 substitutions U commutative with R°; and there- 
fore R* is one of s (s*® — 1) (e — 1)=8(e + 1) conjugate substitutions. If 
R* = R then p*= p~*, which is the second alternative. According as p° = +1 
or — 1, R* is the identity or RP =(~ 7 a 1 ) ; each of these substitutions is 
$ 4 ’ i 
` conjugate only to itself. With the exception of these the powers of R are con- 
jugate in pairs, thus representing 4 (> 3) classes of conjugate substitutions, 
each class containing e (s + 1) substitutions.* 
B) The group H is holoedrically isomorphic with the groupf Gann of 
substitutions 


A, B En 
| v=(_3 9) (AZ + BB =1), 
where A= A' is the conjugate of A with respect to the GF [p°]. . If o is a prim- 
itive root of the equation o*t1—1, so that g= 07}, then the substitution 


s=(% or is of periods + 1. As above we find that the powers of S, except 
0,0 p p , p 


SF = E Fi _ and 8°*1, which.is the identity, are conjugate in pairs, viz., 
? 


S? with 8°. There are i (e— 1) classes represented by the powers of S, each 
containing s (8 — 1) substitutions. } 





*In the case of the group F if R= RB elther p* =p“, i. e, Æ is the identity, or p* =— p*, which is 
possible only if s — 1 is divisible by 4; Æ = RF ls commutative with s — 1 substitutions U, and is therefore 
one of $8 (s + 1) conjugate substitutions, If we define cas + 1 or — 1 according as 8 has the form 4l-}-1 or 
41 — 1, where / is an integer, then we have }(s— 2 + £) classes represented by the powers of Z, each containing 
` (as + 1) substitutions except the class of period two, which contains 44(s + 1) substitutions. 

+Dickson, Linear Groups, p. 182. 5 : 


{The substitution § = (ote) of F is of period 4(s +1); the substitutions 8? (not the identity) are con- 
’ 


jugate in pairs except when e = — 1, and then sr is conjugate only to itself and is of period two. We have 
f(s — e) classes, each containing s{a — 1) substitutions, except the class of period two, which contains 4s (3—1) 
substitutions. ‘ 
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The numbers + a (+) taken mod. s— 1 (mod. ¢ + 1) will be called 
indifferently the index of the class represented by R*(8*). We have defined 
z = $ (æ + ô) as the invariant of the substitution G B 5) The substitutions * 


R° (8?) are characterized by the property that x? — 1 is a square (not-square) 
in the GF {p"]. 


C) Consider the substitution 
= T 
m=% 3 u a mark +0 of the GF[p*]. 


Transforming 7, by U= b ae ad— By = 1, we obtain 


= 1 — ayu E 
Vex Tar. U= ca eg) 


T, is commutative only with those substitutions U for which y = 0, a = + 1, in 
number 2s; hence T, is one of s(?— 1) - 2s =4(s?—-1) conjugate substitutions. 
We observe that the conjugate substitutions 7, and V have the property that 
u and a'u (a + 0), or u and y*u in case a = 0, are both squares or both not- 
squares in the GF [p"]. This condition can easily be o to be sufficient for 


the conjugacy of T, and V; i.e., ‚a substitution Q= Ces py), @ ð — Bly = 1, of 


invariant unity is conjugate to T, if u and P’ (# 0), or ú and — y in case et 
are both squares or both not-squares in the EF[p"). 


The substitutions e »B 5) (except the deny) of invariant + 1 will be said 
to belong to the class (u) or to the class (v) according as 8 (+ 0), or—y if @=0, 
is a square or a not-square in the GF [ p"]. Similarly the substitutions Cc 5) : 

3 ? 
except G > , of invariant — 1 will be said to belong to the class} (m) or to 
. [en 


` the class (n) according as 8 (+ 0), or — y if @ = 0, is a square or a not-square’ 
in the GF'[ p*]. 








* The substitutions of period two have the invariant zero. 2 
+To the two classes (u) and (m) of H corresponds the one class (u) of F; and similarly for (v) and (n). 
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The substitutions* e 1) and a B À will be denoted by (A) and (2). 
} ’ , 


respectively. 
The total number + of classes of conjugate substitutions is 4 (s—3) + 4(s—1) 
+4+2=s+4. 
' Since the powers of R and S were shown to be conjugate with their recip- 
rocals, a substitution W and its reciprocal W belong to the same class except 
‘when W belongs to one of the classes (u), (v), (m), (n). 


§ 2. 


We define «to be + 1 or — 1 according as x*— 1 is a square or a not- 
‘square in the GF'[p"], where x denotes henceforth any invariant except + 1. 
‘In place of s we write e.f 

The class whose invariant is x is denoted by (x). This notation is unique. 
For, two conjugate substitutions have the same invariant; and it has been proved 
that if two substitutions of H have the same invariant (not + 1) they are- conju- 
gate. Instead of x we shall nearly always use a, Ø, y,...., and we shall denote 
the indices of the classes (a), (8), (y),---. by +a, +b, +¢,..-. respectively. 
These indices are taken mod. s—- 1 or mod. s + 1 according as x° — 1 is a square 
or a not-square in the GF[ p"]. 


Denoting by A, the number of substitutions in a class (0) we have $ 
A=h=1, h, = h, = ħa = hn = t (8 — 1), A, = s (8 + &)- 
If e, = €, ga = — e, the numbers]|| of classes (a) and (8) are 4 (— 2 — e) 
and $ (s— 2 + e) respectively. 


. We define] ¢, as + 1 or — 1.according as — 2 (1 — x) is a square or a not- ` 
square in the GF [p"]. Then f, = e, (— 1)*. 





% The one corresponding substitution (3-1) of F will be denoted by (A). 
: , . 


+For F the total number of classes is 4 (s + 5). 

[For the definition of e ner p. 390, foot-note*, 

g¥or F we have A=], Ay = Ay = 4 (8 — 1), Ax = 3 (8 + Ex), hg = ails +e) The class (0) requires to be 
distinguished from the other ET (x) more frequently in the case of F than in the case of A. 

j For F the numbers of classes (a) and (8) are 4 (s — e) and 4 (3 — 2 + e) respectively. i 

{In the case of F we define 7, as + 1, — 1, or 0 according as — 2 (1 + x)and — 3a —'x) are both squares, ` 
both not-squares, or one a square and the other a not-square, in the GF[p]. We also define 3y, =e. If 
ta = £ then ha = (— 1)te; If eg =— e then yg = 0; further, pk = 4 (1 + etn) Çx. 
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J + $3 
Three (distinct or equal) classes (a), (8), (y) are called concordant if Heiden 
their invariants there exists the relation * 


a + B+ 9 — aby = 1; (1) 
otherwise they are called discordant. If we write (1) in the form 


(21) (@—1) = (a8 — 9)" 
it follows that s = eş; similarly s = e. Hence three concordant classes must 
all be represented by powers of R or all by powers of ©. Ifaand @ are given 
we find that the classes whose invariants are 


y=o8 +V(e—1)(P—1), . d=a8B—V(a?—1)(—1) (2) 
are A with (a) and (8). If 8 = athen y = 2a? — 1; and therefore we 
have e, = Ess — 1. , 

_ Let r denote p or o according as se = + 1 or — 1. Substituting the values. 
2a = r* + 7%, etc., in (1), and factoring, we obtain 
(reteto — 1) (rete — 1) (mer — 1,9 — 1) = 0. 
Hence a+b+c=0 (mod. s — 1 or 8 + 1 according ae, = + 1 or — 1). The 
indices of the two classes (y) and (6) concordant with (a) and (8) are therefore 








c=a+b, d=a—b(mod.s— 1, s+ 1 respectively). 
§ 4. 


Let ©, $, Y represent the substitutions of any three distinct or See classes 
(6), ($), (1) respectively, and let (6), (®'), (V) denote the classes of the inverse 
substitutions O74, b+, H respectively. If ©, &, P run through all the substi- 
tutions of their respective classes, we denotet by A,,, the number of times we 
obtain the relation OY = E (the identity), or © = P~. The subscripts 
6, >, may be permuted in any manner. 


To obtain A.s, we determine “#27; we take a particular substitution of (a), 


compound it with all the substitutions of (8), 


Gad DH Tap», ETag) 


and determine how many of the resulting substitutions belong to the class (y). 





* For F this relation takes the form a? + A? + y’ + 2a8y =1. 
Frobenius, Uber Gruppencharaktere, 1896, pp. 987, 988. 
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In order that the resulting substitutions may be of class (y') = (y)* and have the 
determinant unity, we must have 


ak + n (a — 1) +% + a(28— EN 
E (2y — E) — n% = 1. 


The number of distinct sets of solutions £, ⁄, { of these equations will give fea 


a 





Eliminating č we obtain 


EB — @— (n+ Sat) = a tee Aer) elo X”. 





If (a), (8), (y) ar are discordant the right-hand side is distinct from zero, and we 
obtain s — e, sets of solutions. If (a), (8), (y) are concordant { the right-hand 
side is zero, and we obtain s + £, (s — 1) sets of solutions. Hence h,, = h 
+ e8? (8 + &,) or h according as (a), (8), (y) are concordant or discordant. l 

If we denote the substitutions of (u) and (v) by P and Q respectively, then 
according as e = 1 or — 1 will P belong to (u) or (v), and Q~ to (v) or (u) 
Hence hru = $ Au (1 — €). Similarly Arns = 3h, (1 — 8). 

The group H is self-conjugate under the group of all binary linear homo- 
geneous substitutions of determinant +0; by a substitution of determinant a . 
not-square in the G&F [ p"] the class (w) is anafora dinto (v), and (v) into (u), - 
.and simultaneously (m) into (n) and (n) into (m). ‘Hence the notations (u) and 
- (v) are interchangeable ; likewise (m) and (n); furthermore the interchange of 
(u) and (v) must be accompanied by the interchange of (m) and (n), and vice 

versa. 
To determine h, we compute A, (A. + Au» + hua); we take a definite sub- 
stitution of (u), compound it with all the substitutions of (v), > 


LE) we 


*Soe last paragraph of $1. 
+Dickson, Linear Groups, p. 46. 
tIn the case of F we have the equations 











aß +y (a? —1)(8* — 1)—(aB Ey)? 
E= p= — (n+ =P) - — ee 
If (a), (Bs (y) are concordant then one of the relations (a? — 1) (8? — 1) — (aß + y} = 0 holds and not the other. 
Buppose that (a — 1) (@ —1)— (aß + y)?=0; then the equations with the upper and lower signs have 
“at £a (8 — 1) and s— £a sets of solutions respectively ; in all 3(8— cu) + eas sets of solutions. 
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and find how many of the resulting substitutions belong to the classes (A), (u), 
(x) collectively, i. e., have the invariant + 1. We have therefore the equations 


E(2—)— nt =1, 
—nto+4— 2% = 2 
Eliminating & we get (7 + 2)? = 0, or — č =n. We can take for „ every not- 
square in the GF[p"], thus obtaining 4(s— 1) sets of solutions. But A. 
Sig les: hence Au = Fh, (8 — 2.4 €). 
Proceeding in this way we get the following results.* 


hapy = A + £18? (€ + €) or h according as (a), (8), (y) are concordant or discordant, 
huan = hay hat =, asu = haay = A (LF 8a), harn = huan = 4A ifa E0, 
hom = hon = È A (1 + €), hoaa = has h-an = E h (1 +), 

haga SO hupu = Rags = hupa = Regn = È h, 

Pant = hay = har = ham = han = May. = ha v = hin hay = 0, 

Tau = There = Bris = Pan =h (1 H Ea), Bags = hann = FA (1 — of) 
ham = ham = FA (1 + EL) hany = heun = Fh (1 — 8); 

aum = Ram = hnya = ħiss = hamn = nan = È hp (1 + €), 

fnm = Prun = Pum = harn = hy = nyy = hy = imn = 0, 

hinn = hinn = huun = hmn = hums = hun = 

hwan = hnn = O, Paus = Pama = hun = hy = 4h, (1—6), ` 

huun = hm = hunn = Aran = 4 h, (8 — 2 — 82), 

hur = Thay = Biyan = honn = hunn = han = EA, (8 — 2 + 8), 

ham = hoa m hana = hini En, 


$5. 


The value of a group-character x for any class (0) is denoted by x,; but 
sometimes the value of a group-character for a class represented by a power of 
R or S is denoted by x (R°) or y (8°) respectively. Alsoy, = f. 





* These results reduce to a very few in the case of F, since (2) = (A), (m) = (u), (n) = (v). For F wehare the 
following additional results: Agag = 2A + es? (s +e) or 24 according as (0), (a), (8) are concordant or discordant, 
ħooo = $A, Rooa = Ay hood = = hae +2), Pem Mer EREA Roau = Roay = Ay houu = how = 4 A (1 + en), hous 
= fA(1 — en), Where 7 = fo, 
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We make the following abbreviations :* 


+ 


= $ (Za + X + Xm + n) +3 Xe 
y= il +% + Xm + Xn) HEG X 
z = 4 (Xa HX + Xn F Xa) F Bebe Ke 


From the relation f 


hshħy xoty =f X PTEE TA 


where (6), ($), () are any three classes, we derive the following set of equations f 


eras 
KU=SX-. 
SKa Xe = Jë, (E8 = — &); 


ets Ka Xe = T (8 — Ea) + Ea8 (Xy + Xi), (e= es a+ — 8B) 


zu X = Xi + 2 (8 — 8a) + $ Ea (@ — 2.) (Xa F Xn) + 608 X-pa- Dy 


+& 
se E) 3 


F Xa Ku 


— F Ka Ar 





Xe Xm 





J Xa An 


where y and 6 are determined by (3), §3, 


= +26) + he (e — a) (Xa H 0) E 88am, 
=ft ale) + te (e — i) (tut Xn E a), 

Sade ee, 
=ate, ta — 4S, (Xa — ten Ce (Km — Xa) 
=a+e, pide Be Re 


=g + Ea K-a — È EE, Ca (Xa — X) — LEA (Xin — Xn), 





*In the case of F we make the abbreviations 


il ae acu 
sp 
Y= Xt Mh (Xu t tr) + BE te Xn: 


+ Uber Giornate: p 994, 
t We get the equations for F from (3), (4), (6)—(8a), (10)— (105) if we set ym = Xu, Xn = Xv, and Temember 
that 41 + Eta) fa = Ha : 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
MD. 
(8) 
(8a) 
(9) 


- (9a) 


> 
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en sett itol et) 
1. (10) 
Fer —%)+3(Xn + Xa) iu A 
= 2 +4 
Zur Etsy py) thaw) 
+4 Ve + Xa) e a Xr), (10a) 
2 — e 
T hae =. y + (1—) + EEEE uta) — ilat), (10b) 
m N 
I Km PEPER a nn + 7 Ste +2) + e(a) es 
11 
2 4 
ee Km +) (m — Xx); 
e—1 _ 1+e 
Fe bh = s me): (118) 
Qe+ 4 1 
EHE +) + (Km — Xa) a 
ld Sen | u 
min i g + 2e — au) 
=g os 
| - —Taur)tr Tl + ta), 
Xi Xu = J Xm, (12) 
X Xr = J Ans a (12a) 


I. We seek first those solutions for which x, and x, are distinct. Then, 
_ according to (12) and (12a), y,, and x, are distinct. From (1) we findy,=+/. 
Suppose first that yı = f. Then %m= Xa and Xn = X», and from (8) and 
st eu 
J 





(8a) we obtain Ya =a (1 F eea) If e = —e then „= o;if & = €, and 
if we set the proportionality factor* f= 4(s+ e), we obtain „„=L,. Hence 
= SEPM g= UZIEN, According to (3), = = 0. 
If in (6) e = —e, then y +% =e, and y =} +o, where je The 


number of classes (x) for which &=e is #(s— 2 — e), and therefore 
y = ł (e— 1— e). Similarly z= (s — 2). From (10b) we get 4y, ,=1—e; 





* The proportionality factor may be chosen arbitrarily. Bee Über Gruppencharaktere, p. 999. 
51 l l 
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also we already have y, + %, =e Hence y,=y, = $ (et Ve), Y= Le 
= ł (e F Wes). These values of the characters will be found to satisfy all the 
equations. : 


Let next y4=—/f. Then m=—x%, Xn=—,- From (8) and (8a) 
a ml). Ife =e, Xa = 0; if e = — e, and if 





we get as before: 


we set f= +(s— e), we obtain* y, = č.. According to (3), æ = 0; if in (6) 
e, ='e then g, + y, =—e, and therefore „un tn =e Also y= 4 (8 — 2 + eY 


and z = — ‘ (s — 2 + e). From (10b) we obtain 47, 7, =1-— es; this com- 
bined with y, + y, = — e, gives g, = — Xm = $ (— e + Ves), Xr = — Xn 
= 4(— e F Ves). : l 


II. For all other solutions y, = x,, and- therefore Xm = Áa. Instead of 
‘equations (10)-{11b) we shall use the OORE which + are obtained from them 
. by addition and subtraction : . i l 


oe Kay (20% 





Jei po =(e + 2E) Ya — 8 Xm — 2f . (10”) 
Tu in = ee F a Am O (m) 
` 2esz =8 (1 — 2e) Xa + (6+2) Xm — 2i- (11”) 


We seek first those solutions for which æ is distinct from zero. ‘According 
to (3) none of the characters x, can be zero; -and Aa = Xy if a= Ey, 4. e, all 
characters x, are equal for which s, has ibe same sign. Since ga = x. it’ 
follows from (8) and (9) that %m = x,, and therefore from (12) that y, = f. 
Let & =e, e=—s. Then* y =e + %a5 ča + Xs% =e — E Ya ‘ From: 
` a Z B . ‘ ' 
(6) and (8) we obtain = De 
Ga 2 Boon lemon th a a n aga 
l 1 " 7 , (4) 
Ze + e) xu — f t- 2 | 
In the sum ER + Z (8. + xe), Ea =e, Eg = — &, the 


numbers of characters Xas X are $ ae — 3. — ~ €); (s —2+ e) respectively. 
Hence we have ` 


EE iy o B 


Xa = 











* From the definition of z we get ¢,=—eor 0 according as ae +z or—e.' Hence we have in general 
f x oe x & 


Eo, 


K 
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Eliminating y. and x, from (A) and (B) we obtain 
‚R= Zen (# + 1) Xe — f. 


Substituting this value of sx in (10') we obtain 


Hu (Xu — f) = 9, 

If first y, = 0, let /=s; then a=y=—1,2.=8 Xs =— £, in general 
Xe = En, and aee (Rh) =1, x(P)=—1 Also y, =s. . 

If secondly y, =f, let f=1; then yı = Xu = Xm = Xa = Xe = 1, Also 
ese, y=. 

III.’ For all other solutions æ = 0. Then (3) becomes y,7,=0 Eg= —e, 
Not all the characters x, can be zero. For, if they were, by giving to e, in (6) 
the values 1 and — 1 in turn we would have y, + %»= 0, and therefore f= 0, 
which is inadmissible. 

According to (3) either all y, ='0 for which e, = 1, or all for which ¢,=—-1. 
Suppose first that y, = 0 in case e = — 1; andlty=/=s+1. Then, 
since not all the characters x, for e, = 1 can be zero, we obtain from (8) ¥,=1; 
and from (12) y¥,—=1. He., = e = 1, and therefore «,=2,=1, we obtain 
from (4), (5), (8) Ä 


Ha Xp = Xy T Xir KaKa = X-ga-n + % Xa = Xea $ 2 
If we set y= Ea, = f= 2, these equations can be combined into one: 


Esi = = Eat + Eas 

_ where a and b may be distinct or equal. Let r be a new unknown; if we set 
E =r 4+ r” it follows from £',=&+8&, that &=r’+r?; then from £,5.=& +8, 
it follows that ,= + r; in general, =r*+r*. From fei = 2 we get 


"7 =1. We obtain then the solutions l 


=/=s+1, Xa = he = Xa = Hn = 1, 
Aa = +r if e = 1, y= O if e = 1. 
From (10”), (11") we find y =g = — 1. . The above solutions satisfy the 
equation «= 0 except when r = 1, and the equations y = z = — 1 except when 
t= z and r can be — 1 only alen e= 1. If e=1 the eee rp =l 








has Ê 5 5 solutions distinct from + 1; if e = — 1 it has $ ® solutions distinct 


2 
from 1; in general it has 4 (s — 4— e) admissible solutions. Since 7° and r* 


give the same value for r* + r”* these solutions go in pairs, giving t(s—4— =) 
characters. 
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We next let y=—/=—(s+1) ‘Then ym =— 1; and (4), (5), (6) 
become i 
Kaxa = Xr t Xis Kaka = X-a- h Kamm + 2 
Setting ga = Éu’ & = 2, = =—2 we get É, bs = ago +H Eao Let 
_€=7,-+77'; then as above we obtain da = Tt + ry“, and also ne =—1. We 
have the following solutions: 


f=8 +1, n=— (s+ 1), Y= x= l, r=u~u=—1, 


Xa =H t if e= l, Za =O if e = —1. . 
Now x==0, y=2=s—1. The above solutions satisfy æ= 0, and also 
y =z = eè— 1 except when r, = — 1, which can happen. omy when =— 1. 


These solutions furnish 4 (s — 2 + €) charnstere, 
IV. Suppose finally that y. = 0 in case, = 1. Let ge: Assuming 
first that yı = f we get yn =x,=—1. From (4), (5), (6) we have 
Hate = — KrK KaKa =— K-ga- F 2y a= — Xw + 2 
- Setting vy, = — &, p= pp =, 2, we obtain E, Es = Espo + Eaa HESH! 
then b= = P +t, and fF = 1. We have then the following solutions: 


n=f=s—l WER = An = =I, 
Xa = 0 if e= 1l, ye =— (Ë +e) ife, = — 1. 
The equation Œ = 0 is satisfied except when t=1; and the equations 
y = — 1, z = 1 — 2: are satisfied except when t = — 1, which can happen only 
when e= — 1. These solutions furnish }(s — 2 + e) characters. 
Assuming next that y, = — f we get 7, = — 1, Xm = 1l; also 
Xa Ke =— Hy Xis KaKa = — X-ga- dh rm + 2. 
Setting %a = — a, Eo = 2, a= — 2,.we obtain §,& = fais + ba». If 


&,=44+¢7, then &, =—4+ e°, and ‘ts =1. We have the following solutions: 
f=s—1, y= — (e — 1), Ke5 kp =l, Yn AP . 
Y= O0ife=1, Ye = — (B +E’) ife=—1. ' 

We find that x = 0 is satisfied by all these solutions; and that y =— (1 -+e) ` 

and z = 1 + ¢ are satisfied by all except 4 = — 1, which can happen ‘only when 
= 1. These solutions furnish 4 (s — e) characters. 
The total number of characters thus obtained is 

A4+2+4(s—4—e)+4(s—2+e) +4 (6 —2 +86) +4 (e—e)=84 4. 


which is equal to the number of classes of conjugate substitutions. 
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Finally, we readily find that for all these e+4 characters the pena 
proportionality factor e e is equal to f, where e is defined by 


hf. 
y = Ih, Ko Here 
e 


Below is given a table of the group-characters, N denoting the number of 
characters in the respective columns. . 





8—e— 4 s+e— 2 s+e— 2 
4 4 4 ` 















8+1 





8+1 8—1 8—-1 























8 i 3 £ -= Er —(e+1) s—1 —(s—1) 
0 = m. 1 i 260% <a 
0 a =e 1 i <q 23 
0 n ae I: ei en 1 
0 ei Ya 10-1 0.1 1 
1 CEAC re 0 o 
(8°) lı —ı Ben: _ GA 0 on a. 


where r, 7,, £, 4, are ‘the roots (except +1) of the sarene equations rr = =], 


derer 


4 $6. 
By the use of the following theorems, due to Frobenius, we are able to deduce 
the group-characters of F from those of H. 
If @ is an invariant subgroup of the group H then every character ope 7 ie also 


‘a character of H.* 





# Uber die Darstellung der endlichen Gruppen durch lineare Substitutionen, Berliner Sitzungsberichte, 
1897, p. 995. 
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In order that a character of H may belong to the group = it is necessary and 


sufficient that it ess the same value for all elements of @. Then it has also equal 
values for every two elements of H which are equivalent mod. G.* 

In the present case the invariant subgroup @ of H is composed of the 
substitutions (2) = (1) and (à) the identity. = those and only those 


characters of H for which y, = 4, belong to the group = = F; and since every 


character of F belongs to H, we obtain in this way all the characters of F. The - 
classes (u) and (m), also (v) and (n), are equivalent mod. G. Hence we can write 
down at once the table of characters for F. 








where r and à are the roots (except + 1) of the er equations r= =1, 
8 es = 1. P 
II. 
The Binary Linear Homogeneous Group H in the GF [2"]. 
The order of H, is h = 2"(2**— 1), and the determinant of each substitution 
is unity. The group is holoedrically isomorphic with the group of all binary 
linear fractional substitutions in the GF [2°]. 





*Uber Relationen zwischen den Charakteren einer Gruppe und denen ihrer Untergruppen, Berliner 
Sitzungsberichte, 1898, p. 510, 
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"We define x =a +6 as the invariant of the substitution (=) : 
: i J 


The substitution R = (& a) where p is a primitive root of the GF[2"], 
. > 3 s ir - 


generates a cyclic group of order s— 1. R*is m to R-* and is always 





distinct from it. Hence the powers of R represent ~ z 2 classes, each contain- 
ing a(s + 1) substitutions. 


‘Let o be a primitive root of o't! = 1. The substitution S= es ) is of 
i ’ 


period s + 1. © is conjugate to S~ and is distinct from it; thus the powers of 
S represent 5 classes, each containing s (s — 1) substitutions. 


The substitution T= E D of period two and invariant zero is one of &—1 


conjugate substitutions. We denote this class by (0) and the identity by (A). 
_ The total number of classes of conjugate substitutions is s + 1. 
Below is given the table of group-characters. 





where r and t are the roots (except unity) of the respective equations 7*1=1, 
ce I. et 


IH. 


. The. ‚Binary Linear Fractional Group RK in the GF[p"], p> 2, of all 
Determinants not Zero. 


The order of F, is A = s(s*— 1). The substitutions will be nee written 


in the normal form, t. e., of determinant unity or a particular not-square in the 
GFL[p"]. 


ae shall denote the detérminant ad — By of the substitution v= ET 5) 


by T, where r = 1, or v a particular not-square; and. we shall call + 4 (a + ô) 
the invariant of y. - ; 
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If two substitutions have not the same determinant they are not conjugate. 
If two substitutions (neither the identity) have the same determinant and the 
same invariant, they are conjugate under F}. 

By canonical form theory we find that all the wulletitations of the group 
can be reduced to one or another of the following canonical forms: 


A) ; R= (p p=), pamark +0 of the le 


Bo = S= EL oe aa gio he Orl: 


1,1 
=, 2 E (24), 
where o satisfies a quadratic equation belonging to and irreducible in the 


GF[p"). 


A) The substitution 





0 
R= (ft 
where p*»”!is a primitive root of the GF[p"], is of period s—1. With the 
exception of RF which is conjugate only. to itself, R* is conjugate to R* and 
is distinct from it. We have therefore classes ie by the powers 
of R, each containing a(s + 1) substitutions, except Re z, the class represented 
by which contains 4 s(s + 1) substitutions. 

B) The group of all binary linear fractional substitutions in the @F[ p*] 
of determinant + 0 is holoedrically isomorphic with the group* of binary 
hyperorthogonal substitutions in the @F[ p?*] of determinant a mark of the 
GF p"] when taken fractionally, viz., 


u=(— 7D (44 + BB =n), 





where A= Æ is the conjugate of A with respect to the GF [ p°], and x is a 
mark + 0 of the GF [p"]. 
= G a) 


Consider the substitution 
where ø is a primitive root of the equation o't? =». Since v is an arbitrary not- 
square we may suppose that it is a primitive root of the GF[p"]. Then o is a 








* Dickson, Linear Groups, $144, Cor. 


® ` 
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primitive root of the GF [ p**], and consequently S is of period s + 1. With 


the exception of S°} which is conjugate only to itself, S° is conjugate to 8° 


and is distinct from it. We have therefore t1 classes represented by the powers 


of S, each containing s(s — 1) sùbstitutions, except se, the class represented 
by which contains 4s (s— 1) substitutions. 

The classes ee by: the powers of R(S) are characterized by the 
property that x?—r is a square (not-square) in the GF[p*], where ¢ = vor 
1 noeording as the index is odd or even. 

` The substitution 


1 | 7 | 
T, =) u a mark + 0 of the GF[p"], 


of invariant + 1 and determinant unity, is one of s? — 1 E TAT substitutions 
forming a class (u). 

The total number of classes of conjugate substitutions is s + 2. 

Below is given the. table of group-characters. 









2°. 


1 1 8 8 s+1 > s—1 

1 1 0 0 1 l =i 

1 1 1 LO myr”. n 0 - 

E g —1::0, ,. — zu 
r —1 t-i eo + raed 0 

1 i i 0 — Pet _ par) 





where r aad t are the roots E + 1) of #71 and Dr], FIT: 
"As before e = f. 


MICHIGAN COLLBGH OF MINES, HOUGHTON, Mion. 
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